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Abstract

The main object of this paper is to investigate some relations be-
tween the analogue of the Apostol-Bernoulli and the analogue of the
Apostol-Genocchi polynomials. We first establish some relations be-
tween the analogue of the Apostol-Bernoulli and the analogue of the
Apostol-Genocchi polynomials. Furthermore we give two symmetric re-
lations on the analogue of the Apostol-Bernoulli and the analogue of
the Apostol-Genocchi polynomials.
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1 Introduction

The Bernoulli numbers B,, and the Bernoulli polynomials B, (z) are defined
by the following generating functions, respectively:

N t = tn t
;Bnazet_l, ;Bn(x)a:et—le’ t] < 27 (1)

where By = 1. For every n > 1 the Bernoulli numbers B,, and the Bernoulli
polynomials B,, (x) satisfy the following reccurence relations, respectively:

S ("m0 w3 ()ma
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For each integer £ > 0
Sk(n)=0"+1"+ 2" +... 4 0t

is called the sum of integer powers.

Zz’f = S (n)

is a polynomial in n of degree k + 1.
This sum satisfies the following equation in [17]

= E\ n'
_ -1
Sk (n) = E 7 (2) Py 1Bk_i.

1=0

On the other hand, Ronrigues [3] proved the equation

n—1
B 1—@” Za()Bknk(a—l)
)=
Also, Tuenter [15] defined the polynomial
L (mA41
m(a—1 Bja™ 1,
om(a—1) = p— Z ( )

L\

He proved the following symmetric relations with respect to a, b for every pair
of positive integers a and b, and all nonnegative integers m.

m

Z (7;1) & B 0y (a—1) = i (m) VBja" oy (b—1)  (2)

=0 i—o \J

The following symmetric relations are given by Sheng-Liang Yang [17]

- n i—1 n—1i - n 7—1 n—i
ZEO (Z)& zb Sn 1(& ) ZEO (Z)b i a Sn l(b ) (3)

and
(k) a" BT (br) Zk: (k> Si(a—1)B" Y (ay)  (4)

b”_kak“B(m;C (az) x ( )S (b—1) B (by)
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where a and b are positive integers, n > 0 and m > 1.

Symmetric properties of g-Bernoulli polynomials in ¢g-Calculus are investi-
gated by B.A. Kupershmidt [8]. Also T. Kim studied on ¢-Bernoulli polynomi-
als and ¢-Euler polynomials. He wrote a lot of paper on this subject ([4], [5],
6], [7]). He gave the below symmetric relations with the help of ¢-Volkenborn
integrals [5]:

n

Z (ZL) B; (wax) Sy (wy — 1) wi_lwg_i

1=0
n

5 (7;) B; (12) S (wy — 1) wh M (5)

1=0

where w; and wy are integers.

An interpolation formula of ¢-Genocchi numbers are given by Cenkci, Can,
Kurt [1].

Different relations and theorems on classical Bernoulli and Euler polynomi-
als are studied by Gi-Sang Cheon [2], Srivastava, Qiu Ming Luo [9], Luo ([10],
[11]), Simsek [12]. Some results on the Apostol-Bernoulli and Apostol-Euler
polynomials are given by W.Wang, C. Jia, T. Wang [16].

Definition 1.1 (/9/, [10], [11], [16] )The Apostol Bernoulli polynomials,
B& (z,\) of order o are defined by means of the following generating function

o ¢ Tz - a 2" o«
()\ez—l) € :;%Bn(xa)\)m, |z +log\| < 2m,1%:=1

where v € Z+, X € C, X is a parameter, BS (x) = B (x,1), B2 (\) = BY (A, 1).

n

Definition 1.2 ( /9], [16] )The Apostol Euler polynomials, & (x, \) of or-
der o are defined by means of the following generating function

n

2 “ xrz - (6% z a
()\ez+1) e :;gn(:z:,)\)a, |z +log\| <7, 1%:=1

where o € Zt, X € C, X is a parameter, €& (x) = €% (x,1),e% () =2 (), 0).

n n

Definition 1.3 We define the analogue of the Apostol-Bernoulli polyno-
mials BS (x,\*) order o and the analogue of the Apostol-Euler polynomials
e (x,\*) order « as follows, respectively:

n

z ¢ > z
Tz _ Be ay ©
(o) == men ] )
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where a and o are positive integers, A € C, |z 4+ alog\| < 2w and

n

(%ﬂ) et — ;eg (0.3 5 (7)
where a and « are positive integers, X € C, |z 4+ alog\| < .
From (6) and (7) we have
N B (2 41,0 — B (2,\") = nB7] (z,\)
N (4 1, A%) + &2 (2, A%) = 227 (x,\%)

moreover, since
BY (z,\*) = €% (z,\*) = 2"
we obtain
NB, (x+1,)\) — B, (z,\*) = na"! (8)
MNep (@ + 1,0 4+ e, (2,0 = 22"

2 Main Theorems

In this section, we introduce our main results. We give some theorems, defini-
tions and corollaries which are related to the analogue of the Apostol-Bernoulli
and the analogue of the Apostol-Euler polynomials.

