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Abstract

A module is almost finitely cogenerated, or 1-critical, if it is not
finitely cogenerated but all its proper factors are finitely cogenerated.
In this paper, we study almost finitely cogenerated modules over a com-
mutative rings.
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1 Introduction

The rings considered are associative with unit, and the modules considered are
left unitary modules.

Modules that are not finitely generated but whose proper submodules are
finitely generated are called “almost finitely generated” by W. D. Weakly, and
were studied in [3] and [9]. This can be dualized as follows. A module M is
almost finitely cogenerated (a.f.cog.) if M is not finitely cogenerated, but for
any nonzero submodule N of M, M/N is finitely cogenerated. Recall that a
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module M is finitely cogenerated if for any family (M;);c; of submodules of M
with irg[]\/[i = 0, there is a finite subset J of I such that jQJMj =0.

In fact, it turns out that the a.f.cog. modules are the 1-critical modules. Re-
call that for an ordinal «, a module M is called a-critical, if « = K-dim(M/N)
(the Krull dimension of M), and a > K-dim(M/N), for each nonzero submod-
ule N.This paper explores the structure and properties of a.f.cog. modules. In
section 2, we establish some properties of a.f.cog. modules and we give some
examples in the noncommutative case. In section 3, we study a.f.cog. modules
over commutative rings. The main result states that a commutative ring R has
a faithful a.f.cog. module iff R is a noetherian integral domain of dimension 1
and when R is as above, an R-module M is a.f.cog. iff M is isomorphic to a
nonzero R-submodule of a fractional ideal of R of the form kgl([ ¥)=1 where I

=

is an intersection of a finite number of maximal ideals of R. In particular if R
is semilocal noetherian integral domain of dimension 1, then an R-module M
is a.f.cog. iff M is isomorphic to a nonzero fractional ideal of R.

2 Properties of a.f.cog. modules

Proposition 2.1 For any R-module M, the following are equivalent:

(1) M is a.f.cog.

(2) M is not artinian, but M/N is artinian for any nonzero submodule
N of M.

(3) M is 1-critical.

Proof. (1)<=(2). From ([1], Proposition 10.10).
(2)<=(3). See for instance [7].

Proposition 2.2 Let M be an a.f.cog. R-module, then:
(1) M is uniform
(2) Any nonzero submodule of M is an a.f.cog. module.
(3) For any f € Endgr(M), f =0 or Kerf=0 and if f(M) # M then
/100 =0
Proof. The assertions (1) and (2) follow from ([7], Lemma 6.2.11). For
(3), let f be an R-endomorphism of M. Since we have, f(M) ~ M/Kerf,
Kerf # 0implies f(M) = 0. On the other hand, if N = @1]””(]\/[) and N # 0,

then ker f = 0 and M/N is artinian and so there exists a nonzero integer n
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such that f"(M) = f*(M), it follows That f(M) = M.

Proposition 2.3 If a ring R is a.f.cog. (as a left R-module) then,
(1) R is left Ore domain, and
(2) Every nonzero prime left ideal of R is maximal.

Proof. (1). Proposition 2.2 implies that R is a domain by taking the
multiplications from right by the elements of R . Let (z,y) € R? with z # 0
and y # 0 and let I = Rz + Ry . Since [ is uniform, then Rz N Ry # 0.

(2). See ([8], Proposition 3.5.45).

Proposition 2.4 For any ring R, the following are equivalent:
(1) R is a.f.cog. (as a left R-module).
(2) R is an integral domain of Krull dimension 1.

Proof. (1) = (2) is trivial.
(2) = (1). R is not artinian and by ( [8], Lemma 3.5.43) for any nonzero left
ideal I of R, R/I is an artinian R-module.

Proposition 2.5 If R is a commutative ring, then the following are
equivalent :
(1) R is an a.f.cog. R-module.

(2) R is a noetherian integral domain of dimension 1.

Proof. (1) = (2) by Proposition 2.3 and Hopkins-Levitzki theorem.
(2) = (1). R is not artinian and for any nonzero element = of R, R/Rx is
artinian ( [5], Lemma 8.4).

Examples 2.6

(1) Z is a. f. cog.

(2) If R is a left discrete valuation ring ([4], Ezercise 19.7), then R
is a.f.cog. left R-module. As an example of mnoncommutative left discrete
valuation ring, we take a field K with an endomorphism o, o # id, and let
R = K[ X, d]] be the ring of formal power series of the form Eqﬁ-g(i (v € K),

with multiplication induced by the twist Xa = o(«)X for all a €K . Then
R is a nocommutative left discrete valuation ring.

