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1. INTRODUCTION

The existence, uniqueness and smoothness of solutions of the mixed bound-
ary value problem in domains with conical points have been studied by many
authors [1, 2, 3, 4, 7, 8]. Mixed boundary problem for linear elliptic equa-
tion was studed in [9]. In this paper, we consider the mixed boundary value
problem for semilinear elliptic equations in domains with edges. We will prove
the existence and uniqueness of generalized solutions of the problem in the
space WQ{O(Q, ', y) N LP(Q). Furthermore, we will prove the smoothness of
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generalized solutions of the problem in bounded domain €2 of 2 - dimensions
with edges.

The paper is organized as follows, in Sec.2, we introduce the notations and
functional spaces being used. The main results are presented in Sec.3 and
Sec.4.

2. FUNCTION SPACES AND PRELIMINARY RESULTS

Suppose that €2 is the bounded domain in R™, n > 2. Its boundary 02 con-
sists of k - smooth manifolds I'y, I'y, ..., 'y of (n—1) - dimension. Furthermore,
each I'; intersects with I';_; or I';;; by manifolds [;_; or [;, respectively. With-
out loss of generality we may assume that 02 consists of two manifolds, I'y
and 'y, intersected by manifold [y. For the any point P € [y there are defined
two half-spaces I'1 (P), I'y(P) of (n — 1) - dimension tangential to 02 and the
2- dimensional plane 7(P) normal to [y in P. We denote by v(P) the angle in
7(P) bounded by the rays I'y(P) Nw(P), 'y (P) N7(P), and by S(P) the value
of this angle.

In this paper we use following functional spaces:

o W*(Q) - the space consisting of all functions u(z) which have generalized

u
derivatives —,0 < s < k, satisfying
ox*

o%u

1

) 3
dx < +00.
oxs

k
e = / 3
Q s=0

e W¥(Q) - the space consisting of all functions u(x) which have generalized

u e
Erl 0 < s <k, satisfying

k
llhwey = [ 3 / o
s=0 O

where r = r(z) is an infinitely differentiable positive function.

derivatives

0u
oxs

2
dz < +00,

o WH(Q) - the space consisting of all functions u(z) which have generalized

U
derivatives — 0 < s < k, with the norm
x
k 2 2
0°u
2s—k
HUHW(If(Q) = Z/TOH_ (s=k) % dz < 400.
s=0 Q



Semilinear elliptic equation 1755

o Wy3,(€2) is the closure in W(Q) of set consisting of all infinitely differen-
tiable functions in €2 which vanish near 92.

o Wy(Q,I',Iy) is the closure in W3 () of set consisting of all infinitely
differentiable functions in €2 which vanish near I';.

o B =W;,(Q,T1,Ty) N LP(Q) is the space consisting of all functions u(x)
satisfying

lullz = HUHWQ{O(Q,FLFQ) + ||u||LP(Q)-

Let us consider the partial differential operator

n

n
Lu = E (aijus,)s; + g a;uy, + au,
ij=1 i=1

where a;;, a;, a are infinitely differentiable functions in {2 and satisfy

(1) Q5 = Ajq, ’L,j = 1,2, Ty

(2) P <) aub < valgl VEER™[E]£0,) Jail* < M,
i=1

1,j=1

(3) — Mz <a<—-M,y, M;,»My,,Ms;>0.

We consider the operator

¢: FE— FE*
where
O(u) = —Lu + |ulfu+ f,
and
(4) (L(w),w) = —/ [Z AijWe Wz, — Z aiw,w — aw?| dz,
o Lij=1 i=1

where w = u —v,u,v € E.

Lemma 2.1. For every u,v in E, we have following inequality
(®(u) — (v),u—v) <0.

Proof. We have

(5) (®(u) — ®(v),u —v) = —(L(u—v),u —v) + (Jul’u— |v|°v,u — V).
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By using Cauchy’s inequality and conditions (2),(3), we obtain

“ 9 M1

(© |3 awnods < Sllnlage + 21wl

Q =1
7) [ awtds < llolag,

Q
From (6)-(7), we have

€ M,

®) (L)) > vwla — Slwelia — 51l + Malloldae)

From (8) choose € = v, we get
(9)
v M,
(L)) 2 sl + (Mo = 5 ) Il 2 Cillelhug e 2 0.

