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Abstract

The conventional game theory is based on known payoffs. In the real situations, usually the
payoffs are not known and have to be approximated. In this paper, a method for the two-person
zero-sum and non-zero-sum games that the payoffs are represented by interval data, has been
investigated. The procedure is based on Linear Complementarity Problem (LCP) which unifies
bimatrix games.
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1 Introduction

A theory of rational behavior i.e. of foundations of economics and of the main mechanisms of
social organization requires a through study of games [3]. One of the most important issues faced
by the manager is based on the prediction of the others plans. The real competitive situations
may be seen in business, military battles, sport and different cases of contest.

There are different types of games based on the number of players, the number of strategies and
the structure of payoff matrix [9]. There are lots of methods developed by different authors to
encounter with matrix games [1,4]. One of the methods is based on LCP [5].

Almost all of the methods are based on the precisely known payoffs matrix [2,6,7,8]. However
there are lots of situations that the payoffs matrix is not absolutely known and has to be
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approximated. In this paper, we investigate two-person games with imprecise data represented by
interval data. The structure of proposed procedure is based on LCP.

The sections of this paper are given as follows:

Section 2, considers some preliminaries of LCP and two-person games. In Section 3, two-person
games with interval data has been considered. Section 4, presents a numerical example.

2 Preliminaries

In section 2.1 some preliminaries of LCP has been presented and in section 2.2 a basic review of
two-person games has been considered.
2.1 Linear Complementarity Problem

Let M be a given square matrix of order n and ¢ a column vector in R". Throughout this paper
we will use the symbols w,,w,,...,w,and z,,z,,...,z,to denote the variables in the problem. In
an LCP there is no objective function to be optimized. The problem is: find
W = (w,W,,...,w ) and Z =(z,,2,,...,2,)" satisfying

W-MZ =q

W>0,Z2>0 1)

w;z, =0 for all i

The only data in the problem is the column vector gand the square matrix M . So we will

denote the LCP of finding W € R", Z € R"satisfying (1) by the symbol (g,M).It is said to be an
LCP of order n. Inan LCP of order nthere are 2nvariables.

2.2 Two-person games

Consider a game where in each play of the game, player | picks one out of a possible set of his
m choices and independently player Il picks one out of a possible set of his N choices. In a play,
if player | has picked his choice, i, and player Il has picked his choice j, then player I loses

amount a; dollars and player Il loses an amount by dollar, where A’=(aj)and B’ = (b;)are given
loss matrix. If aj +b; =0for all i, jthe game is known as a zero-sum game; in this case it is

possible to develop the concept of an optimum strategy for playing the game using Von
Neumann’s Minimax theorem. Games that are not zero-sum games are called non-zero-sum
games or bimatrix games. In bimatrix games it is difficult to define an optimum strategy.
However, in this case, an equilibrium pair of strategies can be defined and problem of computing
an equilibrium pair of strategies can be transformed in to an LCP. Suppose player | picks his

choice iwith probability of x. The column vector x = (x;) € R™ completely defines player I’s
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strategy. Similarly let the probability vector y=(y;)e R" be player 1I’s strategy. If player |
adopts strategy xand player Il adopts strategy vy ,the expected loss of player | is obviously
x" A'y And that of player Il is x"B'y.

The strategy pair(X,y)is said to be an equilibrium pair if no player benefits by unilaterally

changing his own strategy while the other player keeps his strategy in the pair (X, y) unchanged,
that is, if

{YT A'y<x"A'y ,Forall probability vector xe R" @)

X'B'y<X'B'y ,For all probability vector x e R"

Let «, # be arbitrary positive numbers such that a; =aj +« >0 and b; =b; + >0 Forall i, j.
Let A=(a;),B=(b;) Since x"A'y=x"Ay—a and x"B'y=x"By— /4 for all probability vector
xeR™ and yeR", if (X,y)is an equilibrium pair of strategies for the game with loss
matrices A’,B’ then(X,y)is an equilibrium pair of strategies for the game with loss
matrices A, B and vice versa. So without any loss of generality, consider the game in which the
loss matrices are A,B. Since x is a probability vector, the condition X' Ay<x'Ay for all
probability vectors x e R™ is equivalent to the system of constraints

