Applied Mathematical Sciences, Vol. 4, 2010, no. 33, 1635 - 1646

Sensitivity Analysis in Fuzzy Environment

F. Hosseinzadeh Lotfi*', M. Alimardani Jondabeh®
and M. Faizrahnemoon*

Department of Mathematics, Tehran Science and Research Branch
Islamic Azad University, Tehran, Iran

®Department of Mathematics, Tehran North Branch
Islamic Azad University, Tehran, Iran

Abstract

Data envelopment analysis (DEA) is a method to estimate the relative
efficiency of decision-making units ( DMUs) performing similar tasks in a
production system that consumes multiple inputs to produce multiple outputs.
Sensitivity analysis of specific DMU, which is under evaluation, is one of the
topics of interests in data envelopment analysis. In traditional DEA, it is
assumed that all inputs and outputs are exactly known . in real world, exact
data may not be available. In this paper, we develop a sensitivity analysis
approach for the additive model. Inputs and outputs are symmetric triangular
fuzzy numbers. Variations in the data are considered for the margins of the
fuzzy numbers of inputs and outputs of a specific efficient DMU and the data
for the remaining DMUs are assumed fixed.
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1 Introduction

During the recent years, the issue of sensitivity and stability of data envelopment
analysis results has been extensively studied. The first DEA sensitivity analysis
paper by Charnes et al. [3] examined change in a single output. This is followed by
a series of sensitivity analysis articles by Charnes and Neralic [5] in which sufficient
conditions for simultaneous change of all outputs and all inputs of an efficient DMU
which preserves efficiency were established. Seiford and Zhu [10] proposed a sen-
sitivity analysis method that inputs or outputs could change individually, so they
obtained the largest stability region.
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Traditional DEA models such as CCR, BCC [1,4] and additive models require
exact data, but in more general cases, the data for evaluation are often collected
from investigation to decide the natural languages such as good, medium and bad
rather than a specific case. That is, the inputs and outputs are fuzzy. Based on
fuzzy set theory, we can find several fuzzy approaches to the assessment of efficiency
, ranking or sensitivity analysis in the DEA literature. Sengupta [11] analyzed the
resulting fuzzy DEA model by using Zimmermann’s method. Guo and Tanaka [7]
and Leon et al. [9] employed the fuzzy ranking approach.

The main purpose of this paper is to study sensitivity analysis of the additive
model in fuzzy environment. It is assumed that inputs and outputs are symmetric
triangular fuzzy numbers. We restrict our attention to the case where the increase of
inputs and the decrease of outputs for the efficient DM Up, which is under evaluation
are performed simultaneously. We wish to determine a region in which DMUp
remains efficient. In order to increase inputs, we decrease the margins of symmetric
triangular fuzzy numbers of inputs. We decrease outputs by increasing the margins
of symmetric triangular fuzzy numbers of outputs.

This paper is organized as follows: In section 2 we note symmetric triangular
fuzzy numbers, and develop the additive model with symmetric triangular fuzzy
numbers. Section 3 presents a sensitivity analysis method. The intent of section 4
is to provide a numerical example. The paper is concluded in section 5.

2 Preliminaries

We represent an arbitrary fuzzy number by an ordered pair of functions @ =:
(u(r),u(r)), 0 <r <1, which satisfy the following requirements:

e u(r) is a bounded left continuous nondecreasing function over [0,1].
e %(r) is a bounded left continuous nonincreasing function over [0,1].
e u(r) and u(r) are right continuous at 0

o u(r)<u(r),0<r<1L.

Definition 1. M; = Core(a) = u(l) = u(l); and Lz = Mz — u(0) > 0 and
Uz = u(0) — Mz > 0 are the left and right margins of @ = (Mg, Lg, Uy).

Definition 2. The fuzzy number t =: (M;— L;+ Lyr, M;+U; — Usr) =: (M;, L;, U;),
0 < r < 1is an Asymmetric Triangular Fuzzy number. As a matter of fact M; —
L; + Lyr = t(r) and M; + Uy — Upr = t(r) where Mj, L;, U; € R.
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A conventional fuzzy number is the symmetric triangular fuzzy number Slc, o
where Lg = Us = o centered at ¢ with basis 2¢.Its parametric form is Slc, o] =:
(c—o+r(o),ct+o—r(0)):=(co) ,0<r <1whichc o€ R, cis the center and
o > 0 is the margin of S[c, o] and it is called symmetric triangular fuzzy number.