14

M M
where | = min (g, My — 2—1) >0, My — 2—1 > 0 when M5 > 0 and is large
v
enough.
We consider

(Jul"u = JvlPv)(u = v) = [u|*** + [0 = (Jul"wv + [v]"uv)
> [ul + o] = (Jul”" o] + [0l ul)
= (Jul”** = Pl ) (Jul — [v])

> 0,

for Yu,v € E. Hence

(10) ((Julfu — |v|Pv), (u — v) / |ulPu — |v|Pv)(u —v)dz > 0.
Q

From (5)-(9)-(10), we have
(P(u) — ®(v),u —v) > 0.
The proof is complete. O

We recall two basic lemmas.

Lemma 2.2. [6] Leting u, — u a.e. in L*(Q), u, is uniformly bounded in
LP(Q) forp = p+2,p > 0. Then |u,|fu, — |ulPu weakly in LI(Q), where

11
4 =1.
P q
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Puting G(w) = [(Julfu — |v|fv)wdz, where w = u — v, we have following
0
lemma:

Lemma 2.3. [5] Leting u,v € E,p < -2 (in case n = 2, p is arbitrarily
finite), then G(w) satisfying

|G(w)]| < C’2||w]|%g(ﬂ), Cy = const > 0.

Lemmas 2.1, 2.2, 2.3 are basic tolls for proving the existence and uniqueness

of solutions of the problem under consideration.

3. EXISTENCE AND UNIQUENESS OF SOLUTION

We consider the following problem

(11) Lu—|ulffu=f in Q,
(12) ulp, =0,
ou
(13) e (Y
on |
ou n _
where = > aw cos( n,x;), W is the outer normal Of).
3,7=1

Definition 3.1. A function u(zx) is called a generalized solution of the problem

(11)-(13) in the space E if it satisfies
dr + / |u|Pundz = —/fndx,
0 Q

/ [Z az]u:vzn:vj - Z A;Ug, ) — aum

2] 1 i=1

for all test functionn € E, p=p+ 2.
First, we prove the existence of generalized solution of the problem (11)-(13).

Theorem 3.1. If f € L*(Q) then the problem (11)- (]5’) has a generalized
solution u(x) in the space E, where p = p+2,p < == (if n = 2 then p is
arbitrary finite).

Proof. Consider approximate solution u™ (z) following the form

N
= i)
k=1
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where {¢x(7)}2°, is basic of E which is orthonormal in L*(Q2). We get u¥

from solving the problem

(15)

<Z aWw) - (Z aiu;i,gok> — (@™, o) + ([P, ) = —(f.00),
=1

ij=1

fork=1,2,...,N.

(16) u™| =0,
Iy
ouN
17 — =0.
(17) el

The f is continuous, using the Peano theorem we get the local existence of u'.
By multiplying both sides (15) with C}¥, then taking the sum with respect
to k from 1 to N, we obtain

(18)
[ Y eutuan = [ S audutas - [auPast [pae— - [ ru¥as
o b=l o i=1 2 J J

Using hypotheses (1)-(3) and Cauchy’s inequality from (6)-(7) we get

(19) S agulude > vl e
o b=l
20 n‘NNd<§ N2 %NQ Ve > 0
20) [ S adudr < S + ol e, Ve >0
Qi=1
@) [aPdo < Mol [,
Q
1 1
@) [ e < G + gl
Q

Choose ¢ = v. From (18)-(22) we have

M,y 1

Vi N N N 1
(23) iHuI H%Q(Q) + H’LL Hip(ﬂ) < (E - M2 + 5) HU H%Q(Q) + 5”][“%2(9)
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1
Choose M, > 0 large enough such that § = % — M,y + 5 < 0 and put

C3 = min(§, —d) > 0, we obtain

1
(21) Calle Iy v + 1 ey < 217 I
Thank to (24), we have
(25) HuNHWQ{O(QILFQ) < (Cy, ||uNHLp(Q) < C4, C4=const >0,

for VN.

By the Sobolev’s imbedding theorem W3 (€, Ty, Ty) — L*(Q), since {u}
is uniformly bounded in L?*(§2), we can choose a subsequence {u,} — u(z)
weakly a.e. in L?*(Q)). We will prove that u(x) is a solution of the problem
(11)-(13).

By Lemma 2.2, it is sufficient to prove that |u,|u, — |u|Pu weakly in L?(2).

N
Put M = {n = > drpr(x)| di arbitrary}. The space M is a subspace of
k=1

the space F.
Multiplying both sides of (15) by d, then taking the sum with respect to k
from 1 to N, we obtain

(26)
/Zaijuwinxjdx—/Zaiuwindx—/aulmdx—i—/|uu|pulmdx:—/fndx.
Q =l o =1 Q Q Q

For each n € M, taking limits ;1 — oo, equality (26) implies
(27)

/Zaijumnxddx—/Zaiumndx—/aundx+/!u|pundx:—/fndx.
Q o =1 Q Q Q

1,j=1

Morever, we have

Up| = u’rl =0,

I

ou

ou
—’LL H —_—
Iy on

on

=0as p — oo.

