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Abstract

A new method namely, separation method based on zero point method [9] is
proposed for finding an optimal solution for integer transportation problems where
transportation cost, supply and demand are intervals. The proposed method is a non-
fuzzy method and also, has been developed without using the midpoint and width of
the interval in the objective function. The solution procedure is illustrated with a
numerical example. The separation method can be served as an important tool for
the decision makers when they are handling various types of logistic problems
having interval parameters. Further, the proposed method is extended to fuzzy
transportation problems.

Mathematics Subject Classification: 90C08, 90C70, 90B06, 90C29, 90C90

Keywords: Interval integer transportation problem, Optimal solution,
Zero point method, Fuzzy transportation problem.

1 Introduction

Various efficient methods were developed for solving transportation
problems with the assumption of precise source, destination parameter, and the
penalty factors. In real life problems, these conditions may not be satisfied always.
To deal with inexact coefficients in transportation problems, many researchers [1-3,
5-8, 10, 11] have proposed fuzzy and interval programming techniques for solving
them.

Das et al. [3] proposed a method, called fuzzy technique to solve interval
transportation problem by considering the right bound and the midpoint of the
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interval. Sengupta and Pal [10] proposed a new fuzzy orientated method to solve
interval transportation problems by considering the midpoint and width of the
interval in the objective function.

In this paper, we propose a new method namely, separation method to find
an optimal solution for integer transportation problems where transportation cost,
supply and demand are intervals. We develop the separation method without using
the midpoint and width of the interval in the objective function of the fully interval
transportation problem which is a non-fuzzy method. The proposed method is based
on zero point method [9]. The solution procedure is illustrated with a numerical
example. The new method can be served as an important tool for the decision
makers when they are handling various types of logistic problems having interval
parameters. Further, the proposed method is extended to fuzzy transportation
problems.

2 Preliminaries

Let D denote the set of all closed bounded intervals on the real line R.
Thatis, D={[a,b]l,a<b and a andb areinR }.

We need the following definitions of the basic arithmetic operators and
partial ordering on closed bounded intervals which can be found in [6, 4].

Definition 1: Let A=[a,b] and B =[c,d] be in D. Then,
A®B=[a+c,b+d];
AGB =[a-d,b-c];
KA = [ka,kb] if kis a positive real number;
kA = [kb,ka] if kisa negative real number and
A®B=[p,q] where p=min{ac,ad,bc,bd} and g=max.{ac,ad,bc,bd}

Definition 2: Let A=J[a,b] and B =[c,d] bein D. Then,
A<B if a<c and b<d
A>B if B<A,thatis, a>c and b>d and
A=B if A<B and B< A, thatis, a=c and b=d.

3 Fully Interval Integer Transportation Problems
Consider the following fully interval integer transportation problem (FIITP):
L m n
Minimize [z1,2,] = _Zl _Zl [cij, dij] ® [xj, Yij]
i=1l j=

subject to
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'%1 [Xij, y”] = [ai, pi], i =1,2,...,m (1)
=
El [ Y] = 05,051, =12, @
1=

Xj=0,v¥20,i=12..,mand j=12,..,n andare integers  (3)

where  ¢jj and dj; are positive real numbers for all i and j, a and p; are
positive real numbers for all i and bjand q; are positive real numbers for all j.

Definition 3: The set { [xjj, y;], forall i=1,2,..,m and j=12,..,n} issaid to be
a feasible solution of (FIITP) if they satisfy the equations (1), (2) and (3).

Definition 4: A feasible solution {[X;;, y;jI, for i=1,2,...,m and j=12,..,n} of the
problem (FIITP) is said to be an optimal solution of (FIITP) if

E % [Cijvdij]®[xiijij]Sg % [cij, dij] ® [uij, vij],

i=l j=1 i=l j=1
fori=12,..mand j=12,.,n and for all feasible {[ujj, ;] for i =1,2,...,m and
j=12,...,n}

Now, we prove the following theorem which finds a relation between
optimal solutions of a fully interval integer transportation problem and a pair of
induced transportation problems and also, is used in the proposed method.

