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Abstract

Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E. Let {7;}:°; be a sequence of nonexpansive
mappings from K to itself with F:= {z € K : Tjx = x,Vi > 1} # (). For
an arbitrary initial point 1 € K, the modified Mann iteration scheme
{z,,} is defined as follows: z,+1 = (1 — ap)zy + oIy xp,n > 1, where
Ty = T; with i satisfying: n=[(k—i+ 1)@+ k)/2]+[1+ (@ —1)(i +
2)/2],k >i—1, and {a,} is a sequence in [a,1 — a] for some a € (0,1).
Under some suitable conditions, the strong and weak convergence the-
orems of {z,,} to a common fixed point of the nonexpansive mappings
{T;}22, are obtained.The results presented in this paper extend those of
the authors whose research areas are limited to the situation where the
operators in the iteration procedure is just a finite family of nonexpan-
sive mappings. Furthermore, for each Tj;, a faster rate of convergence of
{xn} to the common fixed point of {T;}7°, is obtained.
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1 Introduction

Let K be a nonempty closed convex subset of a real uniformly convex

Banach space E. A self-mapping T : K — K is said to be nonexpansive if
|Tx — Tyl < ||z —y|| for all z,y € K.
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Iterative techniques for approximating fixed points of nonexpansive map-
pings have been studied by various authors(see, e.g.,[1-4])who used the Mann
iteration process or the Ishikawa process. In 2001, Xu and Ori [5] introduced
the following implicit iteration process for a finite family of nonexpansive map-
pings {T; : i € I}, where I ={1,2,..., N}. For any initial point zy € K:

Ty = anTp_1 + (1 — o) Ty, (1.1)

where T, = Tyy(moa n), the mod function N takes values in I, and {a,,} is a real
sequence in (0,1). They proved the weak convergence of the process above to
a common fixed point of the finite family of nonexpansive mappings.

Inspired and motivated by those work mentioned above, in this paper, we
will construct a modified Mann iteration scheme for approximating common
fixed points of an infinite family of nonexpansive mappings {7;}°, and to prove
some strong and weak convergence theorems for such mappings in uniformly
convex Banach spaces.

2 Preliminaries

A Banach space E is said to satisfy Opial’s condition if, for any sequence
{z,} in E, x,, = x implies that

limsup ||z, — z|| < limsup ||z, — y|| (2.1)
for all y € E with y # x, where x, — z denotes that {x,} converges weakly
to x.

A mapping 7" with domain D(T") and range R(T') in E is said to be demi-
closed at p if whenever {z,} is a sequence in D(T') such that {z,} converges
weakly to z* € D(T') and {T'x,} converges strongly to p, then Tz* = p.

We need the following lemmas for our main results.
Lemma 2.1. [6] Let {a,},{0,}, and {b,} be sequences of nonnegative real
numbers satisfying

anp1 < (L+6p)an + by, V> 1, (2.2)

if Y00 0n <00 and Y 2 b, < oo, then lim, .o a, exists.

Lemma 2.2. [7] Let E be a real uniformly convexr Banach space and let a,b be
two constant with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real sequence
and {x,},{yn} are two sequences in E. Then the conditions

lim ||t,x, + (1 — tn)ys|| = d, limsup ||z, || < d,limsup||y.|]| <d  (2.3)

n—00 n—00 n—00
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imply that lim, .||z, — yn|| = 0, where d > 0 is a constant.

Lemma 2.3. [8] Let E be a real uniformly convex Banach space, let K be a
nonempty closed convex subset of E, and let T : K — K be a nonexpansive
mapping. Then I — T is demi-closed at zero.

3 Main Results

Lemma 3.1. Let E be a real uniformly convex Banach space and K a
nonempty closed convex subset of E. Let {T;}5°, be a sequence of nonexpansive
mappings from K to itself. For an arbitrary initial point x1 € K, the modified
Mann iteration scheme {x,} is defined as follows:

Tpr1 = (1 —ap)xn + 0, Trx,,n > 1, (3.1)

where {a,} is a sequence in [a,1 — a] for some a € (0,1) and T} = T; with i
satisfying the following equation:

n=[k—i+1)(i+k)/2+[L+6G—-1)0G+2)/2,k>i—1, (3.2)
where k is a nonnegative integer. That is
TE =TT} =TT =T, T} =T, T3 = To, Ty = T3, T3 = 11,15 = T, ...
IfF={x e K :Tiw=ux,¥i>1} #0, then
(1) limy, oo |7 — gllexists,Vq € F;
(2) limy, oo d(xn, F)exists, where d(x,, F) = infep ||z, — ql|;

(3) lim, o ||z — Tizy|| = 0,Vi > 1.

Proof.(1) For any ¢ € F, by (3.1), we have

Hxn—&-l - qH = H(l — ) (Tn — Q) + an (T2, — Q)”
< (1= an)llrn —qll + anllzn — 4|
~ Jou—al. 33

It follows from Lemma 2.1 that lim,, . ||z, — ¢|| exists.

