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1. INTRODUCTION

Toeplitz matrices emerge in plenty of applications and have been extensively
studied for about a century. The literature on them is immense and ranges
from thousands of articles in periodicals to huge monographs [1]. In many
applications, the problem of computing integer powers of such matrices arise.
In this paper we derive the general expression of the mth power(m € N) for
one type of banded Toeplitz matrices. Similar expressions for tridigaonal [2]
and pentadiagonal matrice [4, 5] are obtained as a special case. Moreover the
inverse of such matrices is also derived provided that the matrix is nonsingular.

2. THE EIGENVALUES AND THE EIGENVECTORS OF THE MATRIX T

Consider the symmetric k — band Toeplitz matrix T = (ti:j)1<ij<n
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c 0 1
0 ¢ O
T_ 0 17
1
1 0 c

such that:

tm‘ =C, ti,i+k =1= ti—l—k,i and ti,j =0 if |’L — j| 7& k,

where ¢ € C and n assumed to be of the form n = ak + b for some a,b € N,
b< k-1

We denote by U,, the mth degre Chebyshev polynomial of the second kind
which satisfies the term recurrence relations

(2.1) 20U, (2) = Uppgr () + Uy (x), m=1,2, ...,

with intitial conditions Uy (z) =1 and U; (z) = 2.
U,, is of degree m and it satisfies

sin(m+1)6

- for 0<6<m.
sin 0

(2.2) Up (cos @) =

By consequent the zeros of the polynomial U, are z,,; = cos mj—L, j =
1,...,m.

Let us denotes A\; = ¢ + 2008(3’—;, J=1..,a+1, and pu, = c+ 2cos ,
s=1,...,a. Namely {\;} and {u,} are respectivly the zeros of the polynomial
v () and U (55

For p=0,..,b—1and r =1, ...,a we denote by V},, the column vector

T
rr
(2.3) Vor = |:6p7imode[]i] (COS . 2)} ,

0<i<n—1

where 0 is the Kronecker’s delta symbol, ¢modk is the remainder of the
euclidean division of ¢ by k£ and [ﬂ is the greatest integer less or equal to i

Similarly if g = b, ...,k —1and s =1, ...,a+ 1 we denote by W, ; the column
vector
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T
ST
(24) Wq,s = |:5q,imode[%] (COS ot 1>:|

0<i<n—1
Theorem 1. We have for p,q,r,s:
1. A, is an eigenvalue of the matrix 7' and V},, is a corresponding eigen-
vector.
2. pg is an eigenvalue of the matrix 7' and W, is a corresponding eigen-

vector.

Proof. 1.The ith entry of the vector T'V,,, is:

[T%,T]i = Ztij [Vpﬂ“]j
j=1

rw
-] COS@—i—Q +

rT
Cti,i—kap,i—lmode[i;l] (cos e 2) +

= tii—k0pi—1mod kU[

rm
ti,i+k6p,i—1mode[%+l] (cos . 2) :

The result follows from the relations 2.1 by putting x = cos

(],

2. The proof is similar. g

s
a+2

and m =

Theorem 2. The caracteristic polynomial of the matriz T s
z—c\]" z—c\1"?
det (z1, —T) = [UaH ( 5 )] [Ua ( 5 )] .

Proof. Wys,q=0,....,k—1 are k —b linearly independant eigenvectors of the
matrix 7. Hence pu, is an eigenvalue of the matrix 7" of multiplicity at least
k —0b. Similarly V,,,, p=0,...,b—1 are b linearly independant eigenvectors of
the matrix T, hence )\, is an eigenvalue of the matrix 7" of multiplicity at least
b. Obiouvsly A\s # u, for all r,s. The result follows from the fact that n =
ak +b=a(k—0)+ (a+1)b and that the polynomials U,y1 (), U, (%)
are monics. i
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Example 1. [3, 7]
Let the pentadiagonal Toeplitz matriz of order n

a 0 6 0 0
N
H(a.f)=| 0 5 | wsecazo
: 0
0 0 8 0 a
If n=2p, p > 1 then
o 2
et (i1, (0 0) = " U, (55)]

Ifn=2p+1,p>1 then

ot (i, 0.00) = 50, (55 ) U (55

3. AN EIGEN DECOMPOSITION OF THE MATRIX T

It follows from the proof of Theorem 2. that the matrix 7" is diagonalizable
of the form T = PJP~! where J is the Jordan’s form of 7" and P is the
transforming matrix. Matrices J and P can be found provided eigenvalues
and eigenvectors of the matrix T are known. Roughly speaking, J is the block
diagonal matrix:

Ay

)\a+1Ib
i Lk—p

Halk—b
where I denotes the identity matrix of size N, and P is defined by his
columns C, Cy, .., C, obtained from the vectors V,,, W, ; following the order
=< such that:
1) Vo X Ws.
i) Voo 2V ©r<r’ orr=r"and p<yp.
i) Wys S Wy g e s<s org=q and s <s.
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Remark 1. Suppose that P = (pi’j)1<l.7j<n . One can show that:

If 7<(a+1)b:

Then we can write j —1 = (r —1)b+p, where 1 <r<a-+1 and 0 <p<b.
Hence C; =V,, , and by consequent :

r
Pij = Vorlion = OpictmoanlUizy) (cos "y 2) :
Iffa+1)b<y:
Then we can write j—1 —(a+1)b= (s —1)(k—b)+r, where 1 < s <a and
b<qg=r+0b<k. Hence C; =W, and by consequent:

ST
-1 COS .
2 ] a—+1

We shall now give the expression of the inverse P~!. We need the following
lemma:

Pij = [Wq,s]ifl = 6q,i—1modk:U[i

Lemma 1 (Christoffel-Darboux formula). For all m > 1 we have:

(. J) = Un (Y) Un—1 (2) = Up, (2) Upp—1 (y)

1. U; U, = for =z )
S U@ Ui ST 4y
m—1
2. ;) Ui (2) Ui (x) = § [U}, (2) Up-1 () = Up (2) Up,_y ()]
Proof. See [6]. 1
Lemma 2. We have:
1. V;Z;‘Wms —((5) 5
2. VI Vi = pp2 ! Ul (cos a+2) U ( a+2)
o /55,3
3. W Wi = S0 (o5 22 U,y (cos 25)
PT’OOf 1. = Z 5pzm0dk:6q zmode[ ] ( +2) U[%] ( +1)

Since p < b and q > b then OpimodkOqimodk = 0 for all ¢.

2. V Ny ot = Z Op,imod kOp! zmode[ ] ( +2) U[%’] ( +2)

If p 2 p' then (5pzm0dk5p imodr = 0 for all 4.
On the other hand, by Lemma 1:
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67’T ! T
VT Z U ( a+2) U ( a+2) - 2 Ua+1 ( a+2) U (COS a+2) ’

(Smcep<b Z—jk—l—p<n—1<:>j§a)
3. WT Wq s = Z 6q zmodkéq zmode[%] ( a+1) U[

If q 7é q then 6qzm0dk6q imodk — =0.
On the other hand, by Lemma 1:

a—1 /
ST s'm 05,5 ST ST
T Wee = jEO U; (cos p—y 1) U; (cos s 1) =5 Ul (cos "y 1) Uss (COSa—i— 1) :

(Since¢q>b: i=jk+qg<n—-1sj<a-1)
|

Corollary 1. Let C1,Cy, ..,C,, the columns of the matriz P, then:

1. CZTCJZO,
for all 4, j such that ¢ # ;.
2. CJTCJ - ;U(;Jrl (COS a+2) Ua ( a+2)
forj—1=b(r—1)+p<(a+1)b, wherel <r<a+1 and 0 <p<b.
3. OJTOJ = 1U, (COS asjl)U ( a+1)
for j > (a+1)b such thatj—l—(a+1)b: (s — 1) (k —b) + r, where
1<s<a andb<qg=r+0b<k.

To determine the explicit expression of the inverse of the matrix P we must
calculate U, (cos a+2) U, cos (a+2) U, ( a+1) and U,_1 ( a+1)
First by the relation 2.2

- rla+D)7w
Sin
o om ) <

@ a+2

ST s—1
Uae = (-1 .
(o) =

Differentiating the relation 2.2 with respect to 6 we get:
cos OU; (cos ) — sin” U] (cos @) = (i + 1) cos (i + 1) 6.

o (COS ST ) ()T e+

and

Hence

2 sw )
S a+1
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rm (—1)”rl (a+2)
Upir (cos ) = :
@ a-+2

a2 rm
S a+2

and

Theorem 3. Let P~! = (dij)1<; j<p then dij = hipj;,where

2
hz‘ = sin2 Tﬂ- s
a+ 2 a—+ 2

for i—1=b(r—1)+p<(a+1)b,1<r<a+1 and0<p<hb.
and

2 5 sT
sin ,
a+1 a+1

i =

if i>(a+1)bsuchthati—1—(a+1)b=(s—1)(k—0b)+7r,1<s<a and
b<qg=r+b<k.

Proof. According to Corollary 1., the jth row of the matrix P~! is Y; 1C’T

where
rT rT
U’ — U, ,
1T ““( a+2) (Cosa+2)

forj—1=b(r—1)4+p<(a+1)b1<r<a+1 and0<p<yb,

and
1 ST ST
v = QU‘; (COSa—i— 1) Ua—1 (cos = 1) :

for j > (a+1)bsuch that j —1 —(a+1)b=(s—1)(k—b)+r,1 <s<a
andb<qg=r+b<k.