1)

The proof is complete. O

2

Theorem 3.2. If f € L*(2),p < — (if n = 2, p is arbitrary finite), then
n JE—

the problem (11)-(13) has at most one generalized solutions in Wy 4(€2,T'1,T).
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Proof. Suppose the problem (11)-(13) has two generalized solutions u,v in
Wyo(,T1,Ts). If w=u — v, we have

(28)
/ Z AijWe Ne; A — /Zaiwxindx — /awndx = — /(\u|pu — |v|Pv)nde,
o Bi=l1 o =1 Q Q

for Vn € W2170(Q, Fla Fg)
Taking 7 = w, (28) implies that

/ Z AijWe,We, AT — / Zaiwxiwdx - /andx =— /(]u|”u — |v]fv)wdz.
Q =1 o =1 Q Q
By using Cauchy-Bunhiacopski’s inequality and Lemma 2.3 we obtain
£ M1
VlwellZ20) < Sllwrlzag + 5 1@ lze) = Mellwlizag) +IG(W)L

Taking ¢ = v, we have

14 M1
(29) Sleslliag < (5 = Ma+ Co)llwllzqo.

M
From (29), choose My > 0 large enough such that C5 = 2—1 — My +Cy <0
v
and put Cg = min <g, —05) > (), we obtain

(30) CﬁHwH?/VQ{O(Q,FhFQ) <0
From (30) we have
u=v in W21,0(Q7F17F2)‘

This implies the uniqueness of the solution. O

4. SOME FURTHER RESULTS IN DOMAIN OF 2-DIMENSIONS

In this section, we consider smoothness of the generalized solutions in bounded
domain Q € R? with edges. By mathematical transformation € equals Q° and
has the property

0<r=1/o?+4+123 <400, 0< arctan% < B = const.
1
Hence, boundary 9€Q° consist of

= {z| arctan —2 = 0}, 19 ={z | arctan —2 = B}
X €
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Consider the problem of QY for equation (11) and conditions:

(31) uf o =0,
ou
(32) %]Fg =0.

Using the arguments as in the proof of Lemma 2.1 [8], we obtain the following
lemma.

Lemma 4.1. Let u € W3 (Q°,T9,19) and [ r*grad®udz < +oo, then
0o
(33) /ro‘2\u|2dx < C7/ragrad2udx,
Qo Qo
where r = \/2? 4+ 23, € R, C; = const > 0.
From Lemma 4.1, we get the following result:

If u € Wyo(Q°,T9,T9) and u = 0 when 7 > d > 0 then there exists the
Friedrich’s inequality

(34) /qux < dQ/grad%dx.
Qo Qo

Theorem 4.1. Leting u(z) for a generalized solution of problem (11)-(31)-
(32), and f € L*(Q°); u=0 whenr >d >0 (d - small enough), we have

2
(35) /grad2ud$+/%dx < /\f]de.
Qo Qo

0o

Proof. Leting u(x) for a generalized solution of problem (11)-(31)-(32), we have

dx+/|u|pundx: —/fndx,
0o

Q0

n

(36) / [i iUz Ne; — Z AUy, 7] — AU
0o

i,j=1 i=1

for Vi € Wy ,(Q0,T9,T9).
Taking n = u, we obtain

n n

2

/ E Ajj U, Uy — E AiUg, U — au
o0 i=1

i.j=1

dx+/|u|pdx:—/fudx.
Q0 0o

By using Cauchy-Bunhiacopski’s inequality and (34), we get
(37)

M 1 1
y/gradQudx + / luPdx < Y /grad2udx + = —My+ = /qux + = / | f?|d.
2 2v 2 2
(ol

QO Q0 Q0 QO
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M 1
From (34),(37) with d > 0 sufficiently small such that 6 = g—d2 {—1 — M, + —} >

2v 2
0, we get
1
(38) 5/grad2udx < §/|f|2dx.
Qo Qo
and then
(39) /grad2udx < Cg/ |f|?da,
Qo0 00

where C's > 0 depends on 4.
By Lemma 4.1 for a = 0 we have

2
(40) /u_2 < Cg/gradQudx.
r
Qo Qo
From (39)-(40), the theorem is completely proved. O

Lemma 4.2. Leting
i) ue WF™(Q%:u =0 when r >d >0 (d small enough);
i) a > 2k
Then
u € Wi (2°).
Proof. Let u € WET™(QP), we have

k+m /
s=0 Qo

With a > 2k,0 < s < k+ m we get

(41) / o2ty |
QO

2

68
Y dx < +o00.

oxs

2
dx < +o00.

