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1. INTRODUCTION

The theory of dynamic equations on time scales (aka measure chains) was
introduced by Hilger [5] with the motivation of providing a unified approach to
continuous and discrete analysis. The generalized derivative or Hilger deriva-
tive f2 (t) of a function f : T — R, where T is a so-called ”time scale” (an

arbitrary closed non-empty subset of R) becomes the usual derivative when
T = R, that is f© (t) = f (t). On the other hand, if T = Z, then f* (t) re-
duces to the usual forward difference, that is f (t) = Af (t). This theory not
only brought equations leading to new applications. Also, this theory allows
one to get some insight into and better understanding of the subtle differences
between discrete and continuous systems [1, 3]. Some basic dynamic inequal-
ities are given as established in the paper by Agarwal, Bohner, and Peterson
2].

In this paper we establish new integral inequality related to a certain in-
equality arising in the theory of dynamic equations on time scales.
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Here, first we mention several foundational definitions without proof and
results from the calculus on time scales in an excellent introductory text by
Bohner and Peterson [3, 4].

2. GENERAL DEFINITIONS

A time scale T is an arbitrary nonempty closed subset of the real numbers
R. We define the forward jump operator o on T by

o()=inf{seT: s>t} eTforalteT.

In this definition we put o (#) = sup T. where 0 is the empty set. if o (t) > t,
then we say that t is right-scattered. If o (t) =t and ¢t < sup T, then we say
that t is right-dense. The backward jump operator and left-scattered and left-
dense point are defined in a similar way. The graininess p : T — [0, 00) is
defined by i (t) = o (t) — t. The set T is derived from T as follows: If T has
a left-scattered maximum m, then TF = T — {m}; otherwise, T = T. For
f:T — Randt e T we define f© (¢) to be the number (provided it exists)
such that given any € > 0, there is neighborhood U of t with

’f”(t)—f(s)—fA(t)[a(t)—sH <elo(t)—s| forall s e U.

We call f2 (t) the delta derivative of f at ¢, and f* is the usual derivative f if
T = R and the usual forward difference A f (defined by Af = f(t+1)— f (t))
if T =7Z.

Theorem 1. Assume f,g: T — R and let t € T*. Then we have the follow-
mg:

(1) If f is differentiable at t, then f is continuous at t.

(12) If f is continuous at t and t is right-scattered, then f is differentiable
at t with

fA (t) _ faa(t()t)__ft(t) )

(1ii) If f is differentiable at t and t is right-dense, then

fA (t) — lim f(t) - f(S)

t—s t—s

(iv) If [ is differentiable at t, then
fO@t) = f(t)+u(t) f2(t), where f7:= foo.
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(v) If f and g are differentiable at t, then so is fg with

(fg)™ (t) = f2 (1) g (t) + f7 () g° (1)

We say that f : T — R is rd-continuous provied f is continuous at each
right-dense point of T and has a finite left-sided limit at each left-dense point
of T. The set of rd-continuous functions will be denoted in this paper by
(4, and the set of functions that are differentiable and whose derivative is rd-
continuous is denoted by C,. A function F': T — R is called an antiderivative
of f: T — R provided F* (t) = f (t) holds for all T*. In this case we define
the integral of f by

/f(T)AT:F(t)—F(s), for s,t € T.

We say that p : T — R is regressive provided 1+ (t) p (t) # 0 for all t € T, we
denote by R the set of all regressive and rd-continuous functions. We define the
set of all positively regressive functions by Rt = {p € R: 1+ pu(t)p(t) > 0 for all t € T}.
If p,q € R, then we define

pOg=p+q+upg, ©q=— ,and pOqg=p® (Sq).

4q
1+ pg
If p: T — R is rd-continouos and regressivei then the exponential function
e, (., to) is for each fixed ¢y € T the unique solution of the initial value problem

> =pt)z, x(ty) =1 on T.
We use following four theorems which are proved in Bohner and Peterson [3].

Theorem 2. If p,q € ‘R, then
(i) ey (t,t) =1 and ey (t,s) = 1;
it) e ( (t),s) = A+ pu@)p(t) et s);

ZZ) ep ts) = Cop (t7 S) = €p (87 t) )
ep(tss) _

(
(
(iv) ep(sil)  EPSa (t,s);
(
(

@

v) € (T, 5) €q (t,8) = epag (T, ) ;
vi) if p € RT, then e, (t,t9) > 0 forallt € T.

