Applied Mathematical Sciences, Vol. 4, 2010, no. 17, 849 - 856

A Lotka-Volterra Model with Impulsive Effects
on the Prey and Stage Structure on the Predator!
Zhongyi Xiang

Department of Mathematics, Hubei Institute for Nationalities
EnShi 445000, Hubei, P.R. China
zhyxiang260Q@yahoo.com.cn

Abstract

In this paper, we consider a Lotka-Volterra model with impulsive
effects on the prey and stage structure on the predator. We prove that
all solutions of the system are uniformly ultimately bounded, sufficient
conditions of the global attractivity of predator-extinction periodic so-
lution and the permanence of the system are obtained. These results
show that the behavior of impulsive effects on the prey play an impor-
tant role for the permanence of the system. Our results provide reliable
tactical basis for the biological resource management.
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1. Introduction

The predator-prey models with stage structure for the predator were in-
troduced or investigated by Jiao et al.[1].Since the immature predator takes 7
units of time to mature, the death toll during the juvenile period should be con-
sidered, so time delays have important biological meanings in age-structured
models. Hence many stage structured models with time delay were extensively
studied by Wang and Chen et al.[2]. In recently years, impulsive systems are
found in many domains of applied sciences[3]. The investigation of impulsive
delay differential equations is beginning, and impulsive delay differential equa-
tions are almost analyzed in theory by Liu and Ballinger [4]. Time delay and
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impulse are introduced into predator-prey models with stage structure, which
greatly enriches biologic background, but the system become nonautonomous,
which causes us greatly difficult in studying the model.

2. Model formulation

The model we consider is based on the following predator-prey system

(1) = (0)(r — as(t) ~ (o)
{(t) cr(tyy(t) — dy(t). (21)

where x(t) and y(t) are densities of the prey and the predator, respectively,
r > 0 is the intrinsic growth rate of prey, a > 0 is the coefficient of intraspecific
competition, b > 0 is the per-capita rate of predation of the predator. d is
the death rate of predator, ¢ denotes the product of the per-capita rate of
predation and the rate of conversing pest into predator. According to the
nature of biological resource management, developing (2.1) by introducing the
stocking on prey at fixed moments and harvesting mature predator population
throughout the whole year or continuously. we consider the following impulsive
delay differential equation:

2(t) = ra(t)(1 — I(t)) Ba(t)ya2(t)

[ LI &
(t) liaz(t) B B*WT% — Wy (t)7 t 7& nT’
(t) _W%ﬁn(j)ﬂ wya(t) — py3(t), (2.2)
Az(t) = —px(t), _ _
Aun(t) = 0, Ays(t) = 0, t=nT,n=12...
(p1(5), pals), p3(s)) € Cp = C([~7,0], RY), 93(0) > 0,i = 1,2,3.

Where y;(t), y2(t) represent the immature and mature predator densities re-
spectively. [ is the predation rate of predator, w is the death rate of predator,
we assume that the death rate of mature populations are of a logistic nature,
that is, proportional to the square of the population with proportionality con-
stant p. « is the saturation which represents that a certain amount of predators
can prey on a limited amount of preys, although the preys are numerous. A rep-
resents the conversion rate at which ingested prey in excess of what is needed
for maintenance is translated into predator population increase. p(0 < p < 1)
represents partial impulsive harvest to preys by catching or pesticides, 7 is
the mean length of the juvenile period, the capacity rate k is concerned with
the resources which maintain the evolution of the population, 7" is the period
of the impulsive of the prey. In this paper, we always assume the immature
predator population can not prey the prey population. Because the first and
third equations of (2.2) do not contain y; (t),we can simplify model and restrict



Lotka-Volterra model with impulsive effects 851

our attention to the following model:

() — z(t)y _ Br)ya(t)
x/ (t) B _iq—>>\(ﬁm(t T])Cyg)(t—T) Hroae(® 7 2 t 7£ nT7
yo(t) = rari— —wy2(t) — pyy (1), (2.3)
Ax(t) = —px(t), Ays(t) =0, t=nT.,n=12...
(¢1(8) ( )) € C+ - C([_Ta 0],Ri), ¢Z(O) > 07Z = 173

From the biological point of view, we only consider system (2.2) in the biolog-
ical meaning region: D = {(z,y1,y2)|, y1,y2 > 0},

3. Some important lemmas

Before we have the main results we need to give some lemmas which will
be used in the next.
Definition 3.1 System (2.3) is said to be uniformly persistent if there is an
n > 0 (independent of the initial data) such that every solution (S(t), I(t)) of
system (2.3) satisfies limy_o inf S(t) > 7, lim;_ inf I(¢) > 7.
Definition 3.2 System (2.3) is said to be permanent if there exists a compact
region D € Q such that every solution of system (2.3) will eventually enter
and remain in region D.
Lemma 3.1[5]. Considering the following delay equation:

7' (t) = ax(t — 1) — ba(t) — ca*(t),

where a, b, ¢, 7 are all positive constants and z(t) > 0 for t € [—,0].
(DIf @ < b then lim;_,o z(t) = 0, (2)If @ > b, then lim; o z(t) = ;b.

[

Lemma 3.2[6]. Let v* = gﬁpfﬁ, considering the following impulsive

system:
U/(t) = U(t)(a - bU(t)), t 7é nT7 (3 1)
v(tt) = (1 —p)o(t), t=nT,n=12,..., '
where a,b > 0,0 < p < 1,then there exists a unique positive periodic solution
of system (2.2) o(t) = %,t € (nT,(n + 1)T], which is globally
asymptotically stable.

Lemma 3.3 There exists a constant L = 162(2’%’”) > 0, such that x(t) <
L) < Lys(t) < 3F for each positive solution (x(t), yi(t), ya(t)) of (2.2)
with all ¢ large enough.

4. Predator-extinction periodic solution and global at-
tractivity of the periodic solution

We begin the analysis of (2.3) by first demonstrating the existence of a
‘predator-extinction’ solution, in which predator individuals are entirely absent
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from the population permanently, i.e.,
y2(t) =0,t >0 . (4.1)

This is motivated by the fact that y* = 0 is an equilibrium solution for the
variable ys(t), as it leaves y(t) = 0. Assuming (4.1), we know that the growth
of the prey in the time-interval nT < ¢t < (n + 1)T and give some basic
properties of the following subsystem of (2.3)

2(t) = 2(t)(r — fa(0)),t # 0T,
{ 2(tt) = (- palt),t=nT,n=12..., (4.2)

By Lemma 3.2, system (4.2) has a globally asymptotically stable positive pe-
riodic
0 " t € (nT,(n+1)T],ne N
X =
x* + (k — a*)e—rt-—nT)’ ’ ’ ’

therefore, system (2.3) has a predator-extinction periodic solution

kx*

(f(t), 0) = (x* + (k‘ _ x*)e—r(t—nT)’

0),t € (nT,(n+1)T],n € N,

which is globally asymptotically stable, where z* = ’“[“%:f;”]

Theorem 4.1 Let (2(t),y1(t),y2(t)) be any solution of system (2.3), if

)\ﬁe_w Ro
Ry = <1, 4.3
! w 14 OdRo ( )
where Ry = W, ¥ = %, then the 'predator-extinction’ pe-

riodic solution (Z(t),0,0) is globally attractive.

Proof: It is clear that the global attraction of predator-extinction periodic
solution (Z(t),0,0) of system (2.2) is equivalent to the global attraction of
predator-extinction (Z(t),0) of system (2.3), so we only dedicate to prove sys-
tem (2.3).

