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Abstract

The notions of (weak, s-weak, strong) hyper A-ideals are introduced,
and several related properties are investigated. Relations among weak
hyper NV-ideals, s-weak hyper N-ideals and strong hyper AN-ideals are
discussed. A characterization of a weak hyper N-ideal is provided.
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1 Introduction

A (crisp) set A in a universe X can be defined in the form of its characteristic
function pas : X — {0, 1} yielding the value 1 for elements belonging to the
set A and the value 0 for elements excluded from the set A. So far most of the
generalization of the crisp set have been conducted on the unit interval [0, 1]
and they are consistent with the asymmetry observation. In other words, the
generalization of the crisp set to fuzzy sets relied on spreading positive infor-
mation that fit the crisp point {1} into the interval [0, 1]. Because no negative
meaning of information is suggested, we now feel a need to deal with negative
information. To do so, we also feel a need to supply mathematical tool. To
attain such object, Jun et al. |2| introduced a new function which is called
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negative-valued function, and constructed A -structures. They applied N-
structures to BCK/BClI-algebras, and discussed N -subalgebras and N -ideals
in BCK/BClI-algebras. The hyper structure theory (called also multialgebras)
was introduced in 1934 by Marty [7]| at the 8th congress of Scandinavian Math-
ematiciens. In [6], Jun et al. applied the hyper structures to BC'K-algebras,
and introduced the concept of a hyper BC K-algebra which is a generalization
of a BC'K-algebra. They also introduced the notion of a (weak, s-weak, strong)
hyper BC' K-ideal, and gave relations among them. Harizavi [1] studied prime
weak hyper BC K-ideals of lower hyper BCK-semilattices. Jun et al. discussed
the notion of hyperatoms and scalar elements of hyper BCK-algebras (see [3]).

In this paper, we introduce the notions of (weak, s-weak, strong) hyper N/-
ideals, and investigate several related properties. We provide relations among
weak hyper AM-ideals, s-weak hyper N-ideals and strong hyper AN-ideals. We
also discuss a characterization of a weak hyper AN-ideal.

2 Preliminaries

We include some elementary aspects of hyper BC'K-algebras that are necessary
for this paper, and for more details we refer to [4], [5], and [6].

Let H be a nonempty set endowed with a hyperoperation “o”. For two
subsets A and B of H, denote by Ao B theset |J aob. We shall use zoy

acAbeB
instead of x o {y}, {z} oy, or {z} o {y}.
By a hyper BC'K-algebra we mean a nonempty set H endowed with a
hyperoperation “o” and a constant 0 satisfying the following axioms:

) (roz)o(yoz)Kxoy,
) (woy)oz=(woz)oy,
HK3) 20 H < {z},

HK4) z < y and y < z imply = =y,

for all z,y, z € H, where z < y is defined by 0 € zoy and for every A, B C H,
A < B is defined by Va € A, 9b € B such that a < b. In such case, we call
“<&” the hyperorder in H.

Note that the condition (HK3) is equivalent to the condition:

(Va,y € H) (zoy < {z}). (2.1)
In any hyper BC'K-algebra H, the following hold:

(al) zo0 < {z}, Doz < {0} 000 < {0},
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(a2) (AoB)oC =(AoC)oB, AoB< A, 00 A< {0},
(a3) 000 = {0},

(ad) 0 € z and = < x,

(ad) A< A,

(a6) ACB = A< B,

(a7) 0oz = {0} and 00 A = {0},

(a8) A< {0} = A=/{0},

(a9) Ao B < A,

(a10) z € 200,

(all) z 00 < {y} = z <Ky,

(al2) y< 2z = zoz<Kxo0Y,

(al3) zoy ={0} = (zo2)o(yoz)={0}, roz<Kyoz,
(al4) Ao {0} ={0} = A={0}

for all x,y, 2 € H and for all nonempty subsets A, B and C of H.

A nonempty subset I of a hyper BC'K-algebra H is said to be a hyper
BCK-ideal of H if it satisfies

(I1) 0 € I,
(I12) (Ve e H) (Vyel) (zoy<g I = xel).

A nonempty subset [ of a hyper BC' K-algebra H is called a strong hyper
BCK -ideal of H if it satisfies (I1) and

(13) (Ve e H) (Vyel) ((zoy)NI#0 = xel).

Note that every strong hyper BC'K-ideal of a hyper BC K-algebra is a
hyper BC'K-ideal.

