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Optimal hedging strategy based on stochastic Lagrange method
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Abstract Stochastic LQ control model is extended to the model of jump-diffusion process. The optimal

control strategy can be obtained by stochastic Lagrange method, which is applied to the optimal hedging

strategy in finance market. Finally, the optimal hedging strategy is obtained by stochastic Lagrange

method.
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® (Ω ,F , P ) ±Q×�°Qå�±Q¬�²�³�´.- , {W (t), t > 0} ±Q×�µ Brown � � , {N(t), t > 0} ¶�·�¸�¶ λ ¹
Poisson º�» , ¼ W (t) ½ N(t) ¾�¿ . À�Á Ft(t ≥ 0) ¶.Â W (t) ½ N(t) Ã�Ä�¹ σ- Å�Æ .Ç�È�É�Ê�Ë�Ì ¹�Í�Î�Ï�Ð.Ñ�Ò :

(P)

min
(x(·),u(·))

E

{
1

2

∫ T

0

[x(t)Q(t)x(t) + u(t)R(t)u(t)]dt +
1

2
x(T )Mx(T )

}
(1)

s.t.

{
dx(t) = f(t, x(t), u(t)dt + σ(t, x(t), u(t))dW (t) + ϕ(t, x(t), u(t))dN(t)

x(0) = x0

(2)

Ó$Ô$Õ
, x(t) ¶$Ö$µ$×$Ø$º$» , u(t) ¶$Ö$µ$Ï$Ð$º$» . S2

M × L2([0, T ], R) , ÀÙÁ S2
M ¶$Ú$Û$Ü$Ä$¹$´ÙÝ ,

L2([0, T ], R) ¶$Þ$ß$à$á$â$ã$¹$ä$å$º$»$Ü$Ä$¹$´ÙÝ . ¶$æ$ç$è (1) é (2) ê$ëÙÁq×$Ø$á$»$ì$í , î$ï$ðÙñË�ò�ó�ô
:õ�ö
1 |f(t, x, u)|2 + |σ(t, x, u)|2 + |ϕ(t, x, u)|2 6 k(1 + |x|2).õ$ö
2 |f(t, x, u) − f(t, y, u)|2 + |σ(t, x, u) − σ(t, y, u)|2 + |ϕ(t, x, u) − ϕ(t, y, u)|2 6 k|x − y|2. ÷

M = S2
M × L2([0, T ], R), Z = L2([0, T ], R)× L2(Ω ,F , P ).É�Ê

M → L2([0, T ], R) ø�¹�ù�ú :

F (x, u)(t) =

∫ t

0

[f(s, x(s), u(s))ds + σ(s, x(s), u(s))dW (s) + ϕ(s, x(s), u(s))dN(s)] − x(t) + x(0),

û�ü
M ø�¹�ý�þ :

J(x, u) = E

{
1

2

∫ T

0

[x(t)Q(t)x(t) + u(t)R(t)u(t)]dt +
1

2
x(T )Mx(T )

}
.

ÿ Ó�� ¿ M → R ø�¹�ù�ú F̂ (x, u) =
( F (x, u)

F (x, u)(T )

)
.

õ�ö
3
ô

f(t, x(t), u(t)), σ(t, x(t), u(t)), ϕ(t, x(t), u(t)) à�¶ x(t), u(t) ¹�����þ�Æ .� Â ó�ô 3 â�� (x0(·), u0(·)) ¶�ù�ú F̂ (x, u) ¹�����	 , Í�
�����¶�À����¹�����ä�å�����á�»�¹�â
í�� . �ÙÂ ó$ô 1 � ó$ô 2 â��$À���$¹����$ä$å����$á$»�� Ó�� Ö$·$í ,

Ô�� â û���� (x0(·), u0(·)) ¶
F̂ (x, u) ¹�����	 .���

1 ý�þ J(x, u)
Ó

(x∗, u∗) ¹������ ��!�â�� , ¼ (x∗, u∗) ¶ F̂ (·) ¹�����	 , "�# (x∗, u∗) $�ý
þ J

Ó�%�&�'�(
F (x, u) = 0

Ë ¹�)�*�	 , +�,�� Ó ä�å�º�» a(t)
ü ä�å�-�. ξ ç�è (x∗, u∗) ¶ Lagrange

ý�þ :

