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Abstract

In this article, variational iterative method (VIM) is presented as an alter-
native method for solving the linear and nonlinear Klein Gordon equations.
The method is demonstrated by several physical models of Klein Gordon
equations. The present approach is highly accurate and converges rapidly.
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1 Introduction

In 1999, the variational iterative method (VIM) was first time proposed by J.H.He
[1 — 10]. Recently, this method is used by many researchers to study linear and
nonlinear ordinary, partial and integral equations. This method is more powerful
than existing techniques such as ADM [11 — 20] and perturbation etc. The present
technique require no restrictive assumptions that are used to handle nonlinear terms.

The VIM does not require specific transformation for nonlinear terms as required
by other techniques. Our aim in this article is to apply VIM to find the exact
solutions for Klein Gordon equations which has attracted much attention in studying
solitons and condensed matter physics, investigating the interaction of solitons in
collisionless plasma, quantum mechanics, relativistic physics, dispersive phenomena,
the recurrence of initial state, and examining the nonlinear wave equations.

2 He’s variational iterative method

To illustrate variational iterative method (VIM), we consider the general nonlinear
equation
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Lu(z,t) + Ru(x,t) + Nu(z,t) = g(z,t), (1)

where L is linear operator R, is the remaining linear operator, Nu(z,t) represents
a general non-linear operator and g(z,t) is source term. According to VIM [1 — 10],
a correction functional can be constructed as follow

t

un+1(x,t) = un(x,t) +/O )‘(5775) (Lun(x,f) + Run(x,f) + NUNH(I7§) - g(xaf)) d§7 n=>0
(2)

where \({,t) is a general Lagrange multiplier which can be identified optimally via
the variational theory [6]. The function wu, is a restrictive variation which means
du,, = 0.Therefore, we first determine the Lagrange multiplier A that will be identi-
fied optimally via integration by parts. The initial guess uy may be selected by any
function that satisfies the two prescribed initial conditions [in this case]. The other
components of the solution can easily be determined iteratively and consequently
we may obtained exact solution by using

u= lim w,. (3)

n—oo

We will apply VIM to four physical models. The effectiveness and the usefulness
of the present method is demonstrated by finding the exact solutions to these four
physical models that will be investigated.

3 The homogeneous linear Klein Gordon equa-
tions

Example 1. Consider homogeneous linear Klein Gordon equation [15]
PDE Ut — Uy +u = O, (4)
L.C wu(z,0) =0,u(z,0) = z. (5)

According to variational iterative method (VIM) [1 — 10], a correct functional for
Eq. (4) can be constructed as follows

Ups1(x,t) = up(z, 1) +/ AL, €)

0
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where A is Lagrange multiplier, u is restrictive variation, that is du, = 0. Making
the above correction functional stationary, and noting du,, = 0, we get the following
stationary conditions

PPNt
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% | (8)

The Lagrange multiplier, therefore can be identified as

A1) =& —t. (10)

Using Eq. (10) in Eq. (6) leads to the following recursive relation

Pu,(z,€) 0%y, (z, )
(%Q B Ox2

o (2,1) = (1, £) + /01t (€1 ( + un(x,g)) de. (1)

We start with an initial approximation
ug (x,t) = u(x,0) + tu, (x,0) = xt. (12)

and obtain the following successive approximations

ul(xat) :.Tt—?, (13)
atd  atd
uz(z,1) :xt—ﬁ—l—ﬁ, (14)
atd  att at’
wilt) = ot =5 g - )
t3 t5 t7 (_1)nt2n+1
et =a(t—r o ), 16
un(2, 1) x( TR +(2n+1)!) (16)
The approximate solution
u= lim u, = rsinz. (17)

is obtained upon using the Taylor expansion of sinz. The solution obtained above
is same as given by Wazwaz [15].
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Example 2. Consider another homogeneous linear Klein Gordon equation with

initial conditions [15]

PDE U — Uge +u =0,
I.C u(z,0) = 0, u(z,0) = coshz.

Similarly we can establish an iterative formula in the form

Puy(x, &) up(z,€)

i) = (o) + [ (- (Toips) O

We will start with initial approximation given below
ug (z,t) = u(x,0) + tuy (,0) = tcoshx.

The other successive approximations are

uy (z,t) = tcoshz,

ug (z,t) = tcoshuz,

Uy (z,t) = tcosh .
The VIM admits that

u= lim wu,,
n—>o00

which gives the exact solution

u(zx,t) = tcoshz.

+ un(x,§)> dg.

