Applied Mathematical Sciences, Vol. 4, 2010, no. 10, 477 - 487

Some Solutions for a Class of

Singular Equations of Even Order

Aysegiil Cetinkaya

Ahi Evran University, Faculty of Arts and Sciences
Department of Mathematics, 40100 Kirsehir, Turkey
acetinkaya@ahievran.edu.tr

Abstract

We obtain all solutions which depend only on r for a class of
iterated elliptic or ultrahyperbolic partial differential equations of
even order with singular coefficient. Here, the essential operators
include Laplace, wave, EPD (Euler-Poisson-Darboux) and GASPT
(Generalized Axially Symmetric Potential Theory) operators.
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1 Introduction

In this paper, we consider a class of singular partial differential equations
of the form

(ﬁ Lj.j> w= (LY ... LI)u=0 (1)

j=1

where p and ¢y, ... , g, are positive integers and

n 92 Z(j) B S 92 ﬂz‘(j) B )
b= Z<a?3—x? i h%) * Z<b’23—y3 T 8yi> " % @)

i=1
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The iterated operators Lj-j are defined by the relations

L) = L [LE ' (w)] . k=1,... 4,

In (2),a #0 G =1,...,n), 22 (i = 1 . ) by #0 (i =1,...,s), 39
(t=1,...,s) are real Constants and 04 ( ., n), Bi(J) (i=1,...,5),7
are real parameters and r is defined by

ey () iz(% oy 3

i=1

The domain of each of the operator L; is the set of all real valued functions
u(z,y) of class C?(Q) where x = (z1,...,7,) and y = (y1,...,ys) denote
points in R™ and R?®, respectively, and €2 is the regularity domain of u in R"*5,
The operators L; are elliptic or ultrahyperbolic with the sign positive or neg-
ative, respectively. Equation (1) includes iterated forms of some well known
classical equations such as Laplace equation, wave equation, Euler-Poisson-
Darboux (EPD) equation and Generalized Axially Symmetric Potential The-
ory (GASPT) equation as special cases.

Recently, ™ type solutions for various types of partial differential equations
are studied by several authors [2-5]. We remark that Altin [1] obtained r™ type
solutions for a class of partial differential equations which is a special case of
(1) whena; =1 (i=1,....,n),b;=1@G=1,...,8), 20 =0 (G =1,...,n),
y? =0 (i =1,...,s). The main object of this work is to extend the results
derived by Altin [1] to solutions of the more general iterated equation (1).

2 r" Type Solutions
Firstly, we will give the following lemmas.

Lemma 2.1 For any real or complex parameter m,

Ly (r™) = Fj (m) r™? (4)
where
n (4 s )
Oéz ﬂz
Wi=nts—2+) L+ b (5)
=1 v =1 v
and
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Proof. The proof of this lemma can be done easily by applying the operator
L; to r™.

Lemma 2.2 For any real or complex parameter m,
q—1
LI(r™) = {H F; (m — Qk)} e (7)

where the positive integer q is the iteration number.

Proof. We give the proof by induction on ¢. It is clear by (4) that the
equality (7) is true for ¢ = 1. Now, let us assume that the equality is valid for
q — 1, that is,

LI (rm) {HFm Qk}

By applying the operator L; to both sides of the above equality, we obtain

{HF m — 2k) }L (rm=2a=D),

Hence, by replacing m by m —2 (¢ — 1) in (4), we get

L;I (Tm) = {HFJ (m—2k)} F}(m_z(q_ 1))Tm—2q

which completes the proof.

Lemma 2.3 For any positive integers p,qi, ... ,qp
p p 49—
(H L%) ™) {H H Fj(m —2[Q (p) — Q (j)] — 2k) } FmT2Rm)(g)
j=1 j=1 k=0

where Q (j) =q +---+¢q;, 7=1,...,p.

Proof. We give the proof induction on p. For any positive integer g;, from
(7) we have

QJ_l
LY (r™) {HF m— Qk} 245 (9)
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For p =1, (8) is reduced to

qi—1
Ly (r™) {HFlm 2k}m2@

which gives (9) for j = 1. Now assume that (8) holds for p — 1, that is,

(HL3’>< {H [1Fm—200m-y-au)] - )} m-206-1_ (1)

7=1 k=0

On the other hand, from (9) for j = p we have

QI)_l
L (r™) {HF —Qk}m2%.

