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Abstract This paper investigated nonlinear time series modeling and forecasting problem based on RBF-

AR model, and the comparisons between RBF-AR model with other newly developed models. A structured

nonlinear parameter optimization method (SNPOM) was applied to estimate the model. It is shown by

the simulation tests and comparisons that the performance of RBF-AR estimated by SNPOM is superior

to other models.
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	�������
��������. ����������, 
����Æ�����	���	��������
���. ��������������, ���������������	�������. ���
�, ���������, ���������������	��������. �Æ, � ��
� (Radial basis function, RBF) �������������������	���!��� !�"#
��� [1−3]. �"�$#���$�%���, � Rojas����&�������%'�� ���
(Normalized PG-RBF network with regression weights) �� [4], �(�� RBF ��&� !�) ��
��. Chen ����!"��� (Flexible neural tree, FNT) �� [5], '���#(�*�)*$ �!�
$�. "%, #$+���&+��,,���� [6] (Local linear wavelet neural network, LLWNN). ��,
Valenzuela �-%�����, �'��	��&�(���)'&�$��'*$� ARIMA-ANN ��
���� [7].

+,#(��()����������*&-�� [8](State-dependent models, SDMs). Vesin[9] 	

Shi � [10] �� RBF ������*&-��� (State-dependent autoregressive, SD-AR) ��Æ���
��- !� RBF-AR ��. �./, RBF-AR ��.. RBF �������/+, $. SD-AR ��(

��� : 2009-02-21

]^!": 0/1010,21323 (70921001); 4-.1567089#$24/ (2009WK2009); 0/%01323
(60574058)

_`&': 31 (1982–), 2, 43104, 10:565785;9<�:=6;<, 7>Æ8, ?@69; :A (1963–), 2, B
;, 4346<, 10:567=>?C=8D(@A@, B?D(@)>%9@>?, 3?59<�:@*AC+,9:
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)���/+.�=, D� RBF-AR���	B>�����?C, @G��HA�)*, RBF ��ÆE�
�IDBF-(J�����CK. �� RBF-AR ���D�#����D�	���D�, E��D�
�F%������D�, G�E, RBF ���, F��������D�/��� (Structured nonlinear
parameter optimization method, SNPOM)[11], #�'GL��G !M/���. ���H	�M��H
HF� SNPOM /�&�� RBF-AR ��
���I�%%/�"�������.

2 ./012

IJJ�, NK��������K 
�I�. ��	LM����� {y(t) ∈ �1, t =
1, 2, · · · , N}, �������O��3�I�-��O'J	��, f : �p → �1, P

y(t) = f(y(t − 1), y(t − 2), · · · , y(t − p)) + e(t) (1)

�Æ, f(·) ����KL, p �4L�, e(t) �� {y(t − i), i > 0} NQ�OMM.

3 RBF-AR 56

�� (1) �NN�PJ, I��RD�. 
D���	�D��� (1) 7Æ.��.����, QOO
RPP��,S8�*&-��� [8] �Q������� [12] ���, �NN�:

y(t) = φ0(X(t − 1)) +
p∑

i=1

φi(X(t − 1))y(t − i) + e(t) (2)

'T, X(t − 1) S8�* �, J�� y(t) �RS�O��� �; �.T�, X(t − 1) $#@U�	U
Q$�. {φi(X(t − 1)), i = 0, 1, · · · , p} S8�*&-����.

�*&-�����#R��������	��������S" [13] , 	S ����"�*$�
X(t − 1) �$�=$�. T��*&-�� (2) ��������O��V�	V �WX, W�D�	
�3�B>��YHU���� φi(X(t − 1)) �NN. ��I, #(-EI�Z�X�T[� X !T[

� φi(X) �	����I�. RBF �����U\EI��	.U���, 	��X��I9H�(
VV����VY��, FE#� RBF ��������� (2) Æ��*&-����. '� RBF ��#
HW�:

φ(X) = w0 +
m∑

k=1

wk exp(−λk ‖ X − Zk ‖2) (3)

�Æ, w0 �X:, wk(k = 1, 2, · · · , m) �]RWUY�>	!��>�����, m �WUY�>�F, λ Z

�DB�IF- (�^�), X 	 Z �[HW RBF ���!� �		�ÆE �, ‖ · ‖ HW ��YN
_`.