X'AY<AY (foralli=12,..,m) (3)

Let e, denote the column vector in R" in which all elements are equal to 1. In matrix notation
the above system of constraints can be written as (X' Ay)e, <AY. In similar way the condition
X'BY<X'By by for all probability vectors y e R" is equivalent to (X'B¥)e, <B'X . Hence
the strategy pair (X,y) is an equilibrium pair of strategies for the game with loss matrices A, B
iff

AY > (X"AY)e, @
B'X>(X'BY)e,

Since A, B are strictly positive matrices, X' Ay and X'BY are strictly positive numbers. Let

— X _ y
= and 77 = 5
4 By n Ay (5)

Introducing slack variables corresponding to the inequality constraints, (4) is equivalent to
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Conversely, if (T1,v,&,77) is a solution of LCP (6) then the equilibrium pair of strategies for the

original game is (X,V) where Y:% and y=<1— (7)
i 77i

Therefore

o GG = e ez ®
n €y B S>e, =B (ngi)zeN

Then we have

(9)

X'AY=—=— , X'By=c= (10)

Ay>(XTAY)e
B"X>(X'BY)e,

Therefore the conversely part has been established.

In the next section we develop the above mentioned procedure with interval data and we extent

the procedure when data are not precisely known and are interval.
3 Two-person games with interval data
In this section, we consider the problem of two-person games with interval data. Since almost all

the time data are not absolutely known and are approximated by manager the procedure of two-
person games with interval data has an important role in Game theory.
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Based on section 2.2 consider a game where in each play of the game, player I picks one out of a
possible set of his m choices and independently player Il picks one out of a N choices. In a
play if player | has picked his choice, i, and player 1l has picked his choice, j, then player I

loses an amount a; e aj, & | dollar and player I loses an amount b; e by, by | dollar, where

| |
B= B0 and A= A0 (12)
O Bu mxN O Au mxN

are given interval loss matrices, a; >0and b} >0.

Suppose player | picks his choice iwith probability of x, +x_ ;.

The column vector
X+ X

X = : (13)
X + Xom )

completely defines player I’s strategy. Particularly, in this game the lower bound and upper
bound of interval [ai'j,ai‘;] have their own contribution to be selected by probability x. and x

respectively. Similarly let the probability vector
yl + yN+1

y=| : (14)
YNt Yon Sy

be player I1’s strategy. In order to tackle the problem and based on some technical difficulties to

transform the game theory with interval data to LCP, we use the following pair of primary
strategies, without loss the generality of structure of probability column vector (x,y) defined in

(13) and (14), in the following manner:

X VA
X ¥ yl
X, =| " =| "land y, = I =" (15)
X X: Yna yf,
Xom 2mx1 Yon 2Nx1

The pair of primary strategy (X,,y,) is an equilibrium pair of primary strategies for the game
with loss matrices A, B iff
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Y;—Ayp < XT Ayp , VX e R2m (16)
By, <X;By ,vyeR™
It means that for all probability column vector x e R°™,y e R*" | we have
T T I V! T T I A
(X} X5) A0 <(x' x" A0 VxeR™"
0 A 7; 0 A 7;
| 7' I I (17)
T T B O 7T B O y
% x p <(x'" % Wy e R2N
( p p )[O Buj(yg ( p p ) 0 Bu yu y
Hence
XA Y AR ATT <X Ay X AT UXe R .
ng B' 7;, +¥;T B'Y, < YLT B'y' +¥;T BUy" ,Vy e R*
Or
A oY) | oo (A 0
u U 2 (XFIJ Xp ) u _z 2m
0 ALY, 0 Ay,
| | (19)
B" 0 |(X T B 0V
- T _z = (XIIJ Xp )( u —E 2N
0" B | X 0 B Y,
Therefore we have
—1 | Zl
U{u J 0:(0 o] A:(A o} EZEJ
'l 2 | 00 22 0 A 22 & _(_eZmJ
AL 2L e b e
v 24 oy o B oo 00 22 )., ﬁu