Theorem 1: If the set { y;’j forall iand j} is an optimal solution of the upper
bound transportation problem (UBITP) of (FIITP) where

m n
(UBITP) Minimize Iy = z z dljylj

i=1 j=1

subject to
n -
Z y,J = Pi, |:1,2,...,m (4)
I
m -
.21 Yij=dj, J=1,2,..,n (5)
1=

Yij >0,1=12,..mand j=1,2,..,n and are integers (6)

and the set {x‘i’j for all i and j } is an optimal solution of the lower bound
transportation problem (LBITP) of (FIITP) where

m n
(LBITP) ~ Minimize z; = 3 . CjjX;j
i=1 j=1
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subject to
n
> Xj=a,1=12..,m @
j=1
m -
> Xij=bj, j=12,..,n )
i=1
Xjj =0, i=12,..,.mand j=1,2,..,n and are integers, ©)

then the set of intervals {[x;’j,yi"j] for all i and j } is an optimal solution of the

problem (FIITP) provided x‘i’j <vyjj, foralliandj.

Proof: Let {[x;,yjjl, foralliandj} be a feasible solution of the problem
(FIITP).

Therefore, {x?j ,foralliandj } and {y;’j ,foralliand ) } are feasible solutions of
the problems (UBITP) and (LBITP).

Now, since {x‘;j ,foralliandj} and { y‘i’j , for all i and j } are optimal solutions of

(UBITP) and (LBITP), we have

m n o m n m n o m n
X djyy =X X diyis XX GXg < XX Gk
i-1 j1 i-1 jo1 -1 jo1 i-1 =1

and x‘i’j < y‘i’j, i=12,..,mand j=1.2,..,n.

o . m n ., Mmn . m n m n
This implies that, | > > cijxij, >y dijyij <X X GXijp X X dijyij
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

Thatis, ¥ 3 [, 0] @0 y51< 3 3 [0y O, vy,
i=l j=1 i=l j=1

Now, since {x‘i’j ,foralliandj} and { y;’j , forall i and j } satisfy (4) to (9) and

x;’j < y‘i’j , foralli and j, we can conclude that the set { [x?j : y‘i’j] foralli andj} is

a feasible solution of (FIITP).

Thus, the set of intervals {[x;’j , yij-] , forall i and j } is an optimal solution of the

problem (FIITP).
Hence the theorem.

3 Separation method

We, now introduce a new algorithm namely, separation method for finding
an optimal solution for a fully interval integer transportation problem.

The separation method proceeds as follows.
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Step 1. Construct the UBITP of the given FIITP.

Step 2. Solve the UBITP using the zero point method. Let { y‘i’j ,foralliandj} be
an optimal solution of the UBITP.
Step 3. Construct the LBITP of the given FIITP.

Step 4. Solve the LBITP with the upper bound constraints xij < y‘i’j , foralliandj
using the zero point method. Let {x‘i’j , forall iand j } be the optimal
solution of LBITP with x;’j < y‘i’j, for all i and j.

Step 5. The optimal solution of the given FIITP is {[x;’j : yi‘]] ,forall i and j } (by
the Theorem 1).

The proposed algorithm is illustrated by the following example.

Example 1: Consider the following FIITP

Supply
[1.2] [1.3] | [5.9] [4.8] [7.9]
[1,2] [7,10] | [2,6] [3,5] [17,21]
[7,9] [7,11] |[3,5] [5,7] [16,18]
Demand | [10,12] | [2,4] [13,15] |[15,17] | [40,48]
Now, the UBITP of the given problem is given below:
Supply
2 3 9 8 9
2 10 6 5 21
9 11 5 7 18
Demand 12 4 15 17 48

Now, using the zero point method, the optimal solution to the UBITP is
Yi,=9.Y1, =4.Y5, =7, Y,, =14, y;. =15 and y;, =3.

Now, the LBITP of the given problem with the upper bounded constraints is given
below:

Supply
1 1 5 4 7
1 7 2 3 17
7 7 3 5 16
Demand 10 2 13 15 40
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and also, Xjj < y‘i’j, i=12,...mand j=1,2,..,n and are integers.

Now, using the zero point method, using the zero point method, the optimal
solution to the LBITP with the wupper bounded constraints is

x11:5,x12 :2,x°21:5, x°24 =12, x;3:13 and x°34 =3.

Thus, an optimal solution to the given FIITP is [x3,y;,1=[55], [Xz1.¥5,1=[2.4],

[Xgll y021] = [5!7] ' [X;4' y024] = [12114] ' [X§3! y§3] = [13115] and [X§4' y;4] = [3!3]
and also, the minimum transportation cost is [102,202].

