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1 .Introduction

The Laplace—Carson transform provides a powerful method for analyzing linear

systems.

eads to an
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In most problems solution inversion of Laplace-Carson transform involve numerous
and complicated functions .Many interesting problems in physics lead to Laplace-
Carson transforms of which inversion are not expressed in terms of classified
functions .Therefore, we are interested to have analytical or numerical method to
solve these problems.

C.Donalato’s[1] analytical one dimensional method implying Laplace-Carson
transform and Mellin transform leads to functional sequence f, (t) when n—

then f_(t) converge to f(t).The extension of this method to two dimensional
expressed in this paper without implying inversion two dimensional Laplace-Carson
transform can Make a functional sequence f (t;,t,) since n— oo converge to
exact f (t,,t,) .

2 .Section 2

In this section we express two lemmas and conclusion will be used in next
section.
Lemma 2.1

n

Let g:R—>R thenV n>1 o(lju" (u“g(u)):{nwi} Ll (u“’lg(u))

du Jdu™*
Proof .According to Leibnitz Theorem if f,g:R — R and f,geC"[a,b] then

(f(u).g))™ = i[”]f 9 (u)g ™ (u)

o\ K
Therefore
dn ) dn—l N dn -
o U'e@)=n_ g W)hru_ i)
:[n+udd—u} ddunn: (u”’lg(u)) vV n>1

Conclusion 2.1
Extension of lemma2.1 to two dimensional leads us

d nn (uzng(ul,uz)) = {n +U, %}ﬁ(uzn‘lg(upuz))
2 ] AU,

2
Lemma 2.2
Let g:R— R then

n

vV nx1

(u”g(u))=f[{k+uj—u}g(u>

du” k=1
Proof .According to lemma 2.1
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n

(u g(u)) {n+u;—u}ddunn_l (u”’lg(u)) vV n>1

d d
[n +u—}{(n —1)+ua}..{l+ua}g(u)

= [k +udi}g(u)

k=1

Conclusion 2.2
Extension of lemma2.2 to two dimensional leads us

n n

n (uzng(ulluz)): H[k"'uz %:|g(ul’u2) vV nx1

u, k=1

3. The inversion formula

3.1Two dimensional Laplace Carson Transform and Two dimensional
Mellin Transform.

Two Dimensional Laplace-Carson Transform fc(p,q) of a real function f(t,,t,)
t,,t, >0 Is defined by Ditkin and Prudnikov [3]

fo(p.q)= pa [e ™ f (t,t,)dudt, (1)
00

We assume that fc(p,q) is known for real positive values of p,qin the interval
[a,b] [c,d] and wish to approximately reconstruct f,(p,q) in the widest possible

range of values oft;,t,; in most applications, f(t;,t,) and hence fc(p,q) are

positive functions.
An interesting property of the transform of Eq.(1) is brought out by supposing that
the wvariable and functions involved are physical quantities.then we see

that fc(i,i),unlike f(i,i),retains the physical dimensions of

1 2 1 2
f (t,,t,) .Note that pzi,q £l .50 a new image function is written by
ul u2
JERES T
0,,) = FL( ) = [ [e ™ % £, t,)det, )
u1 uZ 1 200
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Thus the new transformed function g(u,,u,) becomes physically alike to f (t,,t,) ;
in next section some examples will illustrate thatg(u,,u,), unlike fc(p,q) or
f (p,q) , constitutes by itself an approximate reconstruction of f (t;,t,).

By multiplying and dividing by t,,t, the integrand, Eq(2) can be put in the form of

a two dimensional mellin convolution product
t ot

3 7 RN A dt,dt
gup,U,) = [[(1)(2)e & v f(t,t) =2 3)
00 ul u2 tltZ
The kernel of this integral equation has the proper from h(%,l:—z) , Where
l _E_i 1 2
h(x,y)=—e ™~ (4)
Xy
Then
ot
h(i,u—2)= Ly
tl t2 uluz

Eq.(3) can be solved by taking its two dimensional Mellin transform, which for a
function h(x, y) is defined by

M[h(x, y)]=H (s,w) = [ [h(x, y)x**y"~dxdy 5)
00
We note that
© 1
rl-s) :Il e *x*tdx, s<1 (6)
5 X
Where T" denotes the usual gamma function.By Eq.(4) we can see that
11

M[h(x,y)]=H(s,w) = TTXLye_X_yxslyW1dxdy=F(l—s)l"(l—W) ,s<lw<l (7)

Assuming the existence of the other transforms, we obtain from Eq.(3)
G(s,w) =H(s,w)F(s,w) and hence

F(s,w) =G(s,w)/H(s,w) =[L/(T(L-s)['L—w))]G(s,w) (8)
G and H have a common region of analyticity.we can obtain f(t,,t,) from Eq.(5)
which could be Mellin inverted .For this purpose instead of % we employ

representation of an infinite product.