A nonempty subset I of a hyper BC K-algebra H is called a weak hyper
BCK -ideal of H if it satisfies (I1) and

(I4) zoyClTand y € [ imply x € [ for all z,y € H.
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Table 1: Cayley table

O‘ 0 a b
0| {0} {0} {0}

a|{ap {0,a}  {0,a}
b|{b} {a.b} {0,a,b}

3 Hyper N-ideals

Denote by F(H,[—1,0]) the collection of functions from a set H to [—1,0].

We say that an element of F(H,[—1,0]) is a negative-valued function from H

o [—1,0] (briefly, N'-function on H). By an N -structure we mean an ordered

pair (H, f) of H and an N-function f on H. In what follows, let H denote

a hyper BC K-algebra and f an N-function on H unless otherwise specified.

For any subset S of H, we denote by \/ f(s) and A f(s) the sup f(s) and
seS

ses ses
inf f(s), respectively.
seS

Definition 3.1. A hyper N -ideal of H is an N-structure (H, f) in which f
satisfies the following two conditions:

Vr,ye H) (v <y = fla) < f(y)), (3.1)
(va,y € H) (f(x) < max{ \/ ), F)}). (3:2)

Example 3.2. Let H = {0, a,b} be a hyper BC K-algebra with the Cayley
table which is given in Table 1. Let (H, f) be an N-structure in which f is

given by
0 a b
f= (—0.7 —-0.4 —0.2) '

It is easily verified that (H, f) is a hyper N-ideal of H.

Definition 3.3. An N -structure (H, f) in H is called a strong hyper N -
tdeal of H if the following inequalities are valid:

(Va,y € H) (\/ £(e) <max{ A f(d )}) (3.3)

cExox de xoy

Example 3.4. Let H = {0, a,b} be a hyper BC K-algebra with the Cayley
table which is given in Table 2. Let (H, f) be an N -structure in which f is
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Table 2: Cayley table

0‘ 0 a b
0 {0} {o}r {0}

a|fay {0} {a}
b | {by {by {0,b}

given by

0 a b
f= <—O.8 —-0.6 —O.3>'

It is easily verified that (H, f) is a strong hyper N -ideal of H.

Definition 3.5. An N-structure (H, f) in H is called an s-weak hyper N -
tdeal of H if it satisfies the following two conditions:

(Vo € H) (£(0) < f(x)), (3-4)
(Vz,y € H) (3b € xzoy) (f(z) <max{f(b), f(y)}) (3.5)

Definition 3.6. An N-structure (H, f) in H is called a weak hyper N -ideal
of H if it satisfies

(va.y € H) (£(0) < fla) < max{ \/ f(b). F@)}): (3.6)

bexoy
Theorem 3.7. Every s-weak hyper N -ideal is a weak hyper N -ideal.

Proof. Let an N-structure (H, f) in H be an s-weak hyper N-ideal of H and
let =,y € H. Then there exist b € x oy such that

f(x) <max{f(b), f(y)}-
Since f(b) < \/ f(d), it follows that

dexoy
fo) <max{ \/ 1(d), f)}.
dexoy
Hence (H, f) is a weak hyper N-ideal of H. O

The converse of Theorem 3.7 is not true as seen in the following example.
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Example 3.8. Let H = NU {0, a}, where a(# 0) ¢ N. Define a hyperop-
eration “o" on H as follows:

({0} if =0,
{0,z} if (z<y,zeN)or(zeN, y=a),

S {z} if x>y, x€eN,
rey= {0}UN if z=y=aq,
N if r=a,yeN,

| {a} if r=a, y=0.

Then (H, 0,0) is a hyper BC K-algebra. Let (H, f) be an N/-structure in which
f is given by

f= 0 1 2 3 a
- \—-4+43 4431 —4+314 —-4+4+3141 --- —4+7w)"°

Then (H, f) is a weak hyper N-ideal of H, but it is not an s-weak hyper
N-ideal of H.

An N-structure (H, f) in H is said to satisfy the sup property if for any

nonempty subset 7" of H there exists xo € T such that f(zo) = \/ f(z).
zeT
Note that, in a finite hyper BC K-algebra, every N -structure satisfies the

sup property. The following example shows that there exists an N -structure
which does not satisfy the sup property.

Example 3.9. Let H = NU{0}U{«, 5}, where a(# 0) ¢ Nand 5(# 0) ¢ N
with a # . Define a hyperoperation “o" on H as follows:

{0,z} if (z <y, z,y e NU{0}) or (x e NU{0},y € {a,})
{z} if x>y, z,y e NU{0},
zoy:=< {a} fz=a,y#a,
B} =B yrth
{0} ifer=y=aoraz=y=0.