Remark 1. It is easy to see that, if T = R, the exponential function is given

ep (t, S) —e's € (t’ 3) - ea(tfs)’ €y (t, 0) — ot
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for s,t € R, where a € R is a constant and p : R — R is a continuous
function; if T = Z, the exponential function is given by

t—1

€p (t7 3) = H [1 +p(7)]7 €a (tv 3) = (1 +a)t_sv Ca (t70> = (1 +a)t

r=s

for s,t € Z with s < t, where a« # —1 is a constant and p : Z — R is a
sequence satisfying p (t) # —1 for all t € Z.

Theorem 3. Ifp € R and a,b,c € T, then

[r0eeo®)st=clea) - e eb).

Theorem 4. Ifa,b,c € T and f € C,q such that f(t) > 0 for alla <t < b,
then

7f(t)At20

Theorem 5. Let tg € T% and assume k : T x T — R is continuous at (t,t),
wheret € TF with t > ty. Also assume that k (t,.) is rd-continuous on [ty, o (t)] .
Suppose that for each € > 0 there exists a neighborhood U of t, independent of
T € [to, o (t)], such that

’k(a(t),T)—k(S,T)—kA (t,7) [0 (t) —s]| <elo(t)—s| forallseU.

where k® denotes the derivative of k with respect to the first variable. Then

t t

g(t) = /k (t,7) AT implies g~ (t) = /k‘A (t,T)AT+ k(o (t),t).

to to

The next four results are proved by Agarval, Bohner and Peterson [2]. For
convenience of notation we let throughout

to € T, Ty = [tg,00) NT, and Ty = (—o0,t,] N'T
Also, for a function b € C,, we write

b>0ifb(t) >0 forall t € T

Theorem 6. Theorem 7. (Comparison Theorem). Suppose u,b € Cyq and
a € RT. Then

u® () <a()u(t)+b(t) forallt € Ty
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mmplies
t

u(t) =u(ty) eq (t,t0) + /ea (t,o (1)) b(T) AT for allt € Ty.

to

Remark 2. Theorem 8. (Gronwall's Inequality) . Suppose u,a,b € C,.q and
b>0. Then

u(t) <alt) +/b(7)u(7)AT for allt € T
implies
u(t) =al(t)+ /a (T)b(7) ey (t,o (7)) AT for allt € Ty.

to

3. MAIN RESULTS

Theorem 9. Let u,a,b, g be real-valued nonnegative rd-continuous functions
defined on Ty and p > 1 be real constant.
(1) Let f: Ty xRy — Ry be a rd-continuous function such that

(3.1) 0< ftx)—fty) <m(ty) (z—y),

fort € Tg and x > y > 0, where m : To x Ry — R, is a rd-continuous
function. If

(3.2) o (1) ga(t)+b(t)/f(s,u(s))As,

fort € Ty, then

u(t) < a(t)+b(t)/f(s,p;1+@)

p

[

(3.3) Xe,, (0t sty (1 (5)) Bs |7

P P P

fort e T,.
(17) Let f: Ty xRy — Ry be a rd-continuous function and ¢ : Ry — R, be
a rd-continuous and strictly increasing function with ¢ (0) = 0 such that

(3.4) 0< f(ta)—f(ty)<m(ty) o (z—y),
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fort €Ty andx >y > 0, where m : To xRy — Ry s a rd-continuous function
and ¢~ is inverse function of ¢ and

(3.5) ¢ (zy) < ¢ (2) o7 (y)

forz,y e Ry. If

(3.6) W (1) < a(t)+b(t) 6 / f (s, u(s)) As

1
(37) Xem(t,p—_lJrM)d)’l(M) (t,O’(S)) As}p.
fort e Ty.
Proof. (i) Obviously, if t = t(, then the inequality 3.3 holds. Thus, in the next

proof, we always assume that t > ty,t € T.
Define a function z (t) by

(3.8) z(t) = /f(s,u(s)) As.