S

2
dxg/ 0*u
QO

Oz’ oxs

Hence, (41) implies

(42> /Ta+2m+2(s—k—m)
QO

2
dx < 4o00.

0%u

da*

2
o°u
dz <
$_/ or
Q0

From (42) taking the sum with respect to s from 0 to k + m we obtain

ue Whm ()

The proof is complete. O
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Lemma 4.3. Suppose the conditions of Lemma 4.2 hold, and let k +m >
LpeN,p>lorpeR,p>k+m. Then

(43) [ul® € Wait ().

Proof. Considering cases
1) Case p=1,0 < s < k + m, we have

(44) / 2 do = /

as
From (44) we have a|u| € L*(Q°) and |u| € WFT™(QO0).
xS
By Lemma 4.2, it follows that |u| € W (Q°).

2) Case p > 1,0 < s < k+ m, we have

Oul?
or

2

88
[ul dzr < +o0.

oxs

0u
oxs

Olul
or

Jul !

(45)

0 |ul”

xs

From (45), we see that in terms of expansion of and its coefficients,

there forms:
10
) fule S
Otu| 0|l
”
) |ul S G

l
where 0 <y < p—1, Zsz—sl<sz<sl<z<l

Form 1: u € Wk+m(QO) Q° ¢ R? with £ +m > 1, then the Sobolev’s
imbedding theorem implies that
Wkrm(Q0) — C(Q0).

with continuous injection. Hence with u € C(Q ) |u|” continuous on Q’ and
|u|” bounded on Q°, ¥y > 0,we get |u|’~! bounded on Q°.
By using the result in case p = 1, we have

/ gz: 2dx < 400.
Qo
Hence
||~ % € L*(Q°).
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Form 2: Repeating arguments which are analogous to Form 1, we have |u|”
bounded in 20,0 < v < p—1, u € WF™(Q"), hence agxﬂ e WYQ) for
0<s; <k+m.

By using Sobolev’s imbedding theorem, we have

WHQ) = LX(Q°), Vp=>1,

hence
0% |ul
— e LAY, 1<i<l.
Oxsi (@) ==
By using Holdel’s inequality we obtain
(46)
o5 o5 2 951 2 o5t 2
/ '\up Lul |;u| dz < Chy Lul ’ |;u| < 400,
FA oxst oxst oz L2P1(Q0) Oxst L2P1(QO)
1 1 1
where — 4+ — +---+ — =1,C}9 = const > 0.
p1 D2 I o Jul o Jul
51 g4 5|4,
F 46), that |u|” € L*(QY).
rom (as) \Zfe see that |u] S o (QY)
Hence i € L2(Q°) when 0 < s < k +m,|ul? € WFT™(Q°) and |u|fu €
xS
jitm

Moreover, by Lemma 4.2, it follows that
[ulPu € Wit ().
This completes the proof. O

From Lemma 4.2, 4.3 and using the arguments as in the proof of Theorem 2.2
8], we obtain the following lemma.

Lemma 4.4. Let
) f € W)
i) ue WE™QO) N WO, () is a generalized solution of problem (11)-
(81)-(32) , w =0 when r > d > 0 (d sufficiently small);
i) a> 2k, k+m>1;
iv) peNp>lorpeRp>k+m—1.

Then

|ulPu € WEE2(QP).
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Remark 1: If u € WHQY),0 < a <2k > Lu=0forr >d(d>0-
sufficiently small), then u € W*=1(Q9).

Remark 2: If f € W(Q°) = L(Q°); u = 0 when r > d (d > 0 - sufficiently
small), g > 1, then u € W2(Q°).

Remark 3: If f € L*(Q°),u € Wy, (Q° T, T9) is a generalized solution of
problem (11)-(31)-(32), then |u|’u € L*(2°). Hence F' = |u|’u + f € L*(Q)
and this implies F € W2(Q°). In case k = 0 we get u € W2(Q0).

Theorem 4.2. Let
i) feWHQ)NLAHQ), 0<a<2k>1;
i) u e Wy (Q0,T9,19) is the generalized solution of problem (11)-(31)-(32),
u=0 forr >d>0 (d sufficiently small);
iy T o+ 2
i) —>k+2— ;
w 2
iv) peNp>lorpeR p>k—1.
Then

u e WH2(Q0).