(18)
(19)

(22)

(23)

(24)

(25)

(26)

4 The inhomogeneous linear Klein Gordon equa-

tions

Example 3. Consider inhomogeneous linear Klein Gordon equation with initial

conditions [15]
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PDE Ugp — Uge + U = 28N T, (27)
I.C wu(z,0) =sinz,u(x,0) = 1. (28)
We obtain the following formulation by variational iterative method
t 2 2~
0*u,(x, 0“up(x, ,
Ups1(x, 1) = uy(x,t) —|—/ (&—1) (2 o _ (2 3 + up(x,&) — 2sinx | d€.
0 85 81‘
(29)
Beginning with the initial approximation
ug (z,t) = sinx + ¢, (30)
the following approximations are obtained very easily
t3
Uy (x,t):sinx—i—t—?, (31)
- 3
ug(x,t):smx—i—t—gjLa, (32)
. 3 t5 t7
ug (x,t) = &nx%—t—i—i—g—ﬁ, (33)
. t3 t5 t7 (_1)nt2n+1
Un(l',t):SIHZ'—'—(t—g—i—g—ﬁ—}— ..... +W) (34)
We therefore have the solution
u=lim wu,, (35)
u(z,t) = sinx + sint. (36)

which is the exact solution as obtained by Wazwaz [15] by using ADM. While ap-
plying ADM there appear noise terms phenomena which does not appears in VIM.

So we obtain straightforward approximate solutions to Eqs. (27 — 28).

Example 4. Consider one dimensional inhomogeneous linear Klein Gordon

equation with initial conditions [15]

PDE  wuy — ugy +u = —cosxsint,
I.C wu(z,0) = 0,u(z,0) = cos .

(37)
(38)
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By the same manipulations as illustrated in Example 1, we can obtain the following
iterative formula

Pun(z,8)  0Pun(,§)

Ups1(2,t) = up(z, ) +/ (&—1) ( + up(z,§) + Cosxsinﬁ) dg.
0

0€? 2
(39)
We start with an initial approximation
ug (x,t) =tcosz, (40)

which satisfies the initial conditions. With the help of recursive relation (2) the
successive approximations are obtained as:

uy (z,t) = cosx cost, (41)
ug (z,t) = coszcost, (42)
Uy, (x,t) = cosx cost. (43)

The approximate solution leads to

u= lim u,, (44)
u(z,t) = cosx cost. (45)

which gives the exact solution as obtained by Wazwaz [15] using ADM. In this
example, solution obtained by Wazwaz [15] using ADM contains noise terms but
there is no such term in the solution obtained by VIM.

5 The inhomogeneous nonlinear Klein Gordon
equations

Example 5. Consider the inhomogeneous nonlinear Klein Gordon equation [15]

PDE  wy — Uy, + u? = 2%t2, (46)
I.C wu(z,0) =0,u(z,0) = . (47)
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By the same method as illustrated above, we obtain the following iterative formula

tra(o.0) = o) + 1) (82“555 &) Tl g - aﬂﬂ) e
(48)

We begin with an initial approximation
ug (z,t) = xt, (49)

we obtain successive approximations

uy (z,t) = xt, (50)
ug (x,t) = =xt, (51)
up, (x,t) = at. (52)
Its approximate solution is
u= lim u,, (53)
u(z,t) = xt.

which is actually the exact solution.
Example 6. Consider another inhomogeneous nonlinear Klein Gordon equation

[15]
PDE  uy — gy + u? = 222 — 2t2 4+ 24, (54)
I.C w(w,0) = 0, uy(x, 0) = 0. (55)

The correction functionals for (54) read

Pup(x, &) 0%up(z,€)

Up1(x, 1) = up(x,t) + /t (&—1) ( _ + 1/[,;2(%5) — 2% 4262 x4§4) dg.
0

0&? Ox?
(56)

We can select ug(z,t) = z%t?, by using the given initial values. Accordingly, we
obtain the following successive approximations:
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ui(z,t) = 2% (58)
us(z,t) = 2%,
un(z,t) = 212 (59)
The VIM admits the use of
u= lim w,, (60)
u(z,t) = r*t* (61)

which is exact solution.

6 The Sine-Gordon equation

Example 7. Consider Sine-Gordon equation
PDE Ugy — Ugy = SIN U, (62)
LC u(z,0) = 5, u(z,0) = 0. (63)
The correction functional for Eq. (62)

uwmmpﬂwﬁwf[@—wcﬁwﬁg—y%g@—amoﬁ. (64)

0€?
We take an initial approximation of the form
w@®:g+t (65)

Using this initial approximation in (64) we obtain the following successive approxi-
mations

ul(x,t):g+t+1—cost, (66)
3 in 2t
ug(x,t):g—i—t—i—l—costjtsint—zt—m; + ey (67)

So we obtain series solution in case of Sine-Gordon equation upto second order
approximation

u= lim wu,, (68)
3 in 2t
u(x,t):g+t+1—cost+sint—1t—m; + oy, (69)

It means in case of Sine-Gordon equation VIM also gives series solution.
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7 Conclusion

The aim of this work is to apply this powerful Variational iterative method to
investigate four physical models. The main goal is to show the usefulness of the
VIM. The Variational iterative method reduces the size of calculations and there is
no need of expanding nonlinearities in terms of Adomian polynomials as we do in
ADM [15]. Nonlinear scientific models are arise frequently in engineering problems
for expressing nonlinear phenomena. He’s variational iterative method provides
an efficient method for handling this nonlinear behavior. He’s variational iterative
method work much effectively, a few approximations can be used to achieved a high
degree of accuracy.
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