L(x, u) = E

{
1

2

∫ T

0

[(x(t)Q(t)x(t) + u(t)R(t)u(t))dt +
1

2
x(T )Mx(T ) + λ(t)(f(t, x(t), u(t))dt+

σ(t, x(t), u(t))dW (t) + ϕ(t, x(t), u(t))dN(t) − dx(t)) + d〈λ, F 〉(t)]

}
(3)

¹�/�	 . À�Á λ(·) ¶ Ë�ò�0�1 ä�å�����á�»{
dλ(t) = −a(t)dt + b(t)dW (t) + c(t)dN(t), t ∈ [0, T ]

λ(T ) = ξ
(4)

¹�í , 〈λ, F 〉 ¶�2�3�4�5 .6�7 Â98�: 1 â�� : � Ó (a(·), ξ) , ç�è (x∗, u∗) ¶ Lagrange ý�þ :

L̂(x, u) = J(x, u) + (a(·), ξ) · F̂ (x, u)

= E

{
1

2

∫ T

0

(x(t)Q(t)x(t) + u(t)R(t)u(t))dt +
1

2
x(t)Mx(t)

}
+

E

{ ∫ T

0

a(t) · F (x, u)dt + ξF (x, u)(T )

}
(5)

¹�/�	 . ;�< 0�1 ä�å�����á�» {
dλ(t) = −a(t)dt + b(t)dW (t) + c(t)dN(t),

λ(T ) = ξ,
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Â9JLK [6] ÁM8�: 2.4 â�� , N |a(t)| 6 c OLP�á »�ì�í (a(·), b(·), c(·)). ¶ æ�á�Q û Ë J.ñ ÿ ¹ λ é F é f(t, x, u) é
σ(t, x, u) é ϕ(t, x, u) àSR û�T ¹ λ(t) é F (x, u)(t) é f(t, x(t), u(t)) é σ(t, x(t), u(t)) é ϕ(t, x(t), u(t)).

Â Îto U�V�â�� :

d(λF ) = λdF + Fdλ + d〈λ, F 〉

= λ[f(t, x, u)dt + σ(t, x, u)dW (t) + ϕ(t, x, u)dN(t) − dx(t)] + F [−a(t)dt + b(t)dW (t) + c(t)dN(t)]+

d〈λ, F 〉a(t)Fdt = −d(λF ) + λ[f(t, x, u)dt + σ(t, x, u)dW (t) + ϕ(t, x, u)dN(t) − dx(t)]+

b(t)FdW (t) + c(t)FdN(t) + d〈λ, F 〉

(6)

��Â W
E

∫ T

0

b(t)FdW (t) = 0 (7)

E

∫ T

0

d(λF ) = E[λ(T )F (x, u)(T ) − λ(0)F (x, u)(0)] = E[ξ · F (x, u)(T )] (8)

X
(7) V (8) V�Å�Y (5) V�â�è�Z (3) V .���

2
ô

(x∗, u∗) ¶�Ñ�Ò (P) ¹�í , ¼ (x∗, u∗) ¶ F̂ (x, u) ¹�����	 , +�,�� Ó Îto º�» λ(t) ç�è Ëò Ö�[ '�( Ä�¿ : {
dx∗(t) = f(t, x∗, u∗)dt + σ(t, x∗, u∗)dW (t) + ϕ(t, x∗, u∗)dN(t)

x∗(0) = x0

(9)

{
dλ(t) = −a(t)dt + b(t)dW (t) + c(t)dN(t)

λ(T ) = ξ
(10)

� \
x0 ¶�]�^ , λ(0) = 0.

x∗(t)Q(t) + λ(t)
∂

∂x
f(t, x∗, u∗) + λ2λ(t)

∂

∂x
ϕ(t, x∗, u∗) + λ2c(t) + b(t)

∂

∂x
σ(t, x∗, u∗) − a(t) = 0,

u∗(t)R(t) + λ(t)
∂

∂u
f(t, x∗, u∗) + λ2λ(t)

