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Abstract

We consider the Sturm-Liouville equation on the bounded interval with two
singularities in end points. This equation contains one turning point together with
discontinuity conditions, moreover the turning point lies before the jump point. In

this paper, by using the spectral characteristic function, we study eigenvalues.

1 Introduction

We consider the boundary value problem L

—(p(2)y'(z)) + q(x)y(z) = As(x)y(z), —1<z<1,

with the jump conditions

y(&_'_O? )\) = Ody(&_ov)‘% y,(&+07)\) = —Ozy'(a—O,)\),

(3)

in an interior point a € (—1,1). Here, put p(z) = (1 — 2*)po(x), s(z) = (x — x0)s0(x)
, 20 € (—1,1), o < a, Py(z), So(x) € C*[—1,1], q(x) € C[—1,1], Py(x)Sp(x) # 0 for all

x € [—1,1], and X is the spectral parameter. Put
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The sign of the potential function r(z) changes in g (xy is called turning point). Let for
definiteness, so(z) > 0,po(x) > 0 and let r(z) = R*(z), where R(x) > 0 for z > x, and
—iR(x) > 0 for x < xy. Denote

R = [ IR(s)lds, R, — /1 |R(s)|ds. (@)

Boundary value problems with singularities inside the interval have been studied in [1]-[2].
We note direct and inverse problems of spectral analysis for various classes of differential
equations with singularities and turning points were studied in many works (see[3-9]).
Freiling, Rykhlov and Yurko in [10], investigated boundary value problems with singular-
ities and turning points. Now, in this paper, we add discontinuity conditions to previous

conditions and calculate the asymptotic behavior of solutions and eigenvalues.

2 properties of the spectrum

We transform (1), (2) by z(z) = \/p(x)y(x) to the boundary value problem L; of the

form

—2"(z) + x(x)z(x) = Ar(z)z(z), —1<z<l1 (5)

2(z) =0(V1+tzx) as x— FI, (6)

where

-1 zh(w) q(z) . 20,
X(JZ’) - (1 —33'2)2 1 —33'2 + (1 —33'2)]90(.1') +h0( )+ho( )7

ho(x) == py(w)/2po ().

Clearly, the spectrum of L coincides with the spectrum of L;. Let A = p?, and let for
definiteness Rp > 0. Moreover, we assume p € Sy U S_;, where

mj w(j+1)

Sj=Ap:awglp) € (7, ——5—)} Jj=-L0.

Denote

o= [ 1RO, 6= [1REs, &= Rl ¢ = [ IR,
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Jj = {l' . ‘Pé}’ < 1}, J = J,1 U JO U Jl, [,1 = (-1,170)\:], [1 = (.CIZ‘O, 1)\J, I = I,1 U Il:
I,- = (xg,a], I+ =(a,1).

Here we consider the dependence of §; and Jj;, I;,J, I and p, respectively. Fix e > 0 and
consider the intervals 0_; . := (=1,20 — €|, Oy :=[-1+¢€,1 —¢€], 01, := [ro+¢,1]. Let
1] = 14+0(s™), [1]; = 1+0((p) ™) for |p&s] > 1, = € 03, (i.e. f(z,p) = [1]; means that
|f(w,0) — 1] < Cp&|~t for |p&;| > 1,2 € 6;,). Denote [1] = [1]; for |p&;| > 1, x € 0.
Let for definiteness p € Sy (the arguments are similar for p € S_;). According to [11](see
also [12]), for = € t there exist solutions w;(x, p) , j=1,2, of Eq.(5) such that wi*(x, p)
, m=0,1, are absolutely continuous on 6y, and furthermore, for x € 6, (\ Jy,

{ wi™ (z, p) = p|R(x)|™ % exp(p&) (Lo, x < o, .
w§™ (x, p) = p"| R(@)|™ 3 ((—1)™ exp(—p&o) Lo + i exp(p€o) [1]o), r < o,

{ (o) = "R expGE) ()" explipto) o — fespirto) o), 2> an.

ws™ (x, p) = (ip)™| R(x)|"~% exp(i§) exp(ip&)[1]o), T > To.

