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Abstract

We consider the Sturm-Liouville equation on the bounded interval with two
singularities in end points. This equation contains one turning point together with
discontinuity conditions, moreover the turning point lies before the jump point. In
this paper, by using the spectral characteristic function, we study eigenvalues.

1 Introduction

We consider the boundary value problem L

−(p(x)y′(x))′ + q(x)y(x) = λs(x)y(x), − 1 < x < 1, (1)

y(x) = O(1), x → ±1, (2)

with the jump conditions

y(a + 0, λ) = αy(a − 0, λ), y′(a + 0, λ) = −αy′(a − 0, λ), (3)

in an interior point a ∈ (−1, 1). Here, put p(x) = (1 − x2)p0(x), s(x) = (x − x0)s0(x)

, x0 ∈ (−1, 1), x0 < a, P0(x), S0(x) ∈ C2[−1, 1], q(x) ∈ C[−1, 1], P0(x)S0(x) �= 0 for all

x ∈ [−1, 1], and λ is the spectral parameter. Put

r(x) :=
s(x)

p(x)
=

(x − x0)s0(x)

(1 − x2)p0(x)
, − 1 < x < 1.
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The sign of the potential function r(x) changes in x0 (x0 is called turning point). Let for

definiteness, s0(x) > 0, p0(x) > 0 and let r(x) = R2(x), where R(x) > 0 for x > x0 and

−iR(x) > 0 for x < x0. Denote

R− =
∫ x0

−1
|R(s)|ds, R+ =

∫ 1

x0

|R(s)|ds. (4)

Boundary value problems with singularities inside the interval have been studied in [1]-[2].

We note direct and inverse problems of spectral analysis for various classes of differential

equations with singularities and turning points were studied in many works (see[3-9]).

Freiling, Rykhlov and Yurko in [10], investigated boundary value problems with singular-

ities and turning points. Now, in this paper, we add discontinuity conditions to previous

conditions and calculate the asymptotic behavior of solutions and eigenvalues.

2 properties of the spectrum

We transform (1), (2) by z(x) =
√

p(x)y(x) to the boundary value problem L1 of the

form

−z′′(x) + χ(x)z(x) = λr(x)z(x), − 1 < x < 1 (5)

z(x) = O(
√

1 ± x) as x → ∓1, (6)

where

χ(x) =
−1

(1 − x2)2
− xh0(x)

1 − x2
+

q(x)

(1 − x2)p0(x)
+ h′

0(x) + h2
o(x),

h0(x) := p′0(x)/2p0(x).

Clearly, the spectrum of L coincides with the spectrum of L1. Let λ = ρ2, and let for

definiteness �ρ ≥ 0. Moreover, we assume ρ ∈ S0 ∪ S−1, where

Sj = {ρ : arg(ρ) ∈ (
πj

2
,
π(j + 1)

2
)}, j = −1, 0.

Denote

ξ−1 =
∫ x

−1
|R(s)|ds, ξ1 =

∫ 1

x
|R(s)|ds, ξ0 =

∫ x

x0

|R(s)|ds, ξ =
∫ a

x0

|R(s)|ds,
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Jj = {x : |ρξj| ≤ 1}, J = J−1 ∪ J0 ∪ J1, I−1 = (−1, x0)\J, I1 = (x0, 1)\J, I = I−1 ∪ I1,

Ia− = (x0, a], Ia+ = (a, 1).

Here we consider the dependence of ξj and Jj, Ij, J, I and ρ, respectively. Fix ε > 0 and

consider the intervals θ−1,ε := (−1, x0 − ε], θ0,ε := [−1 + ε, 1 − ε], θ1,ε := [x0 + ε, 1]. Let

[1] = 1+O(ρ−1), [1]j = 1+O((ρξj)
−1) for |ρξj | ≥ 1, x ∈ θj,ε (i.e. f(x, ρ) = [1]j means that

|f(x, ρ)− 1| ≤ Cε|ρξj|−1 for |ρξj| ≥ 1, x ∈ θj,ε). Denote [1̃] = [1]j for |ρξj| ≥ 1, x ∈ θj,ε.