�(INN� RBF �� (3) ����� (2) Æ��*&-����- !� RBF-AR ��:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

y(t) = φ0(X(t − 1)) +
p∑

i=1

φi(X(t − 1))y(t − i) + e(t)

φi(X(t − 1)) = wi,0 +
m∑

k=1

wi,k exp(−λk ‖ X(t − 1) − Zk ‖2)

Zk = (zk,1, zk,2, · · · , zk,d)T

(4)

�Æ, p, m 	 d = dim{X(t − 1)} ����HA; T HW ��aX�;:. #(Z�, RBF �� (3) �
RBF-AR �� (4) �	��+�, FE RBF-AR ��#(Z�� RBF ��)J������. 
�
���D�Æ, RBF ��#�Y�%��ÆE( !ZV�O���. �=, RBF-AR ��-I�����
�[!�\	���+�, FE
]!&\����]bZ, RBF-AR ��ÆE�	�#�c� RBF ��
^ �. '>d
���HÆ !H9.

4 56<=>?

RBF-AR ���?C@GHA�)*	CK��ÆO.�D�. HA (p, m, d) �)*#(�M� AIC
(Akaike information criterion) � [14]. FE_��I���.	 �D�/���, �%�I[�HA�
��H�@)*� ���. 
QOÆ, \$F��`Æ����������D�/��� [11] . '���
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-�abD�����D�[�	���D�[�, ��,ab� (Least-squares method, LSM) �/��
�Æ���D�, � Levenberg-marquardt method(LMM) ���/����D�. E��e%/�'GL
��G !�)'���. '�/�ccd�ZKA��.
4.1 BCDE

RBF-AR �� (4) �D�#����D�

ΘL
.= {wi,k|i = 0, 1, · · · , p; k = 0, 1, · · · , m} (5)

	���D�

ΘN
.= {λk; Zk|k = 1, 2, · · · , m} (6)

�e�ZÆUQdH, -�� (4) f`��Zf�NN:

y(t) = f(ΘL,ΘN , X(t − 1)) + e(t) (7)

y(t) = Ψ(ΘN , X(t − 1))TΘL + e(t) (8)

4.2 FGH
_a, 
 �[� X(t − 1) Æ"g)*	-[� Z0

k(k = 1, 2, · · · , m) �� RBF ���ÆE�ge
�, �%��� (9) �K&�IDBF-�ge�:

λ0
k = − log ε/ max

t−1
{‖ X(t − 1) − Z0

k ‖2} (9)

�Æ, ε �	M,�4�. 'J8��h9: 
�* � X(t − 1) `ÆE Zk Vb�, exp(−λk max
t−1

{‖
X(t − 1) − Zk ‖2})cf� 0, S����dM.h [10−11] . )M�ge���D� Θ0

N %, � LSM �K&
ge��D� Θ0

L: ⎧⎪⎨
⎪⎩

Θ0
L =

[ M∑
t=τ+1

Ψ̄t,0Ψ̄T
t,0

]−1 M∑
t=τ+1

Ψ̄t,0ȳ(t)

Ψ̄t,0 = Ψ(Θ0
N , X̄(t − 1))

(10)

'T, {ȳ(i), X̄(i − 1)|i = τ + 1, · · · , M} �.�ij$, τ �����%��RS, M �.�i�	�.
4.3 aH

MeFi���: ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

V (ΘL,ΘN ) .=
1
2
‖ F (ΘL,ΘN ) ‖

F (ΘL,ΘN ) .=

⎡
⎢⎢⎢⎣

f(ΘL,ΘN , X̄(τ)) − ȳ(τ + 1)
f(ΘL,ΘN , X̄(τ + 1)) − ȳ(τ + 2)

...
f(ΘL,ΘN , X̄(M − 1)) − ȳ(M)

⎤
⎥⎥⎥⎦

(11)

F=, D�/�I�P�K&:

(Θ̂L, Θ̂N ) = arg min
ΘL,ΘN

V (ΘL,ΘN) (12)

f	j�����/��CK�D�. k κ �j��K�, �����D� � ΘN , )"�kN�:

Θκ+1
N = Θκ

N + βκdκ (13)

�Æ, dκ �ab� , βκ �Kl��. ����D� � ΘL, �N (10) &\:⎧⎪⎨
⎪⎩

Θκ+1
L =

[ M∑
t=τ+1

Ψ̄t,κ+1Ψ̄T
t,κ+1

]−1 M∑
t=τ+1

Ψ̄t,κ+1ȳ(t)

Ψ̄t,κ+1 = Ψ(Θκ+1
N , X̄(t − 1))

(14)