Definition 3. Let ¢t = (Mj, L;, U;), @ = (Mg, Lg, Ug) are non-symmetric triangular
fuzzy numbers and k£ € R, by using extension principal we can define:

1. t = @ if and only if M; = My; and L; = Lz and U; = Uj.

2. £+ 1= (M + Ma, Li + La, Uy + Uy).

i { (EM;, kL;, kU;), k>0

(kMg, —kLL:, —kUg), k<0

Definition 4. For two fuzzy numbers in parametric forms t = (t(r),t(r)) , 0 =
(u(r),u(r)) we have t& = h = (h(r), h(r)) where

h(r) = Min{t(r)u(r), ¢(r)u(r), t(r)u(r), t(r)u(r)} , and
t

R(r)) = Maz{t(ryulr), Fr)atr), € )ulr), ()}

Definition 5. (Ordering symmetric triangular fuzzy numbers) Let ¢ = (c;; 07) and
u = (cg;05) are two symmetric triangular fuzzy numbers. We can define their
ordering as follows:

We say t <* @ if and only if (¢; < cz) V (¢; = ca A 07 > 03)

In case of equality we have £ =* @ if and only if ((c; = cg) A (07 = 04)).

And ¢ <* @ if and only if (f <* @V =* @) it means that :

[(c; < ca) V(g =caNop>0a)| V(g =cahop =04,

Now, suppose that there are n decision making units, with s outputs and m
inputs. Y; , X; are the observed vectors of outputs and inputs of DMUj, respectively,
j=1,...n. It is assumed that, The observed values are positive symmetric triangular
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fuzzy numbers. Fuzzy additive model is as follows:

m S
Maz E s; + E st
i—1 r=1

n
s.t. Z/\jgrj — 55 =" r=1,..s
j=1

Z)\jii]‘—'—S; =" -%/ip 1= 1,...,771,

(2)
2 N =1

j=1

s; >0 1=1,...m
st >0 r=1,..,s
>0 j=1,..n

We attribute p(a) = cz—dogz to the symmetric triangular fuzzy number a = S|cz, 03],
in which 0 is a small, positive and real number by using ¢ the following model is
obtained:

Maz Z s; + Z st
=1 r=1
s.t. Z Ni(Uri) — st = o(Urp) r=1,..,s
j=1
> Ne(@y) +s; =e(@)  i=1,...m 3
j=1

j=1

s; >0 1=1,...,m
st >0 r=1,..,s
A >0 j=1,..n

Theorem 1. DMU, with symmetric triangular fuzzy inputs and outputs is Pareto-

Koopmans efficient if and only if in linear programming problem (??)Z s; "+

=1
S
+x
E s =0.
r=1

m S
Proof. Firt, suppose that in linear programming problem (??)Z s; "+ Z s 40
i=1 r=1
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Assume that (A\*, S™*,S7*) is the optimal solution of (??). We know that Z s; "+

i=1
S
E s >0, so
r=1

3 i:s,7>0 or 3 r:s>0.
We can suppose that s;* > 0. projection of a point on the boundary is as follows:

l o(Tip) — 87" i=1,...m
O(Yrp) + 5 r=1,.s

so a production possibility is found whose first component of its input vector
is less than the first component of DMU,’s input vector. Therefore, DMU, is not
Pareto-Koopmans efficient.

Now assume that DMU, is not Pareto-Koopmans efficient, so
n

3 XN>0 j=1..n , X =1,

j=1

—ijcp(fip) i=1,...m
j=1

n
Z)\jw(ﬂrp) r=1,..,s

j=1
At least one of the inequalities is strict. For example i=1.