Thus,

p
(H L;y) ( m <H L%) Lqp )
j=1
ap—1
j=1 -
ap—1
:{HF m — 2k) } (Hw) )
k=0
Hence, by replacing m by m — 2¢g, in (10), we obtain

(f)er={L a0

X{H i_[ Fj(m—2g, —2[Q(p —1) —Q(5)] —Qk)}rm—2Qp—2Q(p—1)

j=1 k=0

{H I1 £ m 200 ) - Q)] - 25) } A

j=1 k=0

where Q(p —1) + g, = Q(p) .Thus, the proof is complete.

Now using Lemma 2.3, we can prove the following theorem.



Singular equations of even order 481

Theorem 2.4 The function defined by

q;—1
u= "3 PHRe-Quk-y [ W, =75 4 ), wj—wj]
j€l1 k=0
QJ_l
0D Qs [ ) cos(i 45 — w2 Ing) + e sin i/ — w2 ng)|
j€lz k=0
(I]fl
+3 3 Pam-Qu2k-y, [ A 4 2 lm]
j€lz k=0

(11)
(M

is ™ type solution of the iterated equation (1). Here, Cip and cﬁ) are arbitrary

constants, V; is as given in (5) and we divide the index set I = {j =1,... ,p}
into three parts:
L = {j 617%2'_%‘ >0}7
I, = {j 617%2'_%‘ <0}7
Proof. Let m — 2[Q (p) — Q (j)] — 2k = M. Then, since the roots of the
quadratic equation

Fij(m—=2[Q(p) — Q (j)] — 2k) = M (M +2¢;) +; =0 (12)

are

mil =2[Q (p) ~ Q)] + 2k — vy + ] — (13)

my =2[Q (p) — Q ()] + 2k — v — /2 —

we can rewrite (8) as

(HL) ") {HHm m$y) (m — m<£>}rm2Q<P>- (14)

j=1 j=1 k=0

From (14), we conclude that for j = 1,... ,p and k = 0,1,...,¢; — 1, the
1) 2)
functions r™ik and r™i* are solutions of equation (1). Thus, since equation

(1) is linear, by the superposition principle, the function

p 45—

ZZ[ P +¢; )rmﬁv)] (15)

7=1 k=0
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also satisfies equation (1).
We have three cases for the roots:

(1) (2)

Case 1. If j € I, then my’ and my’ are two different real roots. In this

case, from (15), the function
] e @)
>3 [ ]
jel; k=0
(I]fl

_ZZ ARE)-Q+ 2k [ )V —i—c(i)r—\/m
J

jel; k=0

satisfies (1).

Case 2. If j € I,, then mﬁ) and mﬁ) are both complex and conjugate as

mi),mlY =2[Q () — Q ()] + 2k — vy £ iy /vy — v

In this case, from (15), the function

q;—1

SO [l 4+ o]

j€l2 k=0
(I]fl

=3 ARGk w][ () Cos<w/ — 7 lm) + Y sm(w’Yj — 7 h”)]

j€l2 k=0

satisfies (1). Here, we use Euler formula

pEVTY] = e COS<\/")/_7' — 17 ln7) + isin(y/%’ — 7 ln7)

and aﬁ) + aﬁ) = cﬁ), 1 <a§.? — aﬁ)) = cﬁ), 1 = +/—1 as usual.

Case 3. Finally, if j € I3, then mﬁ) = mﬁ) is a multiple root, that is,
2 , 0
mpy) = mf) =2(Q () - Q ()] + 2k — ¥y = m{y).

In this case, (14) can be written as

(H L‘b) = G (m) Gy (m) rm=29®) (16)
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where
(I]fl
H H m — m =G (m)
j€lz k=0
and
g;—1
[T TI(m—mi)(m—m) = G (m).
jEI\I3 k=0

Now, by taking the derivative with respect to m both sides of (16), we obtain

<HL}Z-”>(T”‘1H =G (m){z(f1 ()G ()™ —20) +G1(m)aim[(;2 (m)rm—QQ(m}}_

j=1
(17)
(o L : _ ., (0)

Since Gy (m k) =0forje€lzand k=0,. 1, taking m = my,’ in (16)
and (17), we get

L (©)

HL;I-J (r Jk) =0 and HLq] <rmik lnr) =0.

j=1 J=1
Hence, for j € Isand k =0, ..., ¢; —1, each of the functions rmg'?e) and rmﬁ) Inr

and their superposition

QJ_l

SN pRew-Qu 2k (1)+cklnr]
J

j€l3 k=0

satisfy (1).
Summing up the above three cases with the superposition principle we get
(11), which proves the theorem.