Hence:

If j—1=b(r—1)+p<(a+1)bjl1<r<a+1 and0<p<b, then

a+ 2
2 rmw
a+2

If j>(a+1)bsuchthat j—1—(a+1)b=(s—1)(k—b)+7r, 1<s<a
and b < q=r+0b< k then

Vi =

2 sin

a+1
2 sm
a+1

T 2 sin

The result follows. g
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4. MAIN RESULT

Let T™ = <t§7))
7/ 1<ij<n

PJjmpt,

The diagonal matrix J = (ki:j)1<i,j<n is such that k;; =0 if i # j and:

Ifj—1=b(r—1)4+p<(a+1)b1<r<a+1 and0<p < b, then
kj,j = )\r.

If j>(a+1)bsuchthat j —1—(a+1)b=(s—1)(k—-b)+r, 1 <s<a
and b < g =1r+0b<kthen k;; = p,.

the mth power(m € N) of the matrix 7', then 7™ =

Theorem 4. Let T™ = <t(m) the mth power(m € N) of the matriz T,

” )1§z‘,j§n

then:

(4.1) 17 =" prabju s ha,
u=1

where:

Ifu<(a+1)bu—1=br—1)+p, 1<r<a+1,0<p<b, then:

2 4T rT
”yu—)\r, hu_a—}-QSID 012 and Piu = (5p,i,1mode[%] (COSa+2).

If (a+1)b<wu, u—1—(a+1)b=(s=1)(k=b)+r,1<s<a and
b<qg=r+0b<k, then:

2 5 8T ST
Yu = Mg hu = ar1 sin at1 and Piw = 5q,i71mode[%] (COS a—+ 1) .

Remark 2. The matriz T' is nonsingular if and only A\.peg, # 0 for all r,s and
(-1

the expression of the inverse (tij )) 1s obtained from the expression 4.1
7 ) 1<ij<n

by putting m = —1.

5. EXAMPLES

Example 2. k = 1. Tridiagonal matriz [2].

Then a =n and b= 0. Hence for m € N(Or m = —1 if T is nonsingular)

n
tgf;?) = -2 uzl [+ 2cos 2] ™ sin® LU,y (cos 25) Uy (cos 42)

n
=2 [ ﬂ]m WM 1) WIT
= -9 El c—i-QCoan sin .25 sin <7
u:
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Example 3. k = 2. Pentadiagonal matriz [4, 5].

Case 1 (n =2a,a € N*). Hence b= 0.

J

We have fori,j : p;j = 5—1—U[
where w =0 if u is even and u =1 if u is odd.

Hence:
Par2s = Up_ (cos a+1) , Dort1,2s41 = U, (cos %) and p;; = 0 if 1 # j.

We deduce that if i # j then tg?) = 0. Moreover:

tgrrf%s = Z p2r,up2s,u7umhu

u=1
a
= Z h2vp2r,2vp23,2v732,
v=1
a
_ 2 2 uw m
= o Z:lsm por | L ( +1) Us—1 (cos —+1) [c+ 2 cos +1}
v=
a
_ 2 s TUT i SUT v 1M
! ZISHI 255 sin 297 | a5
v=
and
(m) - m
t27‘+1 25+1  — Z hup2r+1,up25+1,u7u

u=1

a—1
= Z hoys1D2r41 2v+1p2s+1,2v+177ﬂ+1
v=0

2 o

:a+1ZU (cosaH)U (cosa—H) [c+2cosa+1} sin® -2

_ (r+D)vr . (s+1)orw
=% Zsm o sin S [c+ 2 cos

a+1}

Case 2 (n=2a+1,a€N*). Henceb=1,
Ifj<a+1 thenj—1=(r—1)b+p, withp=0 andr=j.
We have:

s 5. By = (5,
and 7] =c+ 2 cos ‘712

Ifj >a+1thenj—1—(a+1) = (k=b)(s—=1)+r withr = 0 and
s=j—(a+1).
Hence

Pij = 51,ﬁU[%] ( a+2) = 01771 (_1)[7] U[i—l] (COS aJJ:FQ)

hj:—sn (jﬂ),

a+2 a+2
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and v; = oI5 =c—2cos TQ
We have fori,j =1,...,n:
a+1
sz uPju Y P + Z Piulju Yy M-

u=a+2

It follow that if i # j then tzT =0.

On the othgr hand:

tg:b%s = Z p?r,upQS,u/yznhu
u=1
- Z hup?r,upQS,u/yum
u=a-+2
1 r+s n
— a+)1 Z+ sin? aT1 U,_1 (cos m) Us_ (cos ?) [c — 2cos a+1]
u=a
= 2 3 sin 2 sin 2% | 5]
v=
and
(m) a+1 .
t2r+1,25+1 - Zlhup2r+1,up2s+1,u/7u
‘= a+1
= a+2 Z sm2 21U, (cos a—+2) U (cos —) [c+ 2 cos a+2}

o (r+D)ur . (s+1)ur m
=5 Z sin S5 sin S o 4 2 cos 2]
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