> Xp(@y) + 51 = @(Ty) 51> 0

Jj=1

ZXJ(,O(Z’EZ]) + Sz’_ = (,O(fozp) 1= 2, .., m
j=1

ij(p(grj) - 3:_ = @(grp) r=1,..,s
j=1

(]

A =1
j=1

So (A, §7,5%) is a feasible solution whose value of objective function is positive.
Therefore, the optimal value of objective function is positive. O

We want to know that how much can we change inputs and outputs of an efficient
DMUp so that it preserves its efficiency. It is clear that by decreasing inputs and
increasing outputs of DMU,, it remains efficient, so downward variations of outputs
and upward variations of inputs must be considered. If the core of a symmetric
triangular fuzzy number is constant, decrease of margin of a symmetric triangular
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fuzzy number cause increase of the fuzzy number, so we exert the following changes
on the margins of inputs and outputs of DMUp:

o(Ty) =c(@y) . o) =0@)-F=0 . /=0 i=1..m
C({er) = C({er) ’ O-(grp) = O'({er)—f‘OéT ) Qr Z 0 ’ grp >0 r=
1,..,s

3 Sensitivity analysis in fuzzy environment

Let a; j =1,..,m+ s+ n be the columns of the matrix and let ap be the right
hand side vector for linear programming problem(??). Let (A*, S™* S7*) be the
basic optimal solution of Pareto-Koopmans efficient DMU,, with the optimal basis
matrix

o(Ys) —If 0
B=| ¢o(X5g) 0 I}
el 0 0

B=lbjli; Gj=1..m+s+1 = Bl'=[b;'] ij=1,..m+s+1
would be the inverse of matrix B. We will use the following notations:

y; = B7'a; 7=0,1,2,...m+s+n , wl =CLB™! ,
zj = CyB a; = wla; 17=0,1,2,...m+s+n

Simultaneous change of the margins of outputs and inputs means the following
perturbation of the optimal basis matrix B:
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0 . 0 6Bn 0 ... 0
0 ... 0 00 .. 0

Where the distinct column corresponds to the optimal basic variable. Right hand
side vector also changes as follows:

ap =ap + [—(5041 - 5065 6ﬂ1 + 6ﬂm O]T (5)

It can be easily showed that if p = — Z b (6cv) + Z Dpsse(00:) , for matrices
t=1 =1

B~! and D the following holds:

B'DB™'D = pB~'D (6)

Because of (??) we can use the following theorem of Charnes and Cooper, which
is proved in a more general form in [2].

Theorem 2. Let B be a k x k matriz with inverse B~Y. Let D be a k x k matriz
such that B"*DB™'D = pB~'D for some real scalar p. If o is any scalar such that
po # —1, then

(B+oD)'=B Y I+7DB™')=(I+ 7B 'D)B™!, where 1 = —o(1 + po)~*.

If o=1, p#—-1 and 7= =% | then we have

(1+p)
(B '=(B+D)'=B ' I+7DB )= (I+7B'D)B™!, (7)
Theorem 3. Conditions
—7w'Dy; > z; —¢;, j€N.B (8)

are sufficient for Pareto-Koopmans efficient DMU, with fuzzy input and output
data to preserve efficiency after changes.
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Proof. We know that optimality conditions of the perturbed basis are
Vj ’L/JT&J' —Cj <0 (9)

primal feasibility condition for the basic variables is

~

Jp = (B)'ap > 0. (10)
We can write 2 as
Zj =cpB 'a; + 1cgB~'DBa; = w”a; + Tw’ Dy; = z; + Tw’ Dy;. (11)

We know that z; —¢; = 2z; —¢; = 0 for j an index of basic variables, so we
have.

zi+Tw'Dy; —c; >0, j€N.DB (12)

In which N.B is the set of non-basic variables. It is clear that conditions (?7) and
(??) are the same. Now We want to show primal feasibility of basic variables and
efficiency in order to complete the proof.

gl\a = ([ + TBilD)Bfl(CLP + [—50(1 e (50[5 561 5ﬁm O]T) =
(I +7B7'D)(yp + (B~'D);) = Cy, )
with
C=(I+7B'D) (14)
g=yp+ (B'D); (15)

where (B~!'D);, is column k of B~'D. Matrix C has the following structure:

0 ... 0 cr 0 ... 0
1

[ 1
0 0 Col 0 ... 0

00 .. 0 Cs+m+1,k 0 ... 1



Sensitivity analysis in fuzzy environment

1643

¢ = 7(B~ :—TZbﬁ (dev) +TZ aa(0B) =12, m+s+1

(16)

95 = yjp + (BT D)k = yjp — Zbﬁ (Jev) +Z L(68)  =1,2,mts+1

t=1 t=1
(17)