∂

∂u
ϕ(t, x∗, u∗) + b(t)

∂

∂x
σ(t, x∗, u∗) = 0,

x∗(T ) = ξ.6�7 Â9_�: 1 â�� (x∗, u∗) ¶ Lagrange ý�þ L(x, u) ¹�/�	 , ¼ (9) V�Ä�¿ . �
dλ(t) = −a(t)dt + b(t)dW (t) + c(t)dN(t)

dF (t) = f(t, x, u)dt + σ(t, x, u)dW (t) + ϕ(t, x, u)dN(t) − dx(t)

d〈λ, F 〉(t) = b(t)σ(t, x, u) − d〈λ, x〉(t)

d(λ(t)x(t)) = λ(t)dx(t) + x(t)dλ(t) + d〈λ, x〉(t),` � d〈λ, F 〉(t) = b(t)σ(t, x, u)dt + λ(t)dx(t) + x(t)dλ(t) − d(λ(t)x(t)),
X P�V�Å�Y (3) V.Á�â��

L(x, u) = E

{
1

2

∫ T

0

[(x(t)Q(t)x(t) + u(t)R(t)u(t))]dt +
1

2
x(T )Mx(T )

+λ(t)[f(t, x, u)dt + σ(t, x, u)dW (t) + ϕ(t, x, u)dN(t) − dx(t)] + b(t)σ(t, x, u)dt

+λ(t)dx(t) + x(t)dλ(t) − d(λ(t)x(t))

}

= E

{
1

2

∫ T

0

[x(t)Q(t)x(t) + u(t)R(t)u(t)]dt +
1

2
x(T )Mx(T )

+λ(t)[f(t, x, u)dt + σ(t, x, u)dW (t) + ϕ(t, x, u)dN(t)] + b(t)σ(t, x, u)dt − x(t)a(t)dt

+x(t)b(t)dW (t) + x(t)c(t)dN(t) − d(λ(t)x(t))

}

= E

{
1

2

∫ T

0

[(x(t)Q(t)x(t) + u(t)R(t)u(t) + λ(t)f(t, x, u) + b(t)σ(t, x, u) − x(t)a(t)]dt

+

∫ T

0

[λ(t)σ(t, x, u) + x(t)b(t)]dW (t) +

∫ T

0

[λ(t)ϕ(t, x, u) + c(t)x(t)]dN(t)

+
1

2
x(T )Mx(T ) − ξx(T ) + λ(0)x(0)

}
,

��Â W E
∫ T

0
λ(t)σ(t, x, u)dW (t) = 0, E

∫ T

0
x(t)b(t)dW (t) = 0.
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ÿ Ó�v :�ø Ì ¹ L(x, u) Á�ñ ÿ ¹ E
∫ T

0 λ(t)ϕ(t, x, u)dN(t), E
∫ T

0 c(t)x(t)dN(t) � E
∫ T

0 c(t)x(t)dN(t) =

E[
∑N(T )

i=1 c(vi)x(vi)], À�Á vi w�x�y�z Ó [0, T ] ��×�Ø�{ i |�}�Ã�~���¹�O.Ý , N(T ) w�x Ó O�Ý [0, T ] � y
z }�Ã�¹�~���|�Æ .

E

[ N(T )∑

i=1

c(vi)x(vi)

]
=

∞∑

n=0

E

[ N(T )∑

i=1

c(vi)x(vi)|N(T ) = n

]
· P{N(T ) = n},

Ó ��V ∑N(T )
i=1 c(vi)x(vi) Á , vi w�x�y�z }�Ã�¹�~���¹�O�Ý , v1, v2, · · · $���|�����Z�������� ò . "�#�4���ä

å�¹ á��L� Ô n ��-�.L���L� ò ¶ v′1 , v′2, · · ·,
` ¶ Ö���ìL��� ½�� ÓL� ��Á ¹����L��� , � û ∑n

i=1 c(vi)x(vi)

=
∑n

i=1 c(v′i)x(v′i). Â Poisson º�»�¹�����â�� v′
1, v

′
2, · · · ¶ Poisson º�» n ��	�}�Ã�O�Ý�¹�Ö���ä�å�� ò .