4 Interval Transportation Problems

Consider the following interval integer transportation problem (11 TP):
m n
(ITP) Minimize [71,25]=Y > [Cij’dij]wij
i=1 j=1
subject to

n

> wijela, pl, i=12,...m
j=1

m -

_21 wjj € [bj,q5], j=1,2,...,n
1=

wij=0, i=12..,mand j=12,..,n and integers
where ¢; and dj are positive real numbers foralliandj, a and p; are positive
real numbers for all i and b;and g; are positive real numbers for all j.

Let wj=axj+1-a)yjj 0<a<l and x; and y; are integers
with x;; < y;; forall i and j.

Consider the following FIITP
L. m n
Minimize [z, 2] = _Zl _Zl [cij, dij] ® [, Yij]
1=l J=
subject to

n -
_21 [xij, Vil =[a, pil, 1 =1,2,...,m
=

m -
_Zl [xij, yijl = [bj,a;1, J=1,2,...,n
i=

[Xij,¥ij]=0, i1=12,..,mand j=12,..,n and are integers
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The above problem can be solved by using separation method. Let { [xi°j , y;’j], for
all i and j } be an optimal solution of the above problem. Since w;; , for all i and
are integers, choose any «° such that w;’j =a°x;’j +(1—oz°)y‘i’j ,foralliandj are
integers. Then, optimal solutions to IITP are given below.

w;’j =a°x;’j +(l—a°)y‘i’j 0<a®<1.

The solving procedure of obtaining optimal solutions to
separation method is illustrated by the following example.

IITP using the

Example 2: Consider the following TP with integer real decision variables

Supply
[3,5] [2,6] [2,4] [1,5] [7,9]
[4,6] [7,9] [7,10] [9,11] | [17,21]
[4,8] [1,3] [3,6] [1,2] [16,18]
Demand | [10,12] [2,4] [13,15] | [15,17] | [40,48]

Let  wjj=oaxj+1-a)yjj, 0sa<l and xjand y; are integers

with xjj < yj; for all i and j.

Now, we consider the following FIITP with variables [x;,y;] foralliand j

corresponding to the given IITP.
Now, the UBITP of the FIITP is given below.

Supply
5 6 4 5 9
6 9 10 11 21
8 3 6 2 18
Demand 12 4 15 17 48

Now, using the zero point method, the optimal solution to the UBITP is
Y13 =9.Y5, =12,y,, =3, ¥, =6, y;, =1and y,, =17.

Now, the LBITP of the FIITP with the bounded constraints is given below.

Supply
3 2 2 1 7
4 7 7 9 17
4 1 3 1 16
Demand 10 2 13 15 40
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and also, Xij < y‘i’j , 1=12,...,mand j=1,2,..,n and are integers.

Now, using the zero point method, using the zero point method, the optimal solution
to the LBITP with bounded constraints is X, =7,x;, =10,x}, =1, X, =6,

xgz =1 and x;4 =15.

Thus, an optimal solution to the FIITP is [x35,y,,1=[7.9], [x31,¥5,1=[1012],
[X22: Y5, 1= [13], [X33, Y53 1=[6.6], [Xa2, Y31 =[11] and [xg4,y5,1=[1517]
and also, the minimum transportation cost is [119,232].

Now, W;’j = ax‘i’j +(1- oz)y‘i’j , 0< <1 are integers for all i and j.

S.No. a Solution z-value | Number of units
transported

1 0 W,=9, W), =12, w,, =3,
N 21 2 [147,232] | 48
W5, =6, Wi, =1 and wy, =17

2 05 | w,=8, wy, =11, W, =2, [133,211] | 45

W, =6, Wi, =1 and wy, =16

3 1 W,=7, w°21 =10, W°22 =1, (1101907 | 40

W, =6, Wy, =1and wy, =15

Note: This type of solutions set is very much useful for decision makers to select a
solution according to their needs, since the set of solutions to the ITP is a function
of the number of units transported.