Since /\ﬁeﬂ‘”% < w, we can choose € to be sufficiently small such that

ka™*
)\ —WwT z*+(k7m*)e*'rT +€o
/86 kaz*

Lol sy e=rr teol

(4.4)
where z* = %, It following from the first equation of system (2.3)

that 2/(t) < ra(t)(1 — %), so we consider the following comparison impulsive
differential system

(4.5)
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by Lemma 3.2, system (4.5) has a globally asymptotically stable positive pe-
i t € (nT,(n+1)T],n € N, from com-

x’l‘+(k7x’l‘)ef’“(t7"T) )
parison theorem of impulsive equation, we have z(t) < z1(t) and z1(t) — Z(t)
as t — oo. Then there exists an integer ko > kq,t > ko such that

riodic solution 7y (t) =

2(t) < x(t) < T(t) + 2o < rpgismemr + o = pt € (0T, (n+ 1)T],n > ks,
(4.6)
From (2.3) and (4.6), we have that

—wr ABpYa(t — 7)

T tap —wya(t) — pys(t),t > nT +7,n > ko.

alt) <e
we consider the following impulsive equation

—wT /\ﬁpZ(t — T)

Tt ap —wz(t) — p2(t),t > nT + 71,0 > k.

Z(t)=e

From (4.4), we have \Fe " H”ap < w. According to Lemma 3.1, we have
lim;— y(t) = 0, by using comparison theorem, we have lim; ... yo(t) < lim; . y(t) =
0. Incorporating into the positivity of ys(t), we know that lim; .. y2(t) = 0.
Therefore, for any £; > O(sufficiently small), there exists an integer ks > ko

such that yo(t) < €1 for all t > k3T, by system (2.3), we obtain that z(t)(r —

zo(t) — Bey) < a'(t) < ra(t)(1 — %), then we have 2 (t) < z(t) < 2z,(t), and

21(t) = (1), 22(t) — Fa(t) as t — o0, where £ (t) = gt T

v* = (Tig;) li;f;(f;l;lT)T and Z(t) = x“r(kfx’ig)c;r(t,ﬂ) for t € (nT, (n+ 1)T].

By using comparison theorem of impulsive equation, for any €5, > 0 there exists
an integer ky > ks, such that z1(t) — e < 2(t) < Z(t) + e for t > k4T, let
g1 — 0, then it follows that Z(t) — e < x(t) < Z(t) + £2,t — 00. Because ey
arbitrary small, it follows that x(t) — Z(t) as t — oo. Therefore, predator-
extinction periodic solution (Z(t),0) is globally attractive. This completes the

proof.

5. Boundness and Permanence

The next work is to investigate the permanence of the system (2.3). Denote

—WwT -r —A8L
R MmO —p e
? w  l4any’ ! 1 — e—rA=25)T :

Theorem 5.1 Suppose R, > 1, then there is a positive constant ¢ such each
positive solution (z(t),ya(t)) of system (2.3) satisfies yo(t) > ¢ if t is large
enough.
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Proof: Suppose (z(t), y2(t)) is any positive solution of system (2.3) with initial
conditions (2.4). The second equation of system (2.3) may be rewritten as
follows

yé(t) = ()‘ﬁe_WT 1_?05?(75) — W — ,Uy2(t))92(t) - )‘ﬂe_w— d ft T 1.5)5;(99) do . (5'2)

Define V (t) = ya(t) + AGe o7 [} =0 0) df. Calculating the derivative of V()

1+ax(0
along the solution of system (2.3), it follows from (5.2) that
V() = e (i)t 5.3
1+ ax(t) e '

Due to Lemma 3.3, (5.3) can be written

_ x(t) AL
V/ ) = (\ wT _ o — t
(t) = (ABe T or) ¢ p e (t)
for ¢ large enough. Since Ry > 1, then there exists sufficiently small 3 > 0
such that
ABke T m +e3
kw+ AL 1+ a(n +e3)