2.2 .Obtaining the approximate of inversion F(s,w)

The infinite product representation of % is (see,e,0.,[9,p,Eq.(8.322)]))



Laplace -Carson transform 1461

i A 1)°
RN 5 ©)

The truncation of this product after n terms provides an approximation for %
z

The result can be simplified to

1 a_sf1-8 _S s
r(1_3):(1 s)(l 2). . .(1 n](n+l) (10)

r(1l— m ;(1—w)(1—%j. . .(1—%)@ +1)" (11)

104

0.8 o
0.6
0.4

0.2+

i
[}

—Ié —I5 —I4 —I3 —|2 —Il u] 1I
Figl.The functionl/T'(1-s),s<1, and its approximation from Eq.(10)and
(11)For different values of n=1,2,3,510.The green line is exact.

The substitution of Eq.(10) and Eg.(11) into EQq.(8) yields an approximation
F,(s,w) to F(s,w)

Fn(s,w)z(l—s)(l—gj. . .(1-%) (—W)(l—%). ..(1—%j(n+1)S+WG(S,W)(12)

The function f (t,,t,) that is Mellin transformed into F, (S,w) constitute an
approximation to the solution f(t;,t,).now we prove that f_(t;,t,) can be
expressed in terms of g(u,,u,) and its first n derivatives.In fact the known

. t d S t, d w
roperties M| X—q(t,,t,) |[=——G(s,w) and M|-2—q(t,,t,) |=——G(s,w
prop {kdtlg(l 2)} " (s,w) {kdtzg(l 2)} " (s,w)

tt, d d SW
and M| X2 —_— q(t.,t,) |=——G(s,w) show that
{kz dt, dtzg(l 2)} 2 (s,w)
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td t,d tt, dd S
[(1 EEJTdtsz a, o, O )} (1 k](l kJG(S’W) )

We note that

td t,d tt, d d td [, t d
s T oae T g qr ) f et +1—1+2—1g(t,,t,) (14
{(+kdt1+kdt2+k2 at, o, 9 )} { kdtl+kdtjg(l ) (14)

[t d T td
L=TT |1e2 9 | 9 15
" H[ijdtj{Jrkdtj (19)

Therefore,

: tdj|, td 11181 W
M[Lng(tl,tz)]zklMH{HEdtj{Hkdtzﬂg(tl,tz)} k1(1 k)(l k)G(s,w) (16)

By recalling the property c*™"G(s,w) = M{ [t tc ﬂ we see that

n t1 i t2 d n s w -
M[H H“k(n+1)dtl}{1+k(n+1)dt } (n+1) (n+1)} 1 1 (n+1) G(s,w)

So we can write the function f_(t;,t,) in the form

d u2 d . _ tl _ t2
f (t,t,)=L,g(u,u,)= HHH Cau }[M - Hg(ul,uz), ul_(n+1)’u2_(n+1)

k=1

d
nl)z HHk+u }[k+u2d—uzﬂg(ul,u2) (17)

According to the conclusion of lemma 2.2 in section.2 we have

1 d" d" N ot ot
follot) = (n!) du,” —”(ul ta g(ul,uz)) ul_(n+1)’uz_(n+1)

(18)

If fc(p,q) is known for a< p<band c<q<d then g(u,,u,)is given in the rang

%swsi and %SUZS% ,and Egs.(17) or (18)yield f_(t,,t,) for
(n+1)

<t, < (n :1) .since the partial products of Eq.(10)

<t < (n+1) and (n+1)
a d

and , .
r'l-s) rd-w)

the exact f for large n,both for continuous and discrete input data. The examples

is expected to better approximate

and (11) converge to
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of the next section illustrate the convergence of f, to f when g(u,,u,) has a
known simple analytical expression.

4 .Analytical examples
4.1 .Example 1

For reconstructing f (t,,t,) = (Int, + y)(Int, + ) ; (constant y = 0.5772156...) first

we compute Laplace Carson transform fc(p,q):ln pIngthen by considering

u1=£and u, :E we obtain g(ul,uz):lnilni.by using Eq.(18) for this
p q u U,

g(u,,u,) we obtain

fn(tptz):i d nd—n u,"u," Inilni ;U = b U, = L _
(n!) dul dU2 u u, (n +1) (n +1)

S
R
o

f(t,t R

1 ) =
n\*1*2 R o,
ARTRRRER
N

SRR

flt,t,)

Fig.2. Reconstruction of f(t,,t,)=(Int, +y)(Int, +y) at t =0.10,t, =0..10

from its two dimensional Laplace Carson transforms for selected values ofn (in
this section n=5).

4.2. Example 2
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For reconstructing f (t,,t,) =U(t, —2)U (t, —2) (unit step function) first we
compute Laplace-Carson transform fc(p,q) = e 2"?then by consider u, =%and

2 2

u, =% we obtain fc(p,q) =e " " by using Eq .(18) for this g(u,,u,) we obtain

n n 22
fn (tl,tz) _ l d d ulnuzne U U , ul — tl ,uz — t2 ]
(n+1) (n+1)

mduln du,"

fn (tl’tz)

Fig.3. Reconstruction of f(t,,t,)=U(t, —2)U(t,-2) at t, =0..10,t, =0..10 from
its two dimensional Laplace Carson transform for selected values of n (in this
section n=5).
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f(t,t,)

Fig.4. The exact plot of f (t,,t,)=U(, —2)U(t, —2) for t, =0..10,t, =0..10.
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