(3) The Weyl algebra A,(K) is an a.f.cog. Ay (K)-module for any field K
of characteristic 0 ([8]; p. 462)

(4) If R is left hereditary, noetherian integral domain which is not a
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division ring, then R is an a.f.cog. R-module ([7]; p. 197).

(5) Let K be a field with an automorphism o and 0 a o-derivation, if
R=K[X,0,0] or R=K[X,X ! 0|, then R is an a.f.cog. R-Module ([7]; p.
197).

(6) If M is a noetherian R-module with K- dim(M) > 1, then there
exists a submodule N of M such that M/N is an a.f.cog. R-module ([7]; p.
185).

3 A.f.cog. modules over a commutative rings

Throughout section 3, R will be a commutative ring with unit, Q(R) will
denote the total ring of quotients of R and M an unitary R-module.

Some notations and definitions.

(1) For any subset X of M, the annihilator in R of X ( denoted anngr(X))
is the set {r € R: for all x € X,rx =0}.

(2) A prime ideal P of R is said to be associated to M if P = anng(zx)
for some x € M . The set of prime ideals of R associated to M 1is denoted
Assr(M).

(3) Let I be an ideal of R, the I-torsion submodule of M is the set
Ti(M)={x € M:I*x =0 for some integer k> 1}.

(4) The R-submodules of Q(R) are called fractional ideals of R. For a
fractional ideal F, the set F~' = {x € Q(R) : Fx C R} is also a fractional
ideal , and if for two fractional ideals Fyand Fy ; Fy C Fy then F2_1 - Ffl.

(5) Let I be an ideal of R. We will write F(I) for the fractional ideal
kgl([k)_l. Then F(I)={z € Q(R) : I*x C R for some integer k > 1}.

The next proposition enables us to focus our attention on the a.f.cog. faith-

ful R-modules.

Proposition 3.1 Let M be an a.f.cog. R-module, and let P the annihi-
lator in R of M. Then:
(1) P is prime ideal of R which is not a mazimal ideal. In particular, if
R is of dimension 1, then P = 0.
(2) M is a.f.cog., faithful and torsionfree R/P-module.
Proof. The multiplications by the elements of R are an R-endomorphisms
of M. By Proposition 2.2 (3),if re =0 (r € R,x € M) then z = 0 or rM = 0,
which implies that P is a prime ideal of R and M, as R/P-module, is a.f.cog.,
faithful and torsionfree. Now because of Propositions 2.2 and 2.5, a vector
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space canot be a.f.cog. Therefore P is not a maximal ideal.

Lemma 3.2 ([9], Lemma 1.7) If M is a nonzero artinian R-module.
Then:

(1) Assr(M) ={Py, ..., P,} is a finite set of maximal ideals.

(2) M= & Tp(M).

1<i<n
Lemma 3.3 Let M be a fractional ideal of R. If R C M and M/R is a
nonzero artinian R-module, then there is a finite number Py, ..., P, of mazximal

ideals of R such that: M C F( N P;).

1<i<n

Proof. By Lemma 3.2, M/R = & Tp (M/R) for some maximal ideals

1<i<n

P, ....P, of R. Let x € M, there exist x1,...,z, € M and k > 1 such that
Prry, CRI<i<n)andz— X z, € R IfI = N P, then "z =

1<i<n 1<i<n
Pk..Prz C R,

Remark 3.4 In Lemma 3.3, the inclusion can be strict, for example if
R=17 and M = 7 then M/Z = {Z, 7}, Assy,(M/Z) = {2Z} and F(27) =
Z[3]-

Lemma 3.5 Suppose that R is a noetherian integral domain of dimension

1 and P a maximal ideal of R. Then F(P)/R is an artinian R-module.

Proof. Let A be the localization of R at P. We have R C A and Q(A) =
Q(R). Let Ny O Ny O ... O N; D ... be a descending chain of submodules of
F(P) such that N; D Rfor all j > 1. If S = R\ P, S7'N; is A-submodule
of Q(R) for all j > 1. Since Q(R)/A is an artinian A-module ([6], Theorem
5.5), then there is an integer m such that S™'N; = S™'N,, for all j > m. If
xENmandem,thensxeNjandengforsomeSGSande1.
Since P is maximal, there is ¢ € P* and a € R such that 1 = ¢ + as hence
r=tr+asr € R+ N; C Nj.