Proof. We will prove the theorem by the inductive method with respect to k.
Let k = 1. Since f € W1(Q0, hence f € W9(Q°) and by Remark 2 we have
u e W2(Q°). We will prove |u|fu € W(QP).
a) First we prove that |ul? € W1(Q), i.e.

/ra_2‘|u|p‘2dx+/ro‘
QO Q0

(47) :/7““2\u|2pdx+/7°a(p\u]pl)2

Q0 Qo

Alulr 2
— | d
ox ‘ .

Olul 2
M’ dr < +o0,
ox

From Remark 2, f € L?(Q%) = u € W?2(Q%). By the Sobolev’s imbedding
theorem, we have

W2(Q°) — C(Q°).

Hence u € C(Q°) and |u|®, (s > 0) continousness on Q° |u|* bounded on Q°.
Because |u|*~2 is bounded and u € W2(QP), hence u € W(Q°) and we
have

(48) /Ta—2|u|20dx: /Ta_2|u|2p_2|U|2dl' S C«ll\/,ra—2|u|2dx < +OO7
QO Qo Q0
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w [ <o /

0o
From (48),(49), we have |u|? € W1(Q)
b) To prove |ul’u € W(Q0). Using the argument as in section a) we have

OlulPu 2
/ra_2’]u|pu’2dx+/ra 7\u| Y

ox
Qo Qo

(50) :/TO‘Q\uF(p“)dx—l—/ro‘

Qo Qo
hence |ulPu € W1(Q°) and F = |ul’u + f € W1(QP). By Lemma 4.4, we get
u e W3(Q0).
Now, let the theorem assertion holds up to k—1 > 1, i.e. if f € I/T/C’f’l(Qo),z >
o+ 2

a|u|p+1 2

ozr

dr < +o0,

€

then u € W*1(QP). We need to prove this holds up to k, (k > 2).

o 2
We have f € WHQ0),T > k42— % k> 2 and by inductive hypothesis
w

we have u € WH1(Q°). By Remark 1, it follows that u € W*(Q0), (k > 2).

k41—

0% |ul?
We see that in terms of the expansion of ’uj and its coefficients, there
x
forms
O u|
p—1
) a8
7831|u| 0 u|
2)

!
where 0 <y <p—1,> 8,=51<s<s51<i<[,0<s<k.
i=1
1) Case s = k. We consider form 1

Flul 2

(51) /ra(yuvl ‘“') dr < Ci /ra ag‘;j' dz < +o0,

Qo Qo
where Ci3 = const > 0, hence u € W*(Q0).

For form 2, we have
(9k1\u| (9"”
[l 2
6k1]u| ok2|ul  0%|ul |2

(52) :/ o )| " Sk Ok dz < +o0,

Q0
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Without loss of generality we may assume that k; = 1rr<1a<xl{kz}

If | = k then ky = ko = ... = k; = 1. Using Holde’s inequality and bounded-
ness of |u|” on Q° we get

/|u|2r|ux|2...]ux|2dx§C’14/|ux|2...|ux|2dx

QO QO
(53) < 014Hux||%/[/1(90)"'HULBH%/W(QO) < +00,

where C14 = const > 0. Because u € W*(QP), (k > 2), hence u, € W'(QP).
From 52, 53, we have M < +o0.
If [ < k, then we can let {Efgcl{k;z} =k =..=ks
*Leting p = 1, we choose k; = k;1, then ky > k;, 2 <1i <. For k =2, we
have result as in Section a); for kK > 3, we have k > ky and k—k; > 2,2 <i < [.
*Letingl<p§landeQwegetkigg,lgigl, hence k — k; > 2.
0" Ju

For all cases, we obtain k — k; > 2,2 < i <, hence Tk € Wk_’“i(QO).
_ €T
Because k — k; > 2 hence W+ (Q%) — C(0°),2 < i < [ with continuous
o
injection, it follows that ‘]:L| ,2 < i <lis bounded on Q°.
x 1

Moreover, u € WH1(Q0) = WL(Q0) for all [ < k + 1. From (52), we have

ok 2 o2
(54) M < 015\/74@ ax’;fl dzx < Cm/?“a ax]:;b dr < +00,
Qo Qo
Hence
Ok |ulP 2
(55) /TO‘ 732:2 dr < +o0.
Q0

2) Case s < k. Using the argument as in case s = k, we can prove that
lul? € WH(QO). This is implied

|u|Pu € WF(QP).
By Lemma 4.4, we have u € W*t2(Q0). The proof is completed. O
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