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Abstract
In this paper, we study the equation

—u(z,t) + AL u(z,t) =0

ot

with the initial condition u(z,0) = f(z) for x € R", where the operator
LE, is defined by

mA k
m +
LI€ = (_1)mk <p 82) . A 82

2 2
€T €T
purllel j=p+1 Oz;

p + g = n is the dimension of the space R", u(x,t) is an unknown
function for (z,t) = (x1,22,...,2n,t) € R™ x (0,00), f(z) is a given
generalized function, k and m are a positive integer and c is a positive
constant. We obtain the solution of such equation which is related to
the spectrum and the kernel. Moreover, such the kernel has interesting
properties and also related to the kernel of an extension of the heat
equation.

Mathematics Subject Classification: 35G20, 47F05

Keywords: Heat Kernel, Dirac-delta distribution, Spectrum

1 Introduction

It is well known that for the heat equation

9 2
Eu(m,t) = c*Au(z,t) (1)
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with the initial condition u(z,0) = f(x), where A is the Laplace operator
defined by

0? 0? 0?
N = — T
2o T T
and (z,t) = (x1,29,..., 2y, t) € R™ x (0,00), we obtain the solution in the

convolution form w(z,t) = E(xz,t) x f(x) where

1 L
E(x,t) == W@ 4c2t (2)

E(z,t) is call the heat kernel, where |x|* = 2] + 23 + -+ -+ 22 and ¢t > 0, see
[1, p. 208-209]. We can extend (1) to the equation

%u(x,t) = *Du(z, t) (3)
where [ is the ultra-hyperbolic operator which is defined by
0? 0? 0? 0? 0?
== .7 4 ..., 2 2 . ..__“Y
ox? * Ox3 L dx2  0x2,, ozl

p 4+ q = n is the dimension of the Euclidean space R". we obtain

_ 1 (2P, €2)— (S0, €2)]+ile.o)
E(x,t) = (%)n/ﬂe It )= ()] Hien) ge (4)

where i = /=1 and 7 €2 > 3777 €2 see [5].

Jj=p+1>J
On the other hand, diamond heat equation

0 ) B
au(m, t)+ c“Qu(x,t) =0 (5)

where ¢ is the diamond operator which is defined by

9r 92 9% \? 02 02 9% \?
OZ(a—wa—xa*“*a—xg) —(ax;+l+ax;+2+-“+ax—z) |

p+q

p + g = n is the dimension of the Euclidean space R", we obtain

1 —c P 2)2_(ypta 22\ Lie
E(x,t) = (27T)n /Qe Qt((zz:1512) (Z]imlff) )+ (&, )df

and © C R™ is the spectrum of E(x,t) for any fixed ¢ > 0, see [4].
Now the purpose of this work is to study the equation

%u(w, t) 4+ LE u(x,t) =0, (6)



Generalized heat kernel 739

with initial condition u(z,0) = f(x) for x € R™ where the operator LF is

defined by
p m ptq ma k
0? 0?
k _ (_1\mk I o _
=1 v j=p+1 J

p + q¢ = n is the dimension of the space R", u(z,t) is an unknown function,
f(z) is a given generalized function, k and m is a positive integer and ¢ is a
positive constant.

We obtain u(z,t) = E(x,t)* f(x), as a solution of (6) which satisfies u(x,0) =
f(z), where

E(x,t) = /Q (S ) (S )") +ite)] de (8)

(2m)"

and € C R” is the spectrum of F(z,t) for any fixed ¢ > 0. The function E(z,t)
is called the kernel or elementary solution of (6).

2 Preliminary Notes

Definition 2.1. Let f(z) € L1(R™)-the space of integrable function in R".
The Fourier transform of f(x) defined by
~ 1 .
= —&D) f () du. 9
7€) = Gy || 6 )i Q

where € = (&1,&, ... ,&,) and © = (x1, T, ..., 2,) € R, (&, 2) = &1y + Eowg +
<o+ &y, and dx = dxq, dxs, . .. dxy,
Also, the inverse of Fourier transform is defined by

1 ) o
= &) f(€)de. 1
@) = s [ € Fepae (10)
Definition 2.2. The spectrum of the kernel E(x,t) defined by (13) is the
bounded support of the Fourier transform E(x,t), for any fixed t > 0.

Definition 2.3. Let £ = (£1,&,...,&,) € R™ and denote
F+:{§€R”:§%+§§+---+§§—§§+1—§§+2—---—§§+q>0andfl >0}

to be the set of an interior of the forward cone and Ty denotes the closure of

r,.
Let Q be the spectrum of E(x,t) defined by (2.2) and Q C T'y. Let E(£,t) be
the Fourier transform of E(x,t) which is defined by

. Lo )" -(2rne)™)] .
E( 1) = (2%)%6 for & €T
0 for & ¢ T,

(11)
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Lemma 2.4. Let The operator L defined by

L= % +PLE (12)

where Lk is the product operator iterated k-times and is defined by

p 82 m p+q 82 m
k _ ( 1\mk _ N
In=-1) K 8x2> (,Z 022

i=1 ¢ j=p+1 J

p+ q =n is the dimension of the R", x = (x1,29,...,x,) € R", k and m are
a positive integer and c 1s a positive constant. Then we obtain

/ [FeU(Se) = (220 €)") ieo)] g (13)
Q

k

E(x,t) = @n)"

is the elementary solution of (12) in the spectrum  C R™ fort > 0.

Proof. Let E(x,t) be the kernel or elementary solution of L¥, operator and
let 6 be the Dirac-delta distribution. Thus

d 2 _
EE(% t) + ALE E(x,t) = 6(2)d(t).