N (13) ÆgAj�� dκ ��Z��\M:{ [
J(Θκ

N )TJ(Θκ
N ) + γκI

]
dκ = −J(Θκ

N )TF (Θκ
L,Θκ

N)

J(Θκ
N ) = (∂F (Θκ

L,Θκ
N )/∂Θκ

N)T
(15)

�Æ, γκ lIJ dκ �m�	� . 
 γκ f�� 0 �, dκ df'� -hn� ; 
 γκ f�gi%�, dκ d

f��Zm� . 
 dκ j %, N (13) Æ� βκ �,\�*$aA��A�cNko�ho���ab�
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� !. D
KV
(I�/���Æ��D� (����D�) �)"n"���D� (���D�) �)
" [11].

5 LbMN

5.1 cO Mackey-Glass PQRS

EoÆ, RBF-AR ��d���Tl� Mackey-Glass ����, ��ip���	�����

��M. Mackey-Glass j���#HW�:
dy

dt
=

ay(t − τ)
1 + yc(t − τ)

− by(t) (16)

'T, �(
%���OkhqU, \$)m a = 0.2, b = 0.1, c = 10, τ = 17. �nH� Runge-Kutta ��
�o��i, ge�� y(0) = 1.2. �Ok [1–7] &[, )m t = 124! t = 1123� 1000 	�i, 
 500 	�
i��lp��, % 500	�i��qH��. ��(
Ok [1–7] Æ���kp��M, \$�rM� �
[y(t − 18) y(t − 12) y(t − 6) y(t)] �� y(t + 6). �(Z RBF-AR ���O�E����:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

y(t + 6) = φ0(X(t − 1)) +
4∑

i=1

φi(X(t − 1))y(t − 6(i − 1)) + e(t)

φi(X(t − 1)) = wi,0 +
m∑

k=1

wi,k exp(−λk ‖ X(t − 1) − Zk ‖2)

X(t − 1) = [y(t), y(t − 6), y(t − 12), y(t − 18)]T

(17)

V 1 WXYZ["\ RBF-AR ]^_ Mackey-Glass `abc\ddYe
=] r2q mn5; (s) osqtuspt AIC vqqtuspt AIC

RBF-AR(4,10,4) 10 36 3.6489 × 10−6 –6070.5 3.3547 × 10−6 –6112.6

RBF-AR(4,12,4) 12 33 3.0088 × 10−6 –6131.0 2.6286 × 10−6 –6198.5

RBF-AR(4,14,4) 14 52 1.8856 × 10−6 –6328.6 1.6735 × 10−6 –6388.3

RBF-AR(4,16,4) 16 63 1.2865 × 10−6 –6483.8 1.0805 × 10−6 –6571.0

RBF-AR(4,18,4) 18 116 6.6598 × 10−7 –6777.0 6.0959 × 10−7 –6821.2

RBF-AR(4,20,4) 20 118 5.0704 × 10−7 –6877.3 5.3484 × 10−7 –6850.6

� RBF-AR(p, m, d) �HWE��, r� p = 4. �� X(t − 1) �T�� 4, u d = 4. rs#(vo
�D�-� RBF ��WUY��>�F m �. � m = 10, 12, 14, 16, 18, 20'�]b, �w 4 oOwt�
SNPOM /���8��H. �H
 Matlab, CPU � 3.0GHz, RAM � 512M � windows ��Æs�. �
H�x
H 1 ÆL�. XHÆ#(Z!O.����x�ty (Mean squared error, MSE) z�P,, =
EKV!+���
qH�i (Testing data)I !�x�ty��lp�i (Training data)�,, 'dH
���UXlp�iÆym�V ����. ����/��K&u�, ���>�F�M,, lp��

M{���k-s��.
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f 1 RBF-AR ]^_ Mackey-Glass `abcgh[i\ddjklmenf
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��qH���Mackey-Glass������.U�, \$
u 1Æ�[L���� RBF-AR(4,12,4),
RBF-AR(4,16,4) 	 RBF-AR(4,20,4) �v�i��tyJ���u. Xu 1 #(Z!����ty
��Zw��PR�OMM, E���u�M�Z��|
 0 fÆ, �'��. u 2L�� Mackey-Glassv
e�i	 RBF-AR(4,20,4) �����i. #(Z!��V /x$�ve�i.
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f 2 Mackey-Glass `abcfo[ig RBF-AR(4,20,4) ]^pqh

ZÆ�(I !��x�ip��	������Z�M, H 2 ����	�����H�x, �
ÆH�w 7 ��x��Ok [4]. XH 2 Æ#(Z! RBF-AR(20 	�>) �� !��x� ��	��
	�(	��z. .T�N}Z&[�>�]bZ�Ux. Ok [4] Æ PG-RBF ��� 12 	�> !
��P �Ux (8.2369 × 10−6), = RBF-AR(4,12,4)  !�  ���x (3.0088 × 10−6, {H 1). Ok
[6] � LLWNN ��� 10 	�>���x� 1.2960× 10−5, RBF-AR(4,10,4) � 3.3547× 10−6({H 1).

