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1. Introduction

Let f,g>0 satisfy
0<jf2(t)dt<oo and 0<jgz(t)dt<oo,
0 0

then
) ﬁf(x)g(y)dxdy< ﬂUfz(t)dt]ggz(t)dtJ ,

X+y

where the constant factor = is the best possible (cf. Hardy et al. [3]).Inequality (1) is
well known as Hilbert's integral inequality. This inequality had been extended by
Hardy [2] as follows

If p>1, ++1=1 f,g>0 satisfy

pq
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0<[fP(t)dt <o and [g*(t)dt<co,
0 0

then
10 9(y) b
2 dxdy < ——— | | fP(t)dt itydt|
v H Y Sm( [j (®) J Ug() J
where the constant factor L is the best possible. Inequality (2) is called

Hardy-Hilbert's integral ine(sqll:]al(lﬂit; g?\d is important in analysis and application (cf.
Mitrinovic et al. [4]).
B. Yang gave the following extension of (2) as follows :
Theorem [5]. If A>2-min{p,q}, f,g>0, satisfy
0< Ttl‘i fP(t)dt <o and Ttng (t)dt < oo,
0 0

then

3) TT ()g(y)dxdy<k(p)[jt”fp(t)dtj (Ttl-ﬁgq(t)dt] ,

where the constant factor k l(p):B(‘”TH,‘”TH) is the best possible, B is the beta
function.

The object of this paper is that to give some new inequalities similar to Hardy-
Hilbert’s inequality.

New Results

We need the following two results for our aim
Theorem A [1]. Let f be nonnegative integrable function. Define
F(x)='x[ f (t)dt.
Then a

© F(X) p p P ;
!(Tj dx<{mj !f (x)dx, p>L1.
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Lemma 1. If 0<p<1/2, then

o]

J u’” d ——ZB( 1-2p)
u , .
o|1—u|2p P P

Proof.
w pd 4 o 4
z[|1i | :'[1 u2p Jl-u 12p

Tha

—up

=2 J‘up‘l (@-u)™?""du=2B(p1-2p).
0

The following are our main results

2

O'—.b—\

Theorem 1. Let f,g>0, ++¢
Define

F(x):jf(t)dt, G(y):jg(t)dt.
Then

) vl
Y) 4x dy < Kl’pKl’Q(jfa (x)dx]

x (Tgﬂ”(y)dyj,

K,o=2@Q+alp) " B(p/al-2p/a).

where

Proof.

1 l 1

11
%0 0 a /7 0‘ ;7
[ e
00 X—y|a"s
11 1 11 1
nw \a fFans
”y PF (X) quG (y)dxdy
00

Kyl vy

=1 l<p<al2,1<q< pl2, a,p>0.
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1/ p 1/q
w0 va  Ea % o ﬂ
< Hy . (X)dxd ” (y)dxdy
00 X|x_y|7 00 X y|
— Pl/lelq.

Observe that, in view of lemma 1, we have

. (yja‘ll
eefe il

» W
0 o
1Y
X
- p " L
:J‘(F(X)j“ dXJ. t« pdt
o\ X of—t|«

< 2Q+alp)t (B,l—ﬂjjfa“(x)dx.
(24 (04

Similarly, we can show that

0 q
21+ B/ “’“15[1,1—2—0'] 7 (y) dy.
Q<2(1+p/q) ; ﬂ£9 (y)dy

This completes the proof of the theorem.

Theorem 2. Let f,g,h>0, - +¢+1
l<r<yl4, a,p,y>0. Define

F(x)=Tf(t)dt, G(y):Tg(t)dt, H(2)=[h(t)dt.

‘ ‘ 2.1, 1.1 1,
Xﬁ7 yV“ Zaﬂ E“ p(X)Gﬂ
4,44
X—y—z[«"s"

mfap”(x)dx] {Tgﬂ”(y)dy} [j

Kl/pcllq Kl/r (J‘
0 0

1 11
TWH’ r(Z)dxdydz

h7

p.a~a.p

where
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=1 l<p<ald l<q< pl4,

r 1/r
—+1
(2) dz] ,
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K,o=4l+al p)*“*B(p/a,1-2p/a)B(2p/al-4pla)
C,,; =2(@+4/9)"""B(qa/B,a/ B)B(2a/ p.1-4ql B).

Proof
2+11 2+11 2+11 1 1 L
W « ,a 8 Fa I
“J'X Ty t 2t 7 F (f)? (Y)Hy(Z)dxdde
000 X—y—z]«"5"
1121 1.1 1121 11 1121 131
00O g poa P a P B aypf q ﬁq r r
:J'”y 12 F 4(X) 27 9x” T GT A (y) x71y7 H” 4()dxdydz
Y X x—y - y |x—y—z|/z 2 x—y-1z
P20y by HP a2, 9 He
NRX \ya a a RRX 4 B B B
< ”J.y z® F 4(X)dxdydz “IZ X G 4(y)dxdydz
000 x|x—y-z[a 000 ylx-y-7/7
r, E_l T 1/r
x ”jxy y’ H 4r()dxdydz
000 zlx—y-7|7
— Ll/le/qull’.
We first consider
hgy 2y
L < ”Iya 27 FQAEX) dxdydz
000 x‘|x—y|—z7
p 20,
o (e
FEOY g F) x g flx=y) x-y
IR e | oo
0 0 y|« 0 7 p
_y .
X [x=y]
© b, | . 207p71
<@+alpytffe (x)de' du [y
’ R S
© P,
=41+ alp) {3,1—@j B{Qi-ﬂ]j fa(x)dx
(04 (04 (04 (04 0

in view of theorem A and lemma 1.
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quq 2

M :IIIZﬁ X! Gﬁ (y)dxdydz

yW+z—Aﬂ
a, 29 _
q {zjﬁ 1 ( X jﬂ 1
94 - -
G s < +z +2Z
=J( (y)j oy [ Y [V ALY
1+° -
y y+12
ﬂ_]_ zj_l
q/p+1 /; 'B K Vﬁ
< (+p/a) jg ‘ay [ rou [

o(1+ u) ofL-v|»

IR qu (ZQ 4_(1]
eprar ol 4o 5 -5

in view of Theorem A and Lemma 1.

Finally,

+1
<A@+ylr)H ( 1—5j B(zr 1—£J jh7 (2)dz,
v v v V)%
as in the case of M. This completes the proof of the theorem.
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