Applying the Fourier transform to the both sides of the above equation, we

have
9 P m p+q m k 1
ey, 2 2 2 e 7\
5 BE ) +c <§§> - (;1@) B(&.0) = gyt ®):

Hence, we obtain

B = O (s, ) "~(S15.6)")'

(271')"/2
where H(t) is the Heaviside function. Since H(t) =1 for t > 0,
— 1 2 P g2\™ pta  g2)™\F
E(€E 1) = —et((S &) - (Z55n6)")
(57 ) (271')”/26

which has been already by (11). By inverse Fourier transform, we have

E(x,t) = (21) / (2 &)= (S550, 6)") it g
)" Jrn

Since ) is the spectrum of E(x,t), we obtain

1 —c? b2\ (spta e2)™)F i(€.x
E(x,t) = (%)n/ﬂe[ (TP, €2)" = (T, 62)™) +ice, )]le

for t > 0. O
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3 Main Results

Theorem 3.1. Given the equation
0 27k
Eu(x,t) +c“Lyu(z,t) =0 (14)

with initial condition

u(z,0) = f(z) (15)

where Lk is the operator iterated k-times and defined by

P m p+q m k
0? 0?

m = (=1) [( 3x2> ( (9952) ]
i=1 ? j=p+1 J

p+q = n is the dimension of the space R™, u(x,t) is an unknown function for
(x,t) = (x1,22,...,2n,t) € R" x (0,00), f(x) is a given generalized function,
k and m are a positive integer and c is a positive constant. Then

u(z,t) = E(x,t) * f(z) (16)
is a solution of (14) which satisfies (15), where E(x,t) is given by (13).
Proof. Taking the Fourier transform to the both sides of the (14), we obtain
P P m Pt mq k
(& 1) = —* [(Zé?) - <_Z f?) ] i€, t).
i=1 j=p+1

Thus

k

a(e,t) = K(€)e <t (Z )" - (Z55..6)") (17)

where K (§) is constant and 4(€,0) = K(€).
Now, by (15) we have

K(©) = i(6.0) = f©) = gy | (e (18)

and by the inversion in (10), (17), (18) we obtain

1 .
u(z,t) = n) 72 /n e EDq (g, t)de

:(21) / / (63 =€) f () (S )"~ (S50 )T geay,
)" Jre Jre
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u(e, 1) = 7= / ) / ne[—c%((Ei’:lf?)”—(E?izﬂff)”)kﬂ'(w—y)]f(y)dsdy. (19)

Set

E(z,t) = / (S )" = (Z5n €)™ o] g 90

(2m)"

Since the integral in (20) is divergent, therefore we choose 2 C R"™ be the
spectrum of E(z,t) and by (12), we have

Bla,t) = — o[-t )" (58, €)™ e g
7 (2m)™ Jgn

_ 1 (S e) "~ (20 8)") i)
— (zn)n/ﬂe[ ]dg (21)

Thus (19) can be written in the convolution form

u(z,t) = E(x,t) * f(x).

Moreover, since E(z,t) exists, we see that

1 )
lim E(z,t) = /eZW)dg
t—0 Q

(2m)m
_ [ iew
e [,
=0(z), for xeR"™ (22)

holds (see [1,p.396, equation (10.2.19b)]).
Thus for the solution u(x,t) = E(z,t) * f(x) of (14), then we have

u(z,0) = limu(z, ) = lim B, 1) * f(@) = 6(2) » f(x) = f(z)
which satisfies (15). This complete the proof. O

Theorem 3.2. The kernel E(x,t) is defined by (21) has the following prop-
erties:

(1) E(z,t) € C®°(R™ x (0,00)) the space of continuous with infinitely differ-
entiable,

(2) (& +ALE)E(2,t) =0, fort >0,

2—n M
(3> |E(I7t| < %Wg%), fort >0,

where M(t) is a function of t > 0 in the the spectrum 2 and I' denote
the Gamma function. Thus E(x,t) is bounded for any fized t > 0.
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(4) limy_g E(z,t) = i(z).
Proof. (1) From (21), since
o 1 0" [~en((sr, &) (525, &)™) ite.)]
ox™ Ble,t) = 2m)" Jq 92 a

Thus E(z,t) € C* for x € R" and ¢t > 0.
(2) By computing directly, we obtain (% + C2Lfn) E(z,t) =0
(3) We have

) = g [l )"
’ 2m)" Q
B0 < / (S )" (S8 )] g
)" Q
By changing to bipolar coordinates
1 =r1wi, o = 1w, ... & =Twy,
and
€p+1 = SWp+1, €p+2 = SWp4+2, - - - 7§p+q = SWp+q;
where Y7 w? =1 and Z?Jrg 4 w; =1 Thus
m m k
|E(z,t)] < @ / e~ =) =1 01 sl s,
) Q

where d§ = drdsdw,dw, and dw,, dw, are the elements of surface area of the
unit sphere in R? and R? respectively. Since w C R™ is the spectrum of E(x,t)
and we suppose 0 < r < Rand 0 < s < T where R and T are constants. Thus
we obtain

s g [ [ o

= ﬁM( ) for any fixed ¢ > 0 in the spectrum (2
m n

22 M(1)

" ETEIN)

BT 2,(,.2 2m\*
— m_ m J— J—
:/ / e A(rm—s )rp L=t drds
0

is a function of ¢, w, = QF”(N) and w, = Q’T(p/) Thus, for any fixed ¢ > 0, E(z,1)

where

is bounded.
4) obvious by (22). O
(4) y
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