Then z (tp) = 0 and (3.2) can be written as
(3.9) uP (t) <a(t)+0b(t)z(t)
From (3.9) and using the elementary inequality (See [6,p,30])

11
urVa S

(3.10) u(t)

A\
o
—~
~
S—
-
S
~—~
~
SN—
N
—~
~
SN—




(3.11)2° (t)

< f(t,

<
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From (3.8),(3.10), and the condition (3.1) it follows that
= [(tu()

(t)) b(t)

p

The inequality (3.11) implies the estimate

(3.12)

z(t) < /em(t7%+

t

to

a(t)

p

p

p-1
z(t)+f(t, ; +

1 t
£ P +a()
D

p

p

From (3.12) and (3.9) the desired inequality in (3.3) follows.
(i7) Obviously, if t = to, then the inequality (3.7) holds. Thus, in the next
proof, we always assume that t > ty, t € T.
Define a function z (t) by

20 = [ Fsul)ss

Then z (ty) = 0 and (3.2) can be written as

(3.13) uP (1) < a(t)+0(t) ¢ (= (1))
and
p—1 a(t) 0b()
(3.14) u(t) < St ¢ (2 (1))
From (3.8), (3.14), and the condition (3.4), (3.5) it follows that
(318) = f(tu()
p—1 _a()  b(l) p—1 at
< f(t, —— 2l gb(z(t))) —f(t,—+7>
p—1 a(t)
G
p—1 a(t)\ ,,[/b(t p—1 al(t)
< (et (e ) s ()
p—1 a(®)\ ., (bQ®) p—1  aft)
< m(t,T—i—T)qﬁ (T)Z(t)—i-f(t,——}—T

p

)
+10),

s (8,0 (5)) (% " Q) As.

1613
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The inequality (3.15) implies the estimate

t

(3.16) =z (t) < /em(t7p_1+m)¢_1(%) (t,o(s)) f (s, p—1 + @) As,

P P P P

to

The required inequlity (3.7) follows from (3.13) and (3.16) . u

For the cases T = R and T = Z, see [7,Theorem 2| and [7,Theorem 4],
respectively.

Corollary 1. Let T =R and assume that u,a,b, g be real-valued nonnegative
continuous functions defined on Ry and p > 1 be real constant.
(1) Let f: Ry x Ry — R, be a continuous function such that

fort e Ry andx >y >0, where m : Ry x Ry — Ry is a continuous function.

If
u (1) < a(t) +b(1) / £ (s,u(s)) ds,

fort € Ry, then

u(t) < a(t)+b(t)]f(s,f%1+®)

p

X exp (}m (a,p_ ! + a(g)) b(a)) ds}ia
s p p p
forteR,.

(17) Let f: Ry x Ry — Ry be a continuous function and ¢ : R, — Ry be a
continuous and strictly increasing function with ¢ (0) = 0 such that

0< f(t,a)—f(t,y) <mty) o (v —y),

fort e Ry andx >y > 0, where m : Ry x Ry — R is a continuous function

and ¢~ is the inverse function of ¢ and

¢ (zy) <o (x) o7 (y)
forx,y e Ry. If

t

W) <a@)+b®0 | [ £l ds ).

0



New integral inequality on time scales 1615
ort € R then
f +>

t

ut) < La(t)+b(t)o /f(s,?%lJra(S))

p

o (o 57 2) () )]

Corollary 2. LetT' = Z and assume that u,a,b, g be real-valued nonnegative
functions defined on Ny and p > 1 be real constant.
(1) Let L : Ny x Ry — Ry be a function such that

forteR,.

0<L(n,z)—L(ny) <M(n,y)(x—y),

forn € Ng and x >y > 0, where M (n,y) is a real-valued nonnegative function
defined forn € Ng, y € R,. If

n—1

uP (n) <a(n)+o(n) 2 L(s,uls)),

s=0

for n € Ny, then

u(n) < {a(n)+b(n)zZ:L (5,7%+®)

p

T e (n 22t 2y )

o=s+1 p p

for n € Ny.
(17) Let L : Ny x Ry — Ry be a function which satisfies the condition

0<L(n,z)—L(ny) <My " (z—1y),

forn € Ng, x >y >0, where M (n,y) is as defined in (i), ¥ : Ry — Ry isa
continuous and strictly increasing function with 1 (0) = 0, Yt s the inverse
function of ¥ and

7 (xy) <97 () YT (y)
forx,y e Ry. If

wm < a0 (£ L),
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for n € Ny, then

u(n) < {a(n)+b(n)¢(;§L(S,E+@)

p p

A D ey )}

=

for n € Ng.
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