5 Fully fuzzy integer transportation problems

Consider the following fuzzy integer transportation problem (FFITP) where
m n
(FFITP) Minimize Z~3Y X G X
i=1 j=1
subject to
n
> Y” = Zii , i =12,...m
=1

m _— —~ -
> Xij ij, 1:1,2,...,n
i=1
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Yijzﬁ, i=12..mand j=1,2,..,n and are integers

where

m = the number of supply points ;

n = the number of demand points ;

Yij is the uncertain number of units shipped from supply point i to demand point j ;

Eij is the uncertain cost of shipping one unit from supply point i to the demand point j ;

a; is the uncertain supply at supply point i and
Ej is the uncertain demand at demand point j.

A trapezoidal fuzzy number (a,b,c,d) can be represented as an interval

number form as follows.
(a,b,c,d)=[a+(b-a)a,d—-(d-C)a] ; 0<a <L1. (20)
Using the relation (10), we can convert the given fuzzy transportation
problem into an interval transportation problem . Using the separation method, we
obtain an optimal solution to the interval transportation. Then, again using the
relation (10), we can obtain an optimal solution to the given fuzzy transportation
problem.

The solution procedure of obtaining an optimal solution to a fuzzy

transportation problem using the separation method is illustrated by the following
example.

Example 3: Consider the following FFITP:

Supply
(1,234) | 1346) | (9,11,12,14) | (57,811) | (1,6,7,12)
(0,124) | (-1,0,1,2) (5,6,7,8) (0,1,2,3) (0,1,2,3)
(35,6,8) | (58,9,12) | (12,15,16,19) | (7,9,10,12) | (5,10,12,17)
Demand  (5,7,8,10) (1,5,6,10) (-1,3,4,8) (1,2,3,4)
The given fuzzy transportation problem is a balanced one.
Now, the FIITP corresponding to the above problem is given below.
Supply
[+ 4 ] [1+2 ¢ 6-2C ] [9+2 0 142 ] [B+2c 1130 ] | [I+5 X 12-5X ]
[0+, 42 ] [+a 2-a ] 5+ 8- ] [0+ 3-a ] o+a 3-a]
[3+2 82 ] [6+3¢ 123X ] | [1243 0 193x) | [T+2X 122X ] | [5+5 QX 175X ]

Demand

Br2or 102 |

[+4a 104X ]

[+ 82 ]

[+ 4 ]

[6+11 ¢ 32-9X ]
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Supply
11-3¢x 12-5¢

3-a 3-a

4-o 6-2 142 ¢
4-2x 2-a 8-«
8-2x 12-3 19-3x

122 ¢ 175

Demand 102«

Now, using the zero point method,

below.

10-4 8-2a

an optimal solu

4-a 329«

tion to the UBITP is given

10-4 2-x

Supply

3-a

102

32a 4-

Demand

Now, the LBITP of the FIITP with the constraints is given below.

Supply
+a |1R2a |92« 5¢2a | 1+5a
0+ +a 5+a |0+« 0+
32« 5+3x 1243 | 72« 5+5a
Demand 5+t2« 14 14 o 1+
and also, X; < y;j , 1=12,...,mand j=1,2,..,n and are integers.

Now, using the zero point method, an optimal solution to the LBITP is given below.

+4ox

Supply

St2¢x

12 1+

Demand

Therefore, an optimal solution to the FIITP is given below.
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Supply
[+4cx 10-4xX] | [ 2-X ] [1+5 125X ]
[a,3-x] [+ 3-a ]
[G+2 0 102X ] [+2a ,32a] |[1+o 4] | [5+5a 175 ]

Demand [5+2¢.,102Q] [+4¢ 104] [12C 620 ] [+a 4-a ]

Thus, the fuzzy optimal solution for the given FFITP is X, ~(15,6,10),
X3~ (011,2), X3 ~(0123), X3 ~(57,810), X3 ~(-1113) and X3, ~(1,2,34)
with the fuzzy objective value 7 =(4,100,144,297) and the crisp value of the
optimum fuzzy transportation cost for the problem, z is 126.75.

Remark : The fuzzy transportation problem with crisp decision variables can also
be solved by using the separation method similar to the method of solving interval
integer transportation problems.

6 Conclusion

The separation method based on the zero point method provides an optimal
value of the objective function for the fully interval transportation problem. This
method is a systematic procedure, both easy to understand and to apply and also it is
a non-fuzzy method. The proposed method provides more options and can be
served an important tool for the decision makers when they are handling various
types of logistic problems having interval parameters.
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