Moreover,

det[w;™ (x, p)] = —2p[1]. (9)

Analogously, one can construct fundamental systems of solutions in 6_; . and 91 6 For
x € _1,, there exist solutions u;(z, \), j=1,2, of Eq.(5) such that the function ul™ '(z,\)

, m=0,1, is entire in A\, and

{ ui™ (2, A) = (IR (@) )" (exp(p-1) (Lt + (=)™ exp(—p6-)[1]0). & € 01\, o0

uy™ (2, ) = (=) " | R(0)|" % exp(=pE-n)[l-r, @ € 01\ T,

For x € 0, ., there exist solutions v;(z, A), j=1,2 of Eq.(5) such that the function o™ (2, \),

m=0,1, is entire in A, and

{ o™ (@, A) = (pl R(@)) ™= ((—1)™ exp(ip&) [ + i exp(—ip&)[1]h), @ € 61\, )
vs™ (2, ) = (=ip)™ [R(z)|" % exp(ip&)[1]r, = € 01\ Jr.

We extend u;(x,\) , v;(x, A) to the whole interval (—1, 1) as smooth solutions of (5) and
put u(z, A) := u;(z, \). Using the fundamental system of solutions w;(z, p) one can write

u(z, A) = ar(p)wi(z, p) + dz2(p)wa(z, p). (12)
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Fix x, € (=1, z0), in view of (9), according to cramer’s rule and using (7), (10) in (12),

we obtain

{ ay(p) = p~2(exp(pR-)[1] + exp(—pR_)[1]), 3)
dy(p) = p~*(iexp(—pR_)[1] + o(p™") exp(pR-) exp(—=2p [ |R(s)|ds)).

On the interval 6 .\Jy, by substituting (7), (8),(13), into (12), we obtain

(2, ) = (pl R(@))™ 2 (exp(pé 1) [I] + i(=1) " exp(pé)[]), p€S), x €l (14)
u™ (2, ) = (p| R(w)|)"™ 20" explin/4) (exp(pR-)[1] + exp(—pR_)[1])

x((—=1)™exp(—ip&y)[1] — i exp(ip&)[1]), = € I,-, (15)
and by using the fundamental systems {w;(z, A)};=12 for £ > a, we have
u(z, \) = af (p)wi(x, p) + a3 (p)wa(z, p), = € I,+. (16)

In order hand, u(z, \) satisfies the matching conditions (3), thus, according to cramer’s

rule in x = a, we get

{ af (p) = —iap™= exp(2ipg)(exp(pR-)[1] + exp(—pR_)[1]), -
az (p) = ap~= (exp(2ip¢)[1] + exp(—2ipé)[1]) (exp(pR-)[1] + exp(—pR_)[1]).
Substituting (17), (8), into (16), we get

u™(x,\) = i"a(pR(x))" "% expl(ir/4)(exp(pR_)[1] + exp(—pR_)[1])

x (exp(ip(€o — 2§))[1] +i(=1)"  exp(—ip(& — 26))[1]), @ € Lo+ (18)

We extend (18) by using the fundamental system of solutions v;(x, A) to the whole interval
I,. According to [10], u*(z, A), vf*(x, A), wi(x,A), in the given interval and also u™(z, \)

in J_1, Jo are bounded. In the interval J; we have

™ (2, \)] < C(1 — )27 In|p€, /2|| exp((Rs + 26)|Sp]) exp(|Rp| R-).

Denote the characteristic function

AN) =< u(z, ), v(x,A) > . (19)
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Substituting (11) and (18) in (19), we obtain

A(X) = iexp(im/4)(exp(pR-)[1] + exp(—pR_)[1])

X (exp(ip(Ry — 2§)[1] — exp(—ip(Ry —2)[1]), p€SoUS, [p| oo, (20)

where < y,z >:=yz' — y'z.
The function A()) has a countable set of zeros A\, = p2, n € Z such that

) 1
pn = ——(n + >+0<> n — oo,
R_
o7 —l—O(l) n 00
- —-—— —_— H_ .
Pn= R o ~)
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