Let for definiteness ρ ∈ S0 (the arguments are similar for ρ ∈ S−1). According to [11](see

also [12]), for x ∈ θ0,ε there exist solutions wj(x, ρ) , j=1,2, of Eq.(5) such that wm
j (x, ρ)

, m=0,1, are absolutely continuous on θ0,ε, and furthermore, for x ∈ θ0,ε\J0,⎧⎪⎨
⎪⎩

w
(m)
1 (x, ρ) = ρm|R(x)|m− 1

2 exp(ρξ0)[1]0, x < x0,

w
(m)
2 (x, ρ) = ρm|R(x)|m− 1

2 ((−1)m exp(−ρξ0)[1]0 + i exp(ρξ0)[1]0), x < x0,
(7)

⎧⎪⎨
⎪⎩

w
(m)
1 (x, ρ) = (iρ)m|R(x)|m− 1

2 exp(iπ
4
)((−1)m exp(−iρξ0)[1]0 − i exp(iρξ0)[1]0), x > x0,

w
(m)
2 (x, ρ) = (iρ)m|R(x)|m− 1

2 exp(iπ
4
) exp(iρξ0)[1]0), x > x0.

(8)

Moreover,

det[w
(m)
1 (x, ρ)] ≡ −2ρ[1]. (9)

Analogously, one can construct fundamental systems of solutions in θ−1,ε and θ1,ε. For

x ∈ θ−1,ε, there exist solutions uj(x, λ), j=1,2, of Eq.(5) such that the function u
(m)
1 (x, λ)

, m=0,1, is entire in λ, and⎧⎪⎨
⎪⎩

u
(m)
1 (x, λ) = (ρ|R(x)|)m− 1

2 (exp(ρξ−1)[1]−1 + i(−1)m exp(−ρξ−1)[1]−1), x ∈ θ−1,ε\J−1,

u
(m)
2 (x, λ) = (−ρ)m|R(x)|m− 1

2 exp(−ρξ−1)[1]−1, x ∈ θ−1,ε\J−1.
(10)

For x ∈ θ1,ε, there exist solutions vj(x, λ), j=1,2 of Eq.(5) such that the function v
(m)
1 (x, λ),

m=0,1, is entire in λ, and⎧⎪⎨
⎪⎩

v
(m)
1 (x, λ) = (ρ|R(x)|)m− 1

2 im((−1)m exp(iρξ1)[1]1 + i exp(−iρξ1)[1]1), x ∈ θ1,ε\J1,

v
(m)
2 (x, λ) = (−iρ)m|R(x)|m− 1

2 exp(iρξ1)[1]1, x ∈ θ1,ε\J1.
(11)

We extend uj(x, λ) , vj(x, λ) to the whole interval (−1, 1) as smooth solutions of (5) and

put u(x, λ) := u1(x, λ). Using the fundamental system of solutions wj(x, ρ) one can write

u(x, λ) = ā1(ρ)w1(x, ρ) + ā2(ρ)w2(x, ρ). (12)
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Fix x∗ ∈ (−1, x0), in view of (9), according to cramer’s rule and using (7), (10) in (12),

we obtain⎧⎪⎨
⎪⎩

ā1(ρ) = ρ−1/2(exp(ρR−)[1] + exp(−ρR−)[1]),

ā2(ρ) = ρ−1/2(i exp(−ρR−)[1] + o(ρ−1) exp(ρR−) exp(−2ρ
∫ x0
x∗ |R(s)|ds)).

(13)

On the interval θ0,ε\J0, by substituting (7), (8),(13), into (12), we obtain

um(x, λ) = (ρ|R(x)|)m− 1
2 (exp(ρξ−1)[1̃] + i(−1)j+m exp(ρξ−1)[1̃]), ρ ∈ S̄j , x ∈ I−1, (14)

um(x, λ) = (ρ|R(x)|)m− 1
2 im exp(iπ/4)(exp(ρR−)[1] + exp(−ρR−)[1])

×((−1)m exp(−iρξ0)[1̃] − i exp(iρξ0)[1̃]), x ∈ Ia− , (15)

and by using the fundamental systems {wj(x, λ)}j=1,2 for x > a, we have

u(x, λ) = a+
1 (ρ)w1(x, ρ) + a+

2 (ρ)w2(x, ρ), x ∈ Ia+ . (16)

