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1. Introduction

The notion of a fuzzy set was introduced by L.A.Zadeh [11], and since then
this concept has been applied to various algebraic structures. The idea of
“Intuitionistic Fuzzy Set” was first introduced by K.T.Atanassov [1] as a gen-
eralization of the notion of fuzzy set. N.Nobusawa [9] introduced the notion
of a I' - ring, as more general than a ring. W.E.Barnes[2] weakened slightly
the conditions in the definition of the I' - rings in the sense of Nobusawa.
W.E.Barnes [2], S.Kyuno [6,7] and J.Luh [8] studied the structure of I - rings
and obtained various generalizations analogous to corresponding parts in ring
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theory. Y.B.Jun and C.Y.Lee [4] introduced the concept of fuzzy ideals in the
theory of I'- rings. In this paper, we introduce the notion of intuitionistic fuzzy
ideals in I' - rings and study some of its properties.

2. Preliminaries

In this section we include some elementary concepts that are necessary for
this paper.
Definition 2.1[2]. If M = {x,y,z,---} and I' = {«, 5,7+ - - } be two additive
abelian groups and for all z,y,z € M and «,( € I', the following conditions
are satisfied:

1. zay € M,
2. (x+y)az = zaz +yaz, x(a+ By = zay + 0y, ra(y + 2) = xay + raz,
3. (zay)Bz = za(yfz), then M is called a I - ring,.
If these conditions are strengthened to
(1) zay € M, azf €T,
(2") (x+y)az = zaz+yaz, x(a+ 0)y = zay + 20y, za(y + z) = zay + raz,
(3) (zay)Bz = o(ayB)z = walys?),
(4") zay =0 for all z,y € M implies o = 0,
we then have a I' - ring in the sense of Nobusawa [9]. As indicated in [9],
an example of a I' - ring is obtained by letting X and Y be Abelian groups,
M = Hom(X,Y), I' = Hom(Y,X) and xzay be the usual composite map.
(While Nobusawa does not explicitly require that M and I" be Abelian groups,
it appears clear that this is intended.) We may note that it follows from (1) -
(3) that Oy = 20y = za0 = 0, for all x,y € M and all a € T.
Definition 2.2[2]. A subset A of a ' - ring M is a left (resp. right) ideal of
M if A is an additive subgroup of M such that MT' A C A (resp. ATM C A),
where MTA = {zay |z € M,a €T,y € A} and ATM = {yaz |y € A,a €
I'x e M} If A is both a left and a right ideal, then A is a two sided ideal or
simply an ideal of M.
Definition 2.3[10]. A fuzzy set A in M is a function A : M — [0, 1].
Definition 2.4[10]. Let px be a fuzzy set in a I' - ring M. For any ¢ € [0, 1],
the set U(p,t) = {z € M|u(z) >t} is called a level set of .
Definition 2.5[10]. A fuzzy set p in a I" - ring M is called a fuzzy left (resp.
right) ideal of M, if it satisfies:
(i) plz —y) = pl@) A py),
(i) p(zay) > u(y) (vesp. p(zay) > p(zx)), for all z,y € M and a € T
If i is both a fuzzy left and right ideal of M, then p is called a fuzzy ideal of
M.
Definition 2.6[1]. Let X be a nonempty fixed set. An intuitionistic fuzzy
set A in X is an object having the form A = { ( z, pa(z),va(z) ) /z € X},
where the functions pyg : X — [0,1] and v4 : X — [0, 1] denote the degree of
membership and the degree of non-membership of each element x € X to the
set A, respectively, and 0 < pa(z) + va(z) <1 for every z € X.
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Notation. For the sake of simplicity, we shall denote the intuitionistic fuzzy
set (IFS in short) A = { (z, pa(z),va(z)) /z € X} by A = (1a,va).
Definition 2.7[1]. Let X be a non empty set and let A = (ua,v4) and
B = (up,vp) be IFSs in X. Then

1. AC Biff up < pup and vy > vp.

2. A=Bif AC Band B C A.

3. A = <VA,,uA>.

4. ANB = (uAAuB,VA\/l/B).

5 AUB = (MAVMB,VAAVB>.

6. OA = (MA, 1-— MA), <>A = (1 — VA,VA).

3. Intuitionistic fuzzy ideals
In what follows, let M denote a I - ring unless otherwise specified.

Definition 3.1. An IFS A = (ua,v4) in M is called an intuitionistic fuzzy
left (resp. right) ideal of a I' - ring M if

(i) pa(z—y) = {pa(z)Apaly)} and pa(zoy) > paly)(resp.pa(zay) > pa(z)),
(i)va(z —y) < {va(z) Vvaly)} and va(zay) < va(y)(resp.va(zay) < va(z)),
for all z,y € M and a € T.