Theorem 2.1 There is a following relation between the analogue of the
Apostol-Bernoulli polynomials BS (x, A*) and the analogue of the Apostol-Euler
polynomials €5 (x, \*):

n

By (ke ) =23 () B 00 4 1) o)

k=0

where k, a,« are positive integers, A € C.

Proof. From (6)

00 n a z\¢ « %(24x)
B« 2a Z_ — #) kxz _ (2) 2%
§ (kX% n! (AQan —1) ¢ (A2er —1)° : (Aeez +1)°
- o (ya 2" . o a "
= 2 B gy X Qs ke N g

n=0

n

_ i (2%& (Z) BY (A% e, (Qkx,)\“)> %

n=0 k=0

By comparing the coefficients of jl—y,l on both sides of the above equation, then
(8) is obtained. m
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Corollary 2.2 The analogue of the Apostol-Bernoulli polynomials BS (rxz, A%)
of order «v satisfy the following equalities:

n

B (ra, ) = B2 (ke X =Y (Z)B;g (2, A% (r — 1)" ™2™, (10)

m=0
n

Bg (kz,A) = (Z) B (rz, ) B (A

k=0

B (rz, A%)

where r € Z7.
Proof. The proof of these equalities are find easily from (6). m

Definition 2.3 We define the analogue of the Apostol-Genocchi numbers
and polynomials of order oo by means of the following generating functions,
respectively:

n

(o3 a n 2 (63 a
(Aan+1) ZG (% (Aan+1) ZG z,X%) _'
(11)

where a, « are positive integers, X € C, |z + alog\| < .

From (11) we have

G (z,\*) = a",
Ga (2 4+ 1,07) + G2 (2,0%) = 2GS~} (2, A)

and
NG (o 4+ 1,0 + G (2, \) = 2na™ L.

Theorem 2.4 The analogue of the Apostol-Genocchi polynomials G& (z, A*)
of order «v satisfy the following equation:

n

Glo+ux) =3 ()i (ox) it = Z (e e )

k=0

Proof. With the help of equation (11), theorem can be proved easily. =
We consider the following sum,

—_)\ee abt .
, @ even 1nteger

A\ee abt .
S=1-— A@at + A2€2at 4t (_/\ebt)a—l _ { 11:_)\81” ,a odd lnteger
1—\eb?
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Theorem 2.5 The analogue of the Apostol-Genocchi polynomials GS (z, A*)
of order «v satisfy the following symmetric relation:

n a—1 A
2 (Z> (=3 G (bx * SZ Aa) Gat (ay, \Y) d*0n T (13)
k=0 i=0

g\ bl )
— _ya\i o ATERY) a—1 an 1k n—k+1
_g(k);( )\>Gk<&x+bz’)\)Gn—k(by:)\)b& ’

where a, b are positive odd integers, o is a positive integer and X is a parameter.

Proof. We define
t?a—l abxt )\ab abt +1 abyt
AT G L
(A%eat + 1)% (APl 4- 1)

From the above, we have

k) 1 20t \© yur (AP 41 2t '
= & €
220—1gapa—1 \ \aeat 4 ] Abebt 41 Abebt 41

a—1 « a—1
1 i b 2at 26t
= - _)\b at(bx-l—az) abyt
22a—laaba—1 Z ( ) € \aeat + 1 )\bebt + 1 €

=0
1 = " /n
- 22a—laaba Z (Z (k)
n=0 \k=0
< - b m
x Y (=)' Gy (bx + —i, )\“) G4 (ay, \) akb”_k“) —. (14)
a n.
1=0
Similarly, we obtain
1 - " /n
k() = ————
( ) 22a71baaa % (; (k)
b—1 A a 4
X Z (=\")' GY ((m + 54 )\b) G2~} (by, \Y) bka"’““) — (15)

=0
Hence by (14) and (15) we have (13). =

Corollary 2.6 By taking o = 1 in (13), we have the following symmetric
equation

Z n) Z (_)\b)i Gk (b$ + —Z" )\a) anbnkarlyn,k
k=0 k i=0 a
nn\ L ' .
= (k) Z (—/\‘l)l Gy, (am + Ei’ )\b> bnan—k-i—lyn_k (16)
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Corollary 2.7 The analogue of the Apostol-Bernoulli polynomials BS (x, \*)
of order «v satisfy the following symmetric relation:

a—1 n
SN (Z) By (bx + gz X’) BTy (ay, A°) afpr it

=0 k=0
b—1 n
) n a
= P& B¢ = )\b Ba—l by. \¢ bk n—k+1 17
; ;(/{) k<a‘r+bl’ ) s (by, A*) ba (17)

where a,b are positive even integers.

Proof. We define

t2a—1€abact ()\abeabt o 1) eabyt
k(t) = - —.
(Azeat — 1)% (Aol — 1)

After making necessary operation on this function we obtain (17). =
Putting A = 1 in (17) we obtain Shen-Ling Yang’s result.
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