+�,�� È ¶�Ö�������¾�¿�R ����¹�ä�å�-�. ( �SR�¹���¸�þ�Æ�¶ fi(t) = λ
T

, 0 6 t 6 T ),
Ô O���ì

E

[ N(T )∑

i=1

c(vi)x(vi)|N(T ) = n

]
= E

[ N(T )∑

i=1

c(v′i)x(v′i)|N(T ) = n

]

=
n∑

i=1

E[c(v′i)x(v′i)|N(T ) = n]

= λ

n∑

i=1

∫ T

0

c(t)x(t)

T
dt

=
nλ

T

∫ T

0

c(t)x(t)dt.

Â�Þ�����U�V�â�� : E[
∑N(T )

i=1 c(vi)x(vi)] = E[
∑N(T )

i=1 c(v′i)x(v′i)] = λ2T
T

∫ T

0 c(t)x(t)dt = λ2
∫ T

0 c(t)x(t)dt. R
:�â�è E

∫ T

0
λ(t)ϕ(t, x, u)dN(t) = λ2

∫ T

0
λ(t)ϕ(t, x, u)dt.

X ø Ì ¹���#�Å�Y L(x, u) â�è
L(x, u) = E

{
1

2

∫ T

0

[x(t)Q(t)x(t) + u(t)R(t)u(t) + 2λ(t)f(t, x, u) + 2b(t)σ(t, x, u) − 2x(t)a(t)]dt

+
1

2
x(T )Mx(T ) − ξx(T ) + λ(0)x(0)

}
+ λ2

∫ T

0

[c(t)x(t) + λ(t)ϕ(t, x, u)]dt,

�W L(x, u)
Ó

(x∗, u∗)
v��

Gateaux ����â�� :

lim
ε→0

L(x∗ + ε∆x, u∗ + ε∆u) − L(x∗, u∗)

ε

= E

[
(x∗(T ) − ξ)∆x(T ) + λ(0)∆x(0)

]

+E

∫ T

0

[
x∗(t)Q(t) + λ(t)

∂f(t, x∗, u∗)

∂x
+ b(t)

∂σ(t, x∗, u∗)

∂x
− a(t)

]
∆x(t)dt

+λ2

∫ T

0

[
c(t) + λ(t)

∂ϕ(t, x∗, u∗)

∂x

]
∆x(t)dt

+E

∫ T

0

[
u∗(t)R(t) + λ(t)

∂f(t, x∗, u∗)

∂u
+ b(t)

∂σ(t, x∗, u∗)

∂u

]
∆u(t)dt

+λ2

∫ T

0

[
λ(t)

∂ϕ(t, x∗, u∗)

∂u

]
∆u(t)dt.

Â ∆x � ∆u ¹�]�^�� , +�,���ì
x∗(t)Q(t) + λ(t)

∂f(t, x∗, u∗)

∂x
+ b(t)

∂σ(t, x∗, u∗)

∂x
− a(t) + λ2

[
c(t) + λ(t)

∂ϕ(t, x∗, u∗)

∂x

]
= 0,

u∗(t)R(t) + λ(t)
∂f(t, x∗, u∗)

∂u
+ b(t)

∂σ(t, x∗, u∗)

∂u
+ λ2λ(t)

∂ϕ(t, x∗, u∗)

∂u
= 0,

x∗(T ) = ξ.

3 ��� LQ  �¡�¢�£�¤¦¥¨§A©?ª
ô�«�¬��® ì�¯�° ��± . Ö�°�¶�²�³ ��± , À�´�µ P (t) ¶���" Ë ä�å�����á�» :

dP (t) = P (t)[b(t)dt + σ(t)dW (t) + ϕ(t)dN(t)],

P (0) = p, t ∈ [0, T ].
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· Ö�°�¶���²�³ ��± , À�´�µ�¶ P0(t), ¶�� Ë�ò á�» :