Theorem 3.2. If A is an intuitionistic fuzzy left (resp. right) ideal of a T" -
ring M, then the IFS A = <pa , 1 - ua> is an intuitionistic fuzzy left (resp.
right) ideal of M.

Proof. Let A be an intuitionistic fuzzy left (resp. right) ideal of a T" - ring M.
Then

pa(x-y) = {pax) A pa(y)} and pa(x oo y)> pa(y) (resp.pa(xay) > pa(x)),

va(x-y) <{va(x) Vwva(y)} and va(x a y)< va(y) (resp. va(xay) < va(x)),

forallx ,y € Mand a € T'.

Let B=0A. Then puy = pup and 1 - ,uA

Now pp(x - y) = pa(x - y) > { pa(x) A pa Y) b ={ #B(x) A pp(y) } and
pp(xay) = pa(xay) > pa(y) = uB y) (resp.

15 (XaY) pp(x))-
Alsovp(x-y)=1-pa(x-y) <1- (MA( ) A paly ))
— (1 @) V (1= ea)) = (o) v vsly)
Hence vp(x - y) < { vp(x) V vp(y) }.
Also vp(xay) = 1 - pa(xay) < 1- pa(y) = vp(y)
(resp. vp(xay) =1 - pa(xay) <1 - pa(x) = vp(x)).
Hence OJA is an intuitionistic fuzzy left (resp. right) ideal of a I' - ring M.

Theorem 3.3. If the IFS A = <4 , v4> is an intuitionistic fuzzy left (resp.
right) ideal of a I" - ring M, then p4 and 1 - vy are fuzzy left (resp. right)
ideals of a I" - ring M.

Proof. Let A be an intuitionistic fuzzy left (resp. right) ideal of a I' - ring M.
Then we have

pa(e—y) > {pa(r) Apaly)} and pa(ray) > paly) (resp. pa(ray) > pa(z)),
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va(z —y) < {va(z) Valy)} and va(zay) < valy) (resp. va(zay) < va(z)),
forallx yEMandaEF.
(i) Let B = <z, pua> be a fuzzy set. Then pup = pa.
Now pp(z —y) = palz —y) > {palz) Apaly)} = {ps(z) Apus(y)},
pp(ray) = pa(ray) > paly) = ps(y) (resp. ps(ray) > pp(r)).

Hence <z, s> is a fuzzy left (resp. right) ideal of a ' - ring M.
(i) Let B = <z, 1-v4> be a fuzzy set. Then up =1 — v4.
Now pp(r —y) =1—-va(z —y) >1 - {VA Vva(y)}

> {(1—va(@) A (1-valy )} p(T) A ps(y)-
pp(ray) =1—va(vay) > 1 —valy) = pp(y) (resp. pp(ray) > pp(r)).
Hence <z, 1 — va> is a fuzzy left (resp. right) ideal of a T" - ring M.

Theorem 3.4. If the intuitionistic fuzzy set A = <p,v4> is an intuitionistic
fuzzy left (resp. right) ideal of a T' - ring M and if pa(x-y) = 1 and v4(x-y) =
0 for all x , y € M, then pua(x) = pua(y) and va(x) = va(y).

Proof. Let A be an intuitionistic fuzzy left (resp. right) ideal of a T" - ring M,
pa(x-y) =1and va(x-y)=0. Let x, y € A.

Then pa(z) = pa(r—y+y) > {pale—y) Apay)} = {1/ pa(y)} = paly).
Similarly

pa(y) = pa(e — (x —y)) > {pa(@) A pa(z —y)} = {pa(z) A1} = pa().
Hence f1a(z) = jua(y).

Also va(x) = va(r =y +y) < {valz —y) Vvaly)} = {0V valy)} = valy).
Similarly v4(y) = va(5— (2—9)) < {va(@)Vva(o—1)} = {ra(z)VO} = va(c).
Hence va(z) = va(y).

Definition 3.5. Let A = <pa,v4> and B = <upg,vg> be two intuitionistic
fuzzy subsets of a I' - ring M. Then the product AI'B is defined by

Vo Aualy) Aps(2)} if o = yaz,

HATB (ZL’) = r=yoz
0 Otherwise,
N {valy) Vis(2)} ifz=yaz,
VATB (.I') = T=yaz
1 Otherwise.