Ok [2] 	 [3] �� RBF ���8�������"���x, 	$z !��P �Ux. W�	
$��>��[� 238 	 98, rs-Y�%�����/�. y[�Ok [3] Æ�x(&��/� RBF �
�ÆE (98 	�>VyJ. 392 	 RBF ��ÆE), =x(&��z>�GL��{�K&u�%, rsT
M�|%����. = RBF-AR ����ÆE��^ �, /����+���|��, F=K&u�%%
m~. �x�]!Ok [3] Æ GA-RBF ����, RBF-AR ��rY�� 14 	�> ({H 1). FE#(
Z�, 
]!&\����]bZ, RBF-AR ��ÆE�	�#�c� RBF ��^ �.

V 2 WX]^snt_ Mackey-Glass `abc\ddYe
=] osqtuspt vqqtuspt

Autoregressive model 0.0361 Not provided

Cascade correlation NN 0.0036 Not provided

Back-propagation NN 4 × 10−4 Not provided

Six-order polynomial 0.0016 Not provided

Linear prediction method 0.3025 Not provided

ANFIS and fuzzy system 4.9 × 10−5 Not provided

Product T-norm 0.0082 Not provided

AFS-RBF (13 neurons)[1] 1.4161 × 10−4 1.7161 × 10−4

Cubic-RBF (238 neurons)[2] Not provided 1.729 × 10−6

GA-RBF (98 neurons)[3] 1.96 × 10−6 2.25 × 10−6

PG-RBF (12 neurons)[4] 8.2369 × 10−6 Not provided

Flexible neural tree [5] 4.7624 × 10−5 5.0737 × 10−5

LLWNN (10 neurons)[6] 1.0890 × 10−5 1.2960 × 10−5

AMIMA-ANN[7] 7.29 × 10−6 Not provided

RBF-AR (20 neurons) 5.0704 × 10−7 5.3484 × 10−7



1060 > ? ; < E @ @ A F � 30�

0 500 1000 1500
−20

−15

−10

−5

0

5

10

15

20

t

y(
t)

f 3 Lorenz uijvk`abc

5.2 cO Lorenz wlmPQRS
Lorenz z{-��#�(Zj���HW:⎧⎪⎨

⎪⎩
ẏ = σ(z − y)

ż = ρy − z − yw

ẇ = yz − βw

(18)

�Æ, σ = 10, ρ = 28, β = 3/8. � Runge-Kutta ��UEj����o��i, Kl� 0.05. )m�$� y

� 1500 	�i (u 3), 
 1100 	�i��lp��, % 400 	�i�qH��. �(Z RBF-AR ���O
�E����: ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

y(t) = φ0(X(t − 1)) +
p∑

i=1

φi(X(t − 1))y(t − i) + e(t)

φi(X(t − 1)) = wi,0 +
m∑

k=1

wi,k exp(−λk ‖ X(t − 1) − Zk ‖2)

X(t − 1) = [y(t − 1), y(t − 2), · · · , y(t − d)]T

(19)

H 3ÆL�� RBF-AR(5,3,3)��(J�	�Ok�E�������x. XHÆ#(Z� RBF-
AR �����x� ��	��.

V 3 Lorenz uij`abcddYexy
=] osqtuspt vqqtuspt

PG-RBF [4] 0.0088 Not provided

AMIMA-ANN [7] 0.0077 Not provided

RBF-AR 0.0068 0.0072

6 z{n

��(�%��������������. RBF-AR ��}�,.|����$����, �=
�������G~.	'���}(�M. QO���F�������D�/���� RBF-AR ��

�������Æ�O���I�,G-	��"���������M.�H�xHH RBF-AR�
�
���I�/��	������. 
]!&\�����]bZ, RBF-AR ��Y��ÆE	
�� RBF ��^ �. ~%�����Y)*�* ���/�$, (
���� [3,5] HH RBF ��
!�$��)*���x.�%�}~.
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