(2) This conclusion can be easily shown by taking the infimum in (3.3) for
all g € F.

(3) Assume, by the conclusion of (1), lim,,—« ||z, — ¢|| = d. That is

lim ||(1 — o) (2 — q) + an(TFx, — q)|| = d. (3.4)

n—oo
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In addition,

limsup || Tz, — q|| < limsup ||z, — q|| = d, (3.5)

n—oo n—oo

and hence, it follows from (3.4), (3.5) and Lemma 2.2 that
JLII;O |lzn — Tyxy|| = 0. (3.6)
On the other hand, since ||x,11 — z,|| = an||x, — Tfx,||, we obtain, by (3.6),
i 70 = ] = 0 7

By induction, for any nonnegative integer j, we also have

lim [|z,4; — 2] = 0. (3.8)
n—oo
For each 7 > 1, since
Hxn - T;:—‘,—ian < Hxn - xn-&-iH + Hxn-i-z - Trj—&-z‘an

+||T7>:+i‘rn+i - TJH%H
2|20 — Tnpill + | Tnts — T;Jrixn—&-inv (3.9)

VAN

it follows from (3.6) and (3.8) that
lim ||z, — T} ;x| = 0. (3.10)

Now, for each i > 1, we claim that

lim @, — Tiz,| = 0. (3.11)

As a matter of fact, setting
n= N(k,i)+1,

where N(k,i) = [(k—i+1)(i + k)/2+ (1 4+ (¢ — 1)(i +2)/2)] — i, we obtain
that

[zn — 2Nl + 2w — Tizall

20 — ngall + 28w = T+ TN

N TR (1) iT N (ki) — Tin|

[z — nkall + 28w — T+ TN
HTix N (ki) — Tivn|

< 2lzn — vl T 128wy — TN+ TNk |

= 2[zn — Zosill + l2vws) — TNga+itnenll. (3.12)

IA A
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Then, since N(k,i) — oo as n — oo, it follows from (3.8) and (3.10) that
(3.11) holds obviously. This completes the proof.

Theorem 3.2. Let E be a real uniformly convexr Banach space and K a
nonempty closed convex subset of E. Let {T;}5°, be a sequence of nonexpansive
mappings from K to itself. Suppose that {x,} is a sequence defined by (5.1).
If F:={zx € K: Tz =x,Vi>1} # 0 and there exist T;, € {T;}2, and a
nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for
all v € (0,00) such that f(d(x,, F)) < ||z, — Tiyxs|| for alln > 1, then {z,}
converges strongly to some common fized point of {T;}2,.

Proof. Since
fld(zn, F)) < ||, — Tigzal|,

by taking limsup as n — oo on both sides in the inequality above, we get

Tim f(d(a, F)) = 0,
which implies lim,,_, d(z,, F') = 0 by the definition of the function f.

Now we will show that {x,,} is a Cauchy sequence. Since lim,,_, d(z,,, F') =
0, then for any € > 0, there exists a positive integer N such that d(x,,, F') < €/2
for all n > N. On the other hand, there exists a p € F' such that ||zx — p|| =
d(zn, F) < €/2, because d(zy, F') = infcp [|[xy — ¢|| and F is closed.

Thus, for any n,m > N, it follows from (3.3) that

20 = 2wl < llen = pll + lom — pll < 2]lzn —pll <e.

This implies that {z,} is a Cauchy sequence. Thus, there exists a z € K such
that x,, — x as n — oo, since F is complete. Then, lim,, ., d(x,, F') = 0 yields
that d(z, F') = 0. Further, it follows from the closedness of F' that x € F. This
completes the proof.

Theorem 3.3. Let E be a real uniformly convex Banach space satisfying
Opial’s condition and K a nonempty closed convex subset of E. Let {T;}32, be
a sequence of nonexpansive mappings from K to itself. Suppose that {z,} is a
sequence defined by (3.1). If F:={x € K : T,x = x,Vi > 1} # 0, then {z,}

converges weakly to some common fized point of {T;}2,.

Proof. For any ¢ € F, by Lemma 3.1, we know that lim,,_, ||z, — ¢|| exists.
We now prove that {x,} has a unique weakly subsequential limit in F. First of
all, Lemmas 2.3 and 3.1 guarantee that each weakly subsequential limit of {x,, }
is a common fixed point of {7;}3°,. Secondly, Opial’s condition guarantees that
the weakly subsequential limit of z,, is unique. Consequently, {x,} converges
weakly to a common fixed point of {7;}22,. This completes the proof.

Remark 3.4. The results presented in this paper extend those of the authors
whose research areas are limited to the situation where the operators used in
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the

iteration procedure is just a finite family of nonexpansive mappings. Fur-

thermore, for each T;, the rate of convergence of {x,} to the common fized
point of {T;}2, is greatly enhanced because of the gradual increase of span of

the

operator.
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