Definition 3.6 [5]. Let A = <pua,va> and B = <upg,vp> be two intuition-
istic fuzzy subsets of a I' - ring M. Then the intuitionistic sum of A and B is
defined to be the intuitionistic fuzzy set A®B = <paep, Vagp> in M given
by
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V {ualy) Aps(2)} ifr=y+z,
,UA@B(]:) = T=y+z

0 Otherwise,

T=y+z
1 Otherwise.

Vasp(x) = { M W)V ife=yts

Theorem 3.7. If A = <u,,va> and B = <up,vp> are intuitionistic fuzzy
left (resp. right) ideals of M, then the intuitionistic sum A®GB = <pagp, Vagp>
is an intuitionistic fuzzy left (resp. right) ideal of M.

Proof. For any x , y € M, we have
acn(@) Aass(y) =V {pa(@) Aus(®) o = a+ 0} AV {inale) Apun(d) y =

=V {(1a(@) A pp®)) A (1ale) A pn(@)) 12 = a+ b,y =

pala) A ,uB(b)> A (uA(—c) A ,uB(—d)> rx=a+b —y=—c— d}

tass(@ —y),
Vagss () V vass(y) = A\ {I/A(CL) Vg :x=a+ b} VA {I/A(C) Vg(d):y=
A { (uA(a) v l/B(b)> v <1/A(c) v VB(d)> x=a+by=c+ d}
A { (uA(a) v l/B(b)> v <1/A(—c) v VB(—d)> x=a+b—y=—-c—d
A { (VA(CL) Y 1/,4(-0)) Y (VB(b) Y VB(—d)> cx=a+b—y=—c—d
/\{(VA(CL—C)VVB(b—d)) :x—y:(a—c)—i-(b—d)}
Vaps(r — ).
pala) App(b) :x=a+ b}
<V {ualaay) A pp(bay) : vay = aay + bay}
<

vala) Vvg(h):x=a+ b}

Vi
v{
V {,UA(U) App(v) rzoy =u+ v} = pagp(ray),
M
M

valaay) V vp(bay) : zay = aay + bay}



1112 N. Palaniappan, P. S. Veerappan and M. Ramachandran

> A {IJA(U) Vg(v):zay =u+ U} = vaap(ray).
Hence fass (@) > aos(®) and vags(a) < vass(z).
Similarly, we get pagp(ray) > paes(y) and vagp(ray) < vaes(y).
Therefore A®B is an intuitionistic fuzzy left (resp. right) ideal of M.

Theorem 3.8. If A = <,uA, 1/A> and B = <uB, VB> are two intuitionistic fuzzy
left (resp. right) ideals of M, then A() B is an intuitionistic fuzzy left (resp.
right) ideal of M. If A is an intuitionistic fuzzy right ideal and B is an intu-
itionistic fuzzy left ideal, then ATB C A B.

Proof. Suppose A and B are intuitionistic fuzzy left (resp. right) ideals of M
and let x,y € M and o € I"."Then

fanB(T —y) = pa(r —y) A pp(r —y) > [MA(OU) A MA(y)} A [MB(-r) A MB(?J)]

= [1a@) A @) A 1ay) A sl
= panB(7) A prans(Y),
vans(x —y) =valx —y) Vgl —y) < [I/A( Vva(y } [VB V gy ]

:[Z/A( Vup(z ] [VA Vg(y }

= vang(T) V vanp(Y)-
Also we have, ua(zay) > pa(y) and va(ray) < va(y), ps(zay) > ps(y) and
v (zay) < va(y).(resp. pa(vay) > pa(r) and va(ray) < va(e). ps(aoy) >
pp(z) and vp(zay) < vp(z).)
Now
s (z0y) = pa(voy) A ps(zoy)
> paly) A ps(y)
= pans(Y),
vans(zay) = va(zay) V vp(zay)
<wva(y) Vvs(y)
= vans(Yy)-
Hence A() B is an intuitionistic fuzzy left (resp. right) ideal of M.
To prove the second part, if parp(z) = 0 and varg(z) = 1, there is nothing to
show.
Suppose AI'B(x) # (0,1).
From the definition of AI' B,
pa(z) = pa(yez) = pa(y) and va(z) = va(yaz) < va(y).
Since A is an intuitionistic fuzzy right ideal and B is an intuitionistic fuzzy
left ideal, we have
pa(x) = palyaz) = paly) and va(z) = va(yoz) <wvaly),

pp(r) = pp(yaz) > pp(z) and vp(x) = vp(yaz) < vg(z).
Hence by Definition 3.5,
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parp(z) =\ {MA(?J) A uB(Z)} < pa(z) A pp(x) = prans(z),

r=yaz

varg(z) = A {VA(?J) v VB(Z)} > va(@) Vp(z) = vans(),
r=yaz

which means that AI'B C AN B.