dP0(t) = rP0(t)dt,

P0(0) = p0 > 0, t ∈ [0, T ],

À�Á W (t) ¸�¹�º�Ý (Ω ,F ,Ft, P ) ø�¹�»�¼ Brown 4�½ , N(t) ¾�·�¸�$ λ ¹ Poisson º�» , r ¾���²�³�¿
¹ , b(t), σ(t), ϕ(t) à�¾ Ft À ��º�» .Á�Â�Ã ¹�Ä�Å�Æ�Ç�¾ x(0) = x0, t O�È Ó ²�³ ��± ø Á�Â ¹�Æ�Ç�¾ πt, +�, Ó ��²�³ ��± ø�¹ Á�Â ��¾
1 − πt, É�O�¹�Æ�Ç�¾ x(t). +�, x(t) Ê�Ë Ë�ò ¹�ä�å�����á�» :

dx(t) = x(t)[(r + πtσ(t)Qt)dt + πtσ(t)dW (t) + πtϕ(t)dN(t)], t ∈ [0, T ] (11)

À�Á Qt = b(t)−r

r
.
ô

ξ ¾�Ì�_�Í�Î , Ï�Ð Á�Â�Ñ�Ò πt ç�è
min

π(t)∈Σ

T (x0 : π(t)) = E|X(T ) − ξ|2, Σ =

{
π(t) : E

∫ T

0

π2(t)dt < ∞

}
(12)

Ó
y(t) = x(t) − E[ξ|Ft] (13)

� E[ξ|Ft] ¾ Ft Û , Â�Û�¹ w�x _�:�â�� , � Ó πt ∈ L2
F

[0, T ] ç�è
E[ξ|Ft] = Eξ +

∫ t

0

Z(s)dW (s).

Ô O���ì
dy(t) = (y(t) + E[ξ|Ft])[(r + πtσ(t)Qt)dt + (πtσ(t) − m(t))dW (t) + πtϕ(t)dN(t)] (14)

À�Á m(t) = z(t)
x(t) . Ô

y(0) = x(0) − Eξ = y0, J(x0 : πt) = J(y0 : πt) = E|y(T )|2 (15)Ô�� X Ñ�Ò (11) é (12) ��Õ�Ö�¾ (14) é (15). 4���_�: 2 â��
λ(t)[r + π∗

t σ(t)Qt] + b(t)[π∗
t σ(t) − m(t)] − a(t) + λ2[c(t) + λ(t)π∗

t ϕ(t)] = 0 (16)

λ(t)[(y∗(t) + E(ξ|Ft))σ(t)Qt] + b(t)[(y∗(t) + E(ξ|Ft))σ(t)] + λ2λ(t)[y∗(t) + E(ξ|Ft)]ϕ(t) = 0 (17)

Â V (17) â�� λ(t)σ(t)Qt + b(t)σ(t) + λ2λ(t)ϕ(t) = 0, × : b(t) = λλ(t)ϕ(t)+λ(t)σ(t)Qt

σ(t) . Â V (16) â��
π∗

t =
a(t) − m(t)b(t) − rλ(t)

λ(t)σ(t)Qt + b(t)σ(t) + λ2λ(t)ϕ(t)

=
a(t) − m(t)λλ(t)ϕ(t)+m(t)λ(t)σ(t)Qt

σ(t) − rλ(t)

λ(t)σ(t)Qt − λλ(t)ϕ(t) − λ(t)ϕ(t)Qt + λ2λ(t)ϕ(t)

=
σ(t)a(t) − m(t)λλ(t)ϕ(t) − m(t)λ(t)σ(t)Qt − σ(t)λλ(t)

λλ(t)ϕ(t)(λ − 1)σ(t)
.

4 Ø�Ù
É�Ê æ ÿ�Ú Á9����Û�ÜÙñ ÿ O� y�z�Ý Ã�¹���Þ�ß�à Ô Ö�²�³ ` á�â�ã ,

Ó y�z ×�Ø�¶���~ - ä�å�º�»
O , æ�ç�æ y�z ¹�ä�å LQ Ï�Ð.Ñ�Ò , è�Ö�é � ¿�ä�å Lagrange á���è�Z�æ y�z Í�Î�Ï�Ð Ñ�Ò , ê�ë�4���Pì�í�î í�ï «�¬ Á ¹�ð�� � *.Ñ�Ò , è�Z�æ�Í�Î�ð�� � * Ñ�Ò .
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