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Abstract

This paper studies the general solutions of a system of partial dif-
ferential equations, which can describe the finite deformation of an in-
compressible hyperelastic cylindrical tube composed of the known neo-
Hookean material. We first formulate the mathematical model based on
the theory of nonlinear elasticity, and then reduce the partial differen-
tial equations to a third order nonlinear ordinary differential equation
by using the boundary conditions. Finally, we successfully obtain the
general solutions of the problem.
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1 Formulation of mathematical model

The purpose of this paper is to study the problem of axially symmetric defor-
mation of an incompressible hyperelastic cylindrical tube in the pre-stressed
state, namely, the tube is subjected to a uniform prescribed axial stretch A3 > 0
and the lateral surface of the tube is traction-free.

Let R,©,Z and r,0, 2z be systems of cylindrical coordinates in the unde-
formed and the deformed state of the tube, respectively. Under the assumption
of axially symmetric deformation, the deformed configuration is given by

r=r(R,Z),0< B<R<A0=0,z=X\Z2 (1)
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where r = (R, Z) is an undetermined deformation function, A and B are radii
of the inner and the outer surfaces of the undeformed tube. The deformation

gradient is given by (1,2,3]

F:TReT®ER+TZeT®EZ—|—(T/R)69®E9+)\3€Z®EZ (2)

In this paper, (o), denotes the partial derivative of e with respect to the
variable x.

For incompressible hyper-elastic materials, the incompressibility condition re-
quires that detF =1, i.e., aa_;z% =1, so we have

r(R.Z) = (R*/Xs + f(Z))'/* (3)

where f(Z) is an undetermined function with respect to Z. Obviously, the
deformation function r(R, Z) can be completely described by the form of f(Z).
In the absence of body force, the differential equations which describe the finite
deformation of the tube are given by [

(Srr)r+ (Srz)z + R (Srr — Spe) =0 (4)
(S:r)r+ (S.2)z + R'S.r=0 (5)
where
Srr = IR — %p, Srz = Wrz, See = M% - ?p,
Sir = %p, S.z = pAs — %rp (6)

are the nonlinear components of the Piola-Kirchhoff stress tensor S correspond-
ing to the known neo-Hookean material 2],

Since the lateral surface of the tube is traction-free, the boundary conditions
are given by

STR(B) = STR(A) - O’ SzR(B) = SZR(A) =0 (7)

In sum, the mathematical model that describes the finite deformation of an in-
compressible hyperelastic cylindrical tube composed of the known neo-Hookean
material in the pre-stressed state is composed of Eqs.(3)~(7).

Note. For some special deformation configurations of incompressible (or com-
pressible) hyperelastic cylindrical tube, many significant investigations have
been made, such as [4]~[7].
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2 Solutions

From Eq.(3), it is easy to show that the following expressions are valid

12)
/\3 7“3 ’

rus(R. Z) = % P Y LI e BT

TRR(R, Z) = 1

Moreover, substituting Eq.(6) into Eq.(4) and using the incompressibility con-
dition rgrA3/R = 1, we obtain

R
pr(R, Z) = {—[ran +rzz + R*(reR =) (9)
3

Substituting Eq.(8) into Eq.(9) and integrating the resulting equation with
respect to R from R to A, we have

w4 -2 R
p(R,Z) = 1 / e+ 727 + R2(rR — )] ~dR

)\3 R T
1 f(Z) 1 " 2 1 12 1 1 2
= ——u|- Z ()1 Sf(2)— 4+ —1
fz) 1, 2 Llop, 1 1. 5 po A
— ()t = 2 f2(2)= — —1 ZmE (1
o ol Gt 2) G — o ey (10)

where r4(A, Z) = (A%/X\s + f(2))'/2.
Further, multiplying both sides of Eq.(5) by R, and then integrating the re-
sulting equation from B to A, it yields

A
/ (S.7)7RAR = 0 (11)
B
upon using the boundary conditions (7). Substituting Eq.(6)s into Eq.(11)
leads to
f(Z> / Lo 2 / " 1 1 /3 1) A* - B
—=f(Z)+=f"(Z)1 Z O)— — = f°(4)—
(3@ r@+ gr@mirar@g - ey ) 5
Z / ]' " ! " ]' /. ]'
(38 r@ - yr@eing -2 - raron: 1oy ) -
373 2 4 T4

<%f’(2) — %fm(Z)(r% lnT’?g —r%) — f,(Z)f”(Z) Inr? __f/3(Z)i) —0

where 74(A,Z) = (A%/X3 + f(Z))Y2. Obviously, Eq.(12) is a third order

nonlinear ordinary differential equation.
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Integrating Eq.(12) with respect to Z, we have

Z 1,, , 1 1 A% — B?
<_J)C\;(),r£+§f( )1HTA+ f2( ) /\31HTA)T

A2 " 2 2 2 1 2 2 B2
Y] lnrA——f (Z )(rAlnrA—rA) _Zf (Z)lnry + — ¥ Inry

+5 f(Z) (rynr}, -

(13)
where D, is an integral constant.

Multiplying both sides of Eq.(13) by f/'(Z), and then integrating it with respect
to Z, we have

1
7“}23) + Zf’z(Z) Inry = Dy

2A? 1 A% — B?
~ZH(2)+ 2w D) W+ f(2) )
)\3 )\ )\3 )\3

A? A2 A4 1
‘A_gf(@ Inr% + A—gf(Z) -5 Inr — 2f*(2) (e —2)
+)\—§f(Z)ln7“?9—)\—§f( ) )\3 lan+4f/2( )(T%IHT%—T?B)
where D, is also an integral constant. The simplest form of Eq.(14) maybe
written as
_/\—gf(Z)-l-)\—%f(Z) N Inr? — N Inr? + X Inr?

B2 2 B 2
—Vf(z) Inry + pf(Z) Inry — Dy f(Z) — Dy
3 3

1, gL B
_Zf (Z)< In 2 T) (15)

It is not difficult to show that the implicit solution of f(Z) is given by

1) (G(f(w), As) B
/f(o) (m) df(w) = Z (16)

where

A4 ) 2A2 BQ 4

T —7lnr2+B In r?
R e A
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B me+ 2 gz - pif(2) - 0,
3

Remark. Since the deformation is axially symmetric, the function f(Z) must
be a symmetric function with respect to Z = 0. If some boundary conditions
are imposed, the integral constants in the general solution (16) will be deter-
mined, in other words, for the given material and structure parameters, the
corresponding solution (3) will completely describes the finite deformation of
the incompressible incompressible hyperelastic cylindrical tube.

3 Conclusions

In this paper, we formulate the finite deformation problem of an incompress-
ible incompressible hyperelastic cylindrical tube in the pre-stressed state as
a class of boundary value problems of a system of nonlinear partial differen-
tial equations. Moreover, we successfully obtain the general solutions of the
problem.
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