Above problem is an LCP.
Conversely, now let (T, V,&,77) be a solution of LCP (20), by defining
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By multiplying the above inequalities, we have
A7+ A i>e,

B"E'+BY E'>e,,

Consequently we have,

Ay, (X 41 )+ AT, (1 +7)) = e
B'%,(Q(& +EN+B X, (X (& +E)) 28,

7~ N\

S| S| W] W

S|
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7~ N\
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1 ol o ST
S A
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We have the following inequalities:

I I u U —IT I 1 —uT u U
AY,+AY, 2(X, Ay, +X; AY,)e,
B"X,+B"X!>(X) B y, +X! B V')e,y

and it means that:

T T I _I T T I _I
(X X2 ) A0 <(x" x" A0 VxeR™
0 A V: 0 A ¥,
v (B" 0 7:) 7 B 0 y' 2N
X xv <(x' x" Yy eR
( p p )[ O BU][V:J ( p p ) 0 Bu yu yE

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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eventually, it has been considered that:

{7; Ay, <x'Ay,  VxeR™ 8)
al 2N

By, <X,By vyeR

Therefore, the conversely part has also been approved.

Consequently, we established that two-person games with interval data may be solved by LCP. It
remains that we show how one may use the above mentioned procedure in practice. The
equilibrium pair of strategies (X,y)may be defined based on the equilibrium pair of primary

strategies (X,,y,) in the following manner:

+ X1

m+.

el

+ X0,
_ (29)
+ yN +1

<

Y+ Von I
Therefore we utilize the equilibrium pair of strategies (X, y) in practical problems. It is obvious

that above mentioned procedure is an approximation and one may define different
approximation.

4 Numerical example

Consider a game in which the loss matrices are

211 L[4 32
A = A=
11 2 2 5 4
2 32 L [2 43
B! = BY =
313 6 2 4

Let the following LCP be the equations based on above mentioned loss matrices:
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U,/ |0000O0O0GOT25 4(&
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v/|[310000000 0|7
v'||230000000 0|z
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.| 1004200000 0ff_
v, 7,
l]loo34000000]|_,
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Z1El Fu Fu o=l =l = —u —u —u|"
[&.8.8".& 0 m.mm | 20

= =l —u u ol | l u =u su " [Zl ZI Fu Fu | | | u u uT_O
[ul’UZ’ul’UZ’Vl’VZ’VB’Vl ’Vz’vs] |:§1’§27§1 ’521771’772’773’771'772r773] =

By setting:
(@.o,0.0.v.vv7 %] =0 00000000 0
Then
= _ =l _ = _ —u_—u_l —u _
m=m=0 . =l m=n= . =0
- 2 4 1 -, 2 —, 1
5125 ) 52:7 ) Ggl :E ) gzzﬁ
With respect to (21),
E'ZQ 7'29 —U:E yuzl

51 © ? 51 ° 51 7 51
o —u w1 o 3 1
Y =¥:=Y, =0 , ylzg ' yzzz ' y3=§
Therefore with respect to (13) , (14),
=X 4R =2 %=k =

51 51

Y:(E'Yz):(%vﬂ)
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By the similar way,

7_1 7_3 7_1

175 ! 2T T, 37 5

8 4 8 (35)
o 131

y=(y1’yZ’Y3)=(§:Z,§)

And (X, y) is an equilibrium pair of strategies.

5 Conclusion

The traditional game theory is based on known payoffs. In the realistic situations, almost all the
times the payoffs are not known and may be considered as intervals. In this paper, the two-
person games with interval data have been investigated. It has been shown that the two-person
games with interval data can be transformed to LCP. Therefore the two-person games with
interval data may be solved by the structure of LCP. The probability structure of equilibrium pair
of strategies have been modified by the probability structure of equilibrium pair of primary
strategies, because of some technical difficulties without losing the probability structure of
equilibrium pair of strategies. We strongly emphasize that the procedure introduced in this paper,
is an approximation and one may define different approximation. We hope that our extension
may be useful.
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