We claim that for any to > 0, it is impossible that y,(¢) < y5 for all ¢ > .
Suppose that the claim is not valid, then there is a ty > 0 such that y»(t) < y3
for all t > to. It follows from the first equation of (2.3) that for all ¢ > t,
() > rx(t)(1 — WTL — %) By comparison theorem of impulsive differential
equation, we know that there exists a t;(t; > ty + w) such that the following
inequality holds for ¢ > t;

> 1,

k= \GL
[(k — ABL)vf — 1)e r0=)=nD) 4

1— e—r(l—wTL)T
Where v} = ssr - 1hus
(k=A3L)(1 —p — e 70=70)T)

x(t) > — €3, (5.4)

(k= ABL)(1 — p — e "A=25)T)
( ) 1— efr(lf/\ﬁL)T

—&3=IM1 —¢&3

for t > ;. By (5.3) and (5.4), we have

m — €3 AL
—w— pE ) ye(t), t >ty 5.5
Trar e e n > e (55)

V/(t) = (\Be™eT

Set y5' = minep, ¢4+ y2(t), we will show that y(t) > yy* for all ¢t > ;.
Suppose the contrary, then there is a nonnegative constant 7Ty > 0 such that
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Y2(t) > y5' for t € [ty t1 +7+ 1o, y2(t1 +7+To) = vy and y5(t +7+Tp) <O0.
However, the second equation of system (2.3) imply that

T - ﬁ)m
1+ an ,Uk Y2

yo(ts + 7+ To) > (AGe ™7

for t > ¢;, which imply that ¢ — oo,V (t) — oo. This a contradiction to
V(t) < L. Hence, for any to > 0, it is impossible that y(t) < y5* for all t > t,.
Following, we are left to consider two cases:

(i) y2(t) > y3* for all ¢ large enough; (ii) y2(t) oscillates about y4* for all ¢ large
enough. Let

In the following, we shall show that ys(t) > y5'. There exist two positive
constant ty,ts such that ys(t1) = ya(t; + t2) = y5* and yo(t) < y5*, for all
t1 <t < t; + t. When t; is large enough, the inequality x(¢f) > n; holds
true for t; < t < t; 4+ to. Since yo(t) is continuous and bounded and is not
effected by impulses, we conclude that ys(t) is uniformly continuous. Hence
there exists a constant 7} (with 0 < 77 < 7 and T} is independent of the
choice of t1) such that yo(t) > % for all t1 < t < t; +Ty. If t, < T,
our aim is obtained. If 77 < ¢ < 7, from the second equation of (2.3) we
have that ys(t) > —(w + u%)yg(t) for t; < t < t; +t5. Then we have
(AL . .
yo(t) > yire~@HrTT for ) < t <t 4ty <t 47 since yo(t1) =y It is clear
that yo(t) > ¢ for t; <t <ty +to. If t5 > 7, by the second equation of (2.3),
then we have that yo(t) > ¢ for t; +7 < t < t; + 5. Since the interval [t1, to] is
arbitrarily chose (we only need ¢; to be large), we get that yo(t) > ¢ for all ¢
large enough. In view of our arguments above, the choice of ¢ is independent
of the positive solution of (2.3) which satisfies that y(t) > ¢ for sufficiently
large t. The completes the proof.
Theorem 5.2 System (2.3) is permanent provided Ry > 1.
Proof: Denote (z(t),y2(t)) be the solution of system (2.3). From the first
equation of (2.3), we have that z/(¢) > ra(t)(1 — 22& — %) Similar to (5.4),
we obtain that x(t) > Z3(t) — 3 > m — 3 ==: p. By theorem 5.1, there exist
positive constants p,q and Ty such that x(t) > p,y2(t) > ¢ for t > T,. Set
Q = {(z,2) € Rilp < z(t) < %, < yu(t) < 2E}. Then Q is a bounded
compact region which has positive distance from coordinate axes. By theorem
5.1, one obtains that every solution of system (2.3) with initial condition (2.4)
eventually enters and remains in the region 2. This completes the proof.
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