Remark 2.5 In the special casev; = 0 for any j € I, the quadratic equation
(12) has the root m —2[Q (p) — Q (j)] — 2k = M = 0. In this case, since the
values

mje = 2[Q (p) — Q ()] + 2k

are nonnegative integers for k =0,1,...,q; — 1, the functions r2QP)-QU)I+2k
are polynomial solutions of equation (1).
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Remark 2.6 For any j € I and k =0,1,...,¢; — 1, Z'f_wj“_\/w]z_ﬁ)/j

are even integers and
mly =2[Q () — Q ()] + 2k — by +/¥2 — 7, 20

1)
then r™i% are polynomial solutions of equation (1).

Remark 2.7 Forany j € I and k = 0,1,...,q; — 1, if = — /1% —;

are even integers and

my =2[Q (p) — Q ()] + 2k — v — /2 —7; >0

(2)
then r™i% are polynomial solutions of equation (1).

3 Solutions of Type u = u(r)

In this section, we will show that all solutions which depend on only r for the
equation (1) can be expressed by formula (11).

Lemma 3.1 For the function u = u (r),
Liu=e(D*+2¢;D + ;) u=e *F;(D)u (18)
t

where V;, Fj are given by (5), (6), respectively, and D = %, r=c¢e.

Proof. Taking into consideration L; and r given by (2) and (3), respec-
tively, if we apply the operator L; to the function u = u (r), we obtain

d? d
Lju = r2 {TQW + (1 + ij) r% + ”yj} U

where the operator in the bracket is an Euler type operator. If we let r = ¢,
then we can write as

Liu=e(D*+2¢;D +~;)u=e*F;(D)u
where D = %. Thus, the proof is complete.

Lemma 3.2 For any positive integer q

Liu=e {HF —Qk} (19)
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Proof. We give the proof by induction on ¢. It is clear by (18) that the
equality (19) is true for ¢ = 1. Now, let us assume that the equality is valid
for ¢ — 1, that is,

Li = 72 {HF —Qk} (20)

Applying the operator L; on both sides of (20) and using the relation L; =
e ?'F; (D) in (18), we obtain

e~ a1 {q]:[ F; (D — Qk)} u]
k=0

ol -}

From ordinary differential equations, we know that, for any polynomials of the
operator D with constant coefficients G and H and for any constant «, the
following relation is valid

D){e ™ H (D)u} =e G (D — ) H (D) u.

Considering this property, we get

L;!u:e—?te—?(q—l)tFj(D—z(q—1)){qH F; (D— 2k)} —2qt{qH F; (D—Qk)} u

k=0

which gives the desired result.

Lemma 3.3 For any positive integers p,qi, ... ,qp
P 9
(1 ) o= oo ([T T 02000 - 001 -20 b )
7j=1 k=0

where Q@ (j) =q +---+¢q;, 7=1,...,p.

Proof. By using induction argument on p, this is easily proved in a manner
similar to the proof of Lemma 3.2.

Theorem 3.4 All solutions of type u = w (r) for the equation (1) can be
expressed by the formula (11).
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Proof. Equating (21) expression to zero, we obtain an ordinary differential
equation with constant coefficients and of order 2Q) (p) =2 (1 +--- + @)

{HﬁFj<D—2[@<p>—@<j>]—2k>}u:o. (22)

j=1 k=0

The indicial equation for this equation

[T Fm-20Qw) -QG) -2k = 0
j=1 k=0
HHm m m m(i)) = 0
7=1 k=0

where mﬁ) and mﬁ) are as defined by (13). Thus the solution of (22) is given

= Z Z [C(;) (20Q(P)—QU+2k—th+/ T =75 )t | C(Q)e(Q[Q(P)*Q(j)]Jr?k*iﬁj*\/%2'*%‘)75]

jk €

q;—1

+ 373 (Cm-Qu v [cﬁg COS( [~ — 2 ) 2 Sm( [, — 02 tﬂ

j€lz k=0
q;—1

+ 37N RE QU 2k [ W cﬁ)t]

j€l3 k=0

If we set t = Inr, the corresponding solution for (1) is given by (11). Thus,
the proof is complete.

Remark 3.5 Note that, substituting u = r™ in (21) and considering r = €',
we obtain

(T2) e = e T 502100 - 00120 )

j=1 j=1 k=0

e(m-2a0) {HHF ()—Q(j)]—%)}

m=2Q(p) {H i‘[ Fy(m=2[Q(p) —Q ()] — Qk)}
j=1 k=0

which was given previously by (8). That is, (21) reduces to (8). Similarly, we
can see that (18) and (19) reduces to (4) and (7), respectively.
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