In order hand, u(x, λ) satisfies the matching conditions (3), thus, according to cramer’s

rule in x = a, we get⎧⎪⎨
⎪⎩

a+
1 (ρ) = −iαρ−

1
2 exp(2iρξ)(exp(ρR−)[1] + exp(−ρR−)[1]),

a+
2 (ρ) = αρ− 1

2 (exp(2iρξ)[1] + exp(−2iρξ)[1])(exp(ρR−)[1] + exp(−ρR−)[1]).
(17)

Substituting (17), (8), into (16), we get

um(x, λ) = imα(ρR(x))m− 1
2 exp(iπ/4)(exp(ρR−)[1] + exp(−ρR−)[1])

×(exp(iρ(ξ0 − 2ξ))[1̃] + i(−1)m+1 exp(−iρ(ξ0 − 2ξ))[1̃]), x ∈ Ia+ . (18)

We extend (18) by using the fundamental system of solutions vj(x, λ) to the whole interval

I1. According to [10], um
j (x, λ), vm

j (x, λ), wm
j (x, λ), in the given interval and also um(x, λ)

in J−1, J0 are bounded. In the interval J1 we have

|um(x, λ)| ≤ C(1 − x)
1
2
−m| ln |ρξ1/2|| exp((R+ + 2ξ)|�ρ|) exp(|�ρ|R−).

Denote the characteristic function

Δ(λ) =< u(x, λ), v1(x, λ) > . (19)
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Substituting (11) and (18) in (19), we obtain

Δ(λ) = i exp(iπ/4)(exp(ρR−)[1] + exp(−ρR−)[1])

×(exp(iρ(R+ − 2ξ)[1] − exp(−iρ(R+ − 2ξ)[1]), ρ ∈ S0 ∪ S−1, |ρ| → ∞, (20)

where < y, z >:= yz′ − y′z.

The function Δ(λ) has a countable set of zeros λn = ρ2
n, n ∈ Z such that

ρn =
iπ

R−
(n +

1

2
) + O(

1

n
), n → ∞,

ρn =
nπ

R+ − 2ξ
+ O(

1

n
), n → −∞.

References

[1] V.A. Yurko, integral transforms conected with differential operators having

singularities inside the interval. Integral transforms and special functions.

5(1997), no.3-4, 309-322.

[2] V.A. Yurko, On recovering Sturm-Liouville differential operators with singular-

ities inside the interval , . Math. Zametki, 64, no.1 (1998), 143-156(Russion);

English transl. in Math. notes, 64,no.1(1998), 121-132.

[3] A.A. dorodnicyn, Asymptotic laws of distribution of the characteristic values

for certain special forms of differential equations of the second order, . Amer.

Math. Soc. Translations, 16(Ser.2)(1960),1-101.

[4] J. McHugh, An historical servey of ordinary linear differential equations with a

large parameter and turning points, Integral transforms and special functions.

5(1997), . Arch. Hist. Exact. Sci., 7(1970), 277-324.

[5] K. Daho and H. Langer, Sturm-Liouville operators with an indefinite weight

functions . Proc. Roy. Soc. Edinburgh, 78A(1977), 161-191.

[6] W. Wasow, Linear Turning Point Theory. Springer, Berlin(1985).

[7] G. Freiling and V.A. Yurko, Inverse problems for differential equations with

turning points. Inverse problems,13(1997), 1247-1263.



494 A. Neamaty and N. Bagheri and M. Mohammadnezhad

[8] G. Freiling and V.A. Yurko, Inverse spectral problems for differential equations

on the half-line with turning points. J. Diff. Equations, 154(1999), 419-453.

[9] W. Eberhard, G. Freiling and K. Wilcken-Stoeber, Indefinite eigenvalue prob-

lems with several singular points and turning points . Math. Nachr., 229(2001),

51-71.

[10] G. Freiling, V. Rykhlov and V. Yurko, Spectral Analysis for an Indefinite

Singular Sturm-Liouville Problem , Vol. 81., pp(2002), 1283-1305.

[11] W. Eberhard, G. Freiling and A. Schneider, Conection formulas for second-

order differential equations with a complex parameter and having an arbitrary

number of turning points, Mathem. Nachr., 165(1994), 205-229.

[12] R.E. Langer, On the asymptotic solutions of ordinary differential equations,

Trains. Amer. Math. Soc., 37(1935), 397-416.

Received: June, 2009