Definition 3.9(2]. Let I be an ideal of a I' - ring M . If for each a+I, b+I

in the factor group M/I and each a€l’, we define (a + I)a(b + I) = aab + I

then M/T is a I' - ring which we shall call the I" - residue class ring of M with

respect to I.

Theorem 3.10. Let I be an ideal of a I' - ring M. If A is an intuitionistic
fuzzy left (resp. right) ideal of M, then the IFS A of M /I defined by

pila+1)=\ pala+z)and vi(a+1)= A vala+x)
zel zel
is an intuitionistic fuzzy left (resp. right) ideal of the I' - residue class ring

M/I of M with respect to I.
Proof. Let a,b € M be such that a4+ 1 =b+ 1.
Then b = a + y for some y € I, and so

pi(b+1) =\ pa(b+z) = V pa(a+y+z) =V palatz) = pg(atI),

zel zel r4+y=z€l
vi(b+1) = Ava(b+z) = Avala+y+z)= A wvala+z) =vz(a+I).
zel zel r4+y=z€l

Hence A is well defined.
For any x + I,y+ I € M/I and a € T, we have

ug((flﬁ+1)—(y+1)) :MA<(1’—ZJ)+I) =V uA<($—y)+2)

= V. ua((z =) f(u ~v)) = v IuA(oc +u) -
(y+v))

>V (Bate+u) A paly +v))

= (u\e/IuA(x + U>) A (v\e/IuA(y + v)) = pale + 1) A
pily +1)
v+ 1) =+ D) =va( =y +1) = Ava(w-9) +2)

= Z:u/_\vg I/A<(x —y)+ (u— v)) = u,é\el IJA<(I +u) —
(y+v)>

< A (naletwvuaty+o)

u,vel
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= </\VA(96+U))\/</\VA(?J+U)) =vilz+ 1)V

iy 4 1) uel vel
I ((m + Da(y + I)) = ug((fmy) + f) = Z\E/IMA ((my) + 2)

> Z\E/I pa(ray + xaz) because xaz € 1

=V ua(waly +2)) 2 V paly +2) = ualy + 1)
and
1/A<(x + Doy + [)) =V <(:1:04y) + I) = Z/é\jm((xay) + z)

< A va(zay + zaz) because zaz € 1

= praloels ) < Aratuea) =vitu D)

Similarly pi{(z+Da(y+1)} > pi(z+1) and vi{(z+Da(y+1)} < vi(z+I).
Hence A is an intuitionistic fuzzy left (resp. right) ideal of M/I.

Theorem 3.11. Let I be an ideal of a I' - ring M. Then there exists a one-
to-one correspondence between the set of all intuitionistic fuzzy left ideals A
of M such that 14(0) = pa(u), v4(0) = va(u) , for all u € I and the set of all
intuitionistic fuzzy left ideals A of M/1.

Proof. Let A be an intuitionistic fuzzy left ideal of M.

We know that A defined by puz(a + I) = \/ pala + z) and vi(a + 1) =
zel
A va(a + ) is an intuitionistic fuzzy left ideal of M/I.
zel
Since £14(0) = pa(u), v4(0) = va(u), for all u € I, we get
pala+u) = {pala) Apa(u)} = pala),
vala+u) <{vala) Vva(u)} =wva(a).
Again, pia(a) = pa(a +u-u) > { pa(a +u) A pa(u) } = pa(a + u) and
va(a) =vala 4+ u-u) <{vala+ u) Vwvy(u) } =vala+ u).
Hence pa(a + u) = pa(a) and va(a + u) = va(a), for all uel, that is,
pila +1) = pa(a) and vi(a + 1) = va(a).
Therefore the correspondence A — A is injective.
Now let A be any intuitionistic fuzzy left ideal of M /I and define an intuition-
istic fuzzy set A in M by pa(a) = pi(a + I) and va(a) = vz(a + I) for all
acM.
For every x, yeM and a€l’, we have

pa(z —y) =ug<(x—y)+1) :ug<($+1) - (y+1))
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> pg(x+ 1) Apgly +1) = pa(@) A paly),
vale —y) =va(@=p) + 1) =va(@+1) — (y+ 1)
vile + ) Vvi(y +1) =va(z) Vrvaly),

(z+ Daly+1)) = ualy + 1) = paly) and

| /\

/\

pa(woy) = pz(roy +1) = pg

va(way) = vi(way + 1) = vz (@ + Daly+ 1)) < valy+ 1) = valy).