Corollary 3.6 If R is a noetherian integral domain of dimension 1 and
Py, ..., P, are mazximal ideals of R, then F(Kﬁ< P)/R is an artinian R-

module.
Proof. It will suffice to see that F( N P)/R= & F(P;)/R.
1<i<n 1<i<n

We are now ready to prove the main theorem.

Theorem 3.7 For any R-module M, the following are equivalent:
(1) M is a.f.cog. and faithful.
(2) R is a noetherian integral domain of dimension 1, and there exist
mazimal ideals Py, ..., P, of R such that M 1is isomorphic to a nonzero R-
submodule of the fractional ideal F( N F;).

1<ign
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Proof. (1) = (2). By Proposition 3.1, M is torsionfree. Then it fol-
lows from Proposition 2.5 that R is a noetherian integral domain of dimen-
sion 1. Fix a nonzero element zy of M. By Proposition 2.2 (1), for any
xr € M there exist a, b € R with b # 0, such that bx = axq. If we put
o(r) = 3 € Q(R), then 0 : M — Q(R) is an injective R-homomorphism and
o(M) 2 R. Now by Proposition 3.3, there exist maximal ideals P, ..., P, of R
such that o(M) C F( N P).

1<i<n
(2) = (1). By Proposition 2.2, it suffices to show that if Py, ..., P, are maxi-
mal ideals of R, then F' = F(1<O< P;) is an a.f.cog. R-module. Since R is not

artinian, F' is also not artinian. Let N be a nonzero submodule of F'. From
Corollary 3.6 , F'/R is artinian. Since we have N N R # 0, R/(N N R) is
artinian. Therefore F'/(N N R) is artinian and so F'/N is artinian.

Corollary 3.8 An abelian group A is a.f.cog. Z-module iff A is isomorphic
to a monzero subgroup of Z [ } for some nonzero integer n.

Proof. It suffices to observe that if n = II p* is the decomposition of

\Z\r

n into prime numbers, then F( N Zp;) = 7Z [i] =7 [l}

1<i<r p; n

Corollary 3.9 For any ring R, the following are equivalent:
(1) Any nonzero fractional ideal of R is an a.f.cog. R-module.
(2) Q(R) is an a.f.cog. R-module.

(3) R is semilocal noetherian integral domain of dimension 1.

Proof. (1) = (2) is trivial, and (2) = (1) follows from Proposition 2.2
(2).
(2) = (3). Since Q(R) is a faithful R-module, then from Theorem 3.7, R
is noetherian integral domain of dimension 1 and there exists an injective R-
homomorphism o : Q(R) — F/( N R), where P, ..., P, are maximal ideals

of R. We can suppose that R C U(Q(R)) (see the proof of Theorem 3.7).
Since we have 1 € o(Q(R)), it is easy to see that Q(R) C ¢(Q(R)), and so
Q(R) = F( n P) Let I be a maximal ideal of R, we will show that I = P,

for some ¢ (1 g < n). According to ([2], Proposition 1.11), it will suffice to

prove that I C 1<LZJ@P Assume for the moment that there exists a € [
with a ¢ 1\LlJ\nP For any i(1 < i < n), we can find z; € P, and r; € R
such that 1 = z; + r;a. If k is a nonzero integer such that (1\rlnP)’“1 C R,
then 1 = ( gng (; + 10))* = 2 + ra where r € (1\O<nPi)k and r € R. Now

1 =24 e R, a contradiction.
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(3) = (2). Let Pi,..., P, be the maximal ideals of R. Fix an element
x € Q(R) and let A; be the localization of R at P; (1 < ¢ < n). Since
Q(R)/A; is an artinian A;-module ([6] ,Theorem 5. 5), it follows from Lemma
3.3, that there exists k; > 1 such that PZka C A;. If k > k;, for any 4, then
(N P)xC N A =R Hence Q(R) = F( N P;) and so, from Theorem

1<i<n 1<i<n 1<ign

3.7, Q(R) is an a.f.cog. R-module.

From Proposition 3.1, Theorem 3.7 and Corollary 3.9, we can deduce the
two following results:

Corollary 3.10 Let R be semilocal noetherian integral domain of dimen-
sion 1. Then an R-module M 1is a.f.cog. iff M is isomorphic to a nonzero
fractional ideal of R.

Corollary 3.11 For any R-module M, the following are equivalent:
(1) M is a.f.cog. and injective.
(2) R/anng(M) is a semilocal noetherian integral domain of dimension
1 and M is isomorphic to Q(R/anng(M)).
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