DMUp is efficient = yp, = Ay =1 = g = ykyp—z b (6cy) +Z b,;;rt(éﬂt) =
t=1
1+p,s0

Yip = 9j + Cjngr = Zb]t Ly +Z jis+t (65:)+

m

= (O b (0ay) ZJ;HM (1+p)=yp=0 j=12..m+s+1
t=1

(18)
so the primal feasibility of basic variables is proved. Moreover, it is clear that the
basic variables have not been changed and we have z, = 2z, = 0. It is concluded that

the efficiency of DMU, has been preserved, which completes the proof O

If 1+ p > 0 The system of inequalities can be written as

S

D (bt (25 = ;) = wi) (0ay) = > bk (=
t=1

t=1

(19)
4 Numerical Example

The following example with five DMUs, one output and two outputs will be con-
sidered.

Table. 1

| DMU, | DMU, | DMUs | DMU, | DMUs
T1j SH»%] S[2,1) | S[8,1] S16, %] S[2, i]
Ta; | S[6,3) | S18:1) | S[2.3] | S6,3] | S[81]

ws+tykj)(5ﬁt) X % — Gy, j € NB
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In order to see if DMU], is efficient or not the following should be solved:

Mazxsy + sy + 87

s.t. ( —i(g)/\l—i‘( —%5))\2—}-( —i(g)/\g,—i‘( _ié))\4+( —ié)/\5—81’—:3—i5
( —ié))\1+(12—6)/\2+(8—5))\3+( —%6)/\4+( —ié)/\5+5f:6—%5
(6—2)M+(B8—=0) A+ (2— 1A+ (6 — 20) A+ (8= 0)As + 55 =6 — 36

MFA+ A+ M+ =1
sf,sg,szO 1=1,....m

\>0 0 j=1,..5

(20)
The optimal solution of the above problem is A} = 1, A} = X5 = ] = A =
0, s7* = s;" = s3° = 0 and the optimal value of the objective function is zero

which means that DMU, is Pareto-Koopmans efficient. Optimal basic variables are
A5, A5, AL, 57" The optimal basis matrix is

2.9997 0
9.9995 1
5.9995 0

10

with inverse

10
—2.0002 1
—0.6667 0
—0.3333 0

B!'=

1.9998
1.9998

7.999
1

1.9998
7.999

1.9998 |’
1

0 —1.9998
1 —5.9988

0.1667  0.9999 |~
—0.1667  1.9998

We must exert the following changes on inputs and outputs of DMUj,:

§14:S[67%_51] B =0
§24=S[67%—52] B =0

=

=

EN

~

©(Y14) =3 — ifs —0ay
p(T1a) =6 — 16+ 68, (21)

We have the following optimal basis perturbation matrix and change of the right

hand side vector:

—(SOél
0f

032
0

D=

o O O O

o O O O

o O O O
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ZZP = Qyp + [—(5041 6ﬂ1 562 O]T (22)

cb=0 1 0 0 (23)

wh =cEB™ =[-2.0002 1 1 — 5.9988] (24)
p:_5a1 ) 7—21:51(11 ’ p7é—1 ’ 1+p>0

Sufficient conditions for preserving efficiency of DMU, are

(b1 — wiy1y) (0an) — (bac; — wayi;)(661) — (b G — wsy1;)(602) <G j=1,2,6,8
(25)

so the following system of inequalities obtains:
0<dar <1 , 6620 , 66,=20
9.99(dcv1) + 1.99(031) + 1.99(055) < 5.99
—(SOél — 561 + 562 < 1.0002
3—-15—-6a;>0 , L-B>0 , £-(3>0

The solution set of the system of inequalities shows the amount of possible
changes of inputs and outputs of DMUj.

5 Conclusion

In this paper we studied a sensitivity analysis method in fuzzy environment. Inputs
and outputs were assumed symmetric triangular fuzzy numbers. We found sufficient
conditions for simultaneous change of the margins of all outputs and all inputs of an
efficient DMU which preserves efficiency. In other words, we found a region in which
inputs and outputs of an efficient DMU, which is under consideration can change so
that it remains efficient. The margins of inputs were decreased in order to increase
inputs, and outputs were decreased by increasing the margins of outputs.
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