Thus A is an intuitionistic fuzzy left ideal of M.

Note that pa(z) = pi(z+1) = p;i(I) and va(z) = vz(z + 1) = v;(I) for all
z € 1, which shows that pa(z) = pa(0) and v4(z) = v4(0) for all zel.

This completes the proof.

Definition 3.12 [2]. A function f: M — N, where M and N are I' - rings, is
said to be a I' - homomorphism if f(a+b) = f(a) + f(b), f(aab) = f(a)af(b),
for all a,b € M and a € T'.

Definition 3.13 [2]. Let f : X — Y be a mapping of ' - rings and A be an
intuitionistic fuzzy set of Y. Then the map f~!(A) is the pre-image of A under

£, 3f prp-10a) (x) = pa(f(x)) and vp-104)(x) = va(f(x)), for all x € X.

Theorem 3.14 Let f: X—Y be a homomorphism of I' - rings. If A is an
intuitionistic fuzzy left (resp. right) ideal of Y, then f~!(A) is an intuitionistic
fuzzy left (resp. right) ideal of X.

Proof. For any x , y € X, we have

gy (@ —y) = pa(f(@ —y)) = pa(f(z) = f(y))
> {ua(f@) A pa(F@) | = {mrr @) A
Nf*l(A)(y)}‘

and jup-1(4) (xay) = pa(f(xay)) = pa(fx)af(y)) > pa(fly)) = pr-10a()

(resp. pp-1(a)(vay) = pa(f(zay)) = ,UA(f( Jaf(y)) = pa(f(2)) = pr-ra(x)).
Similarly
vi-iay (@ —y) =va(flz —y)) =va(f(z) — fly)) < {VA(f(l")) % VA(f(y))}

= {yf_1(A)(x) V Vf—1(A)(y)}.
and vy-14)(xay) = va(f(xay)) = va(f(x)at(y)) < va(f(y)) = vi-1)-
(7“6829' vi-ia)(zay) = va (f(xay)) = VA(f(x)Oéf(y)) < VA(f(fﬁ)) = fol(A)(x))‘
Hence f~1(A) is an intuitionistic fuzzy left (resp. right) ideal of X.

Theorem 3.15. Let f : X — Y be an epimorphism of I" - rings and let A be
an IFS in Y. If f~!(A) is an intuitionistic fuzzy left (resp. right) ideal of X,
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then A is an intuitionistic fuzzy left (resp. right) ideal of Y.
Proof. If y; , y2€Y, then there exists x; , xo€X such that f(z1) = y; and

f(@2) = yo. Therefore pa(y1 — yo) = pa(f(z1) — f(22)) = pp—104) (21 — 32)
> iy (@) A gy (w2) |
= {MA(f(l"l)) A MA(f(:m))}
= {MA(?Jl) A MA(?J2)}‘

That is ,uA(y1 - yz) > {,uA y1 A ,U«A yz }

payraye ) = pa(f(z)af(za)) = pp-10a) (v1022)
> pp-1gay(22) = pa(f(2)) = palys).

(YGSP. pa(yrays) = pa (f(xl)af(-%)) = fip-1(a)(T1022)
> pp-1ay (1) = pa(f(21)) = paly)).
Also va(yy — y2) = l/A(f(:L'l) — f(xQ)) = v-1a)(21 — 22)

S {fol(A)(Il) V l/f—l(A) (ZL‘Q)}

va(F@) v va(f(e2)) }

That is va(y - y2) < {VA(yl) V va(y2)

va(yroys) = VA(f(xl)af(xQ)) = vy (r10xs) < viay(eg) = Z/A(f(xg)) =
va(y2).

(resp.va(yiays) = va(f(z1)af(z2)) = vy (Tr10w9) < vpr(ay(21) = va(f(z1))
= VA(?Jl))‘
Hence A is an intuitionistic fuzzy left ( resp. right ) ideal of Y.
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