Then (H,o,0) is a hyper BC' K-algebra (see [1]). Consider an N -structure
(H, f) in which f is defined by

fe 0 1 2 3 a [
S \-2 —2+14 —2+141 —-2+1414 --- 0 0)°

Let T = NU{0} C H. Then \/ f(y) = —2 + /2. But there does not exist
yeT

xog € T such that f(zg) = —2 + v/2. Hence (H, f) does not satisfy the sup
property.
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The following example shows that there exists an A-structure which sat-
isfies the sup property.

Example 3.10. Let H = NU{0} and define a hyperoperation “o" on H as
follows:

{02} ifx <y,
on'_{{x} if x> y.

Then (H,o,0) is a hyper BC K-algerba.
(1) Let (H, f) be an N-structure in which f is defined by

[0 ifne{0,2,4,---},
f(n)-—{a if ne{1,3,5,---}.

with a € [—1,0). Then (H, f) satisfies the sup property.
(2) Let (H;g) be an N -structure where

(0 1 2 3 4
I7 241 2417 —241.73 —24+1732 —2+17320 ---)°

Then (H; g) is a hyper N-ideal of H. Let T = N C H. Then \/ g(y) = —2+/3.

yeT
But there does not exist 2o € T such that g(xg) = —2++/3. Hence (H; g) does
not satisfy the sup property.

A weak hyper N-ideal may not be an s-weak hyper AV-ideal . But we have
the following proposition.

Proposition 3.11. If (H, f) is a weak hyper N-ideal of H satisfying the
sup property, then (H, f) is an s-weak hyper N -ideal of H.

Proof. Since (H, f) satisfies the sup property, there exists ag € x oy such that
flao) = V f(a). It follows from (3.6) that

aczxoy
f() <max{ \/ f(a), f(y) } = max{f(a), f()}.
aczoy
This completes the proof. O

Since every N-structure (H, f) in H satisfies the sup property in a finite
hyper BCO K -algebra H, the concept of weak hyper N-ideals and s-weak hyper
N-ideals coincide in a finite hyper BC K-algebra.

Proposition 3.12. Let (H, f) be a strong hyper N -ideal of H and let x,y €
H. Then
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(1) f(0) < f(x).
2) r<y = f(z) < fy)

(3) (Vb czoy) (f(x) <max{f(b), f(y)})
Proof. (1) Since 0 € z oz for all z € H, we have f(0) < \/ f(b) < f(z),

bExox
which proves (1).
(2) Let x,y € H be such that < 3. Then 0 € zoyandso A f(d) < f(0).

dexoy

It follows from (3.3) and (1) that

f@) < max{ /\ f(d), fy) } < max{f(0), f()} = f(w)
(3) Let z,y € H. Since
f@) < max{ A\ f(@), ()} < max{f0), f(u)}

for all b € x oy, we have the desired result. U

The following corollaries are straightforward.

Corollary 3.13. If (H, f) is a strong hyper N -ideal of H, then
(va,y € H) (f(2) <max{ \/ £0), f0)})-
bExoy

Corollary 3.14. Every strong hyper N -ideal is both an s-weak hyper N -
ideal (and hence a weak hyper N -ideal ) and a hyper N -ideal .

Proposition 3.15. Let (H, f) be a hyper N -ideal of H and let x,y € H.
Then

(1) f(0) < f(2).
(2) If (H, f) satisfies the sup property, then
@acroy) (f(x) < max{ (@), fu)}). (37)

Proof. (1) Since 0 < z for all x € H, it follows from (3.1) that f(0) < f(x).
(2) If (H, f) satisfies the sup property, then there exists ap € x o y such

that f(ap) = \/ f(a). Hence

fa) <max{ \/ f(@), f(y)} = max{f(ao), f(y)}.

This completes the proof. O
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Corollary 3.16. (1) Every hyper N -ideal is a weak hyper N -ideal .
(2) If (H, f) is a hyper N-ideal of H satisfying the sup property, then
(H, f) is an s-weak hyper N -ideal of H.

Proof. Straightforward. O

In Proposition 3.15, if a hyper N-ideal (H, f) does not satisfy the sup
property, then (3.7) is not valid. In fact, in Example 3.8, (H, f) is a hyper
N-ideal of H and (H, f) does not satisfy the sup property. Also (H, f) does
not satisfy (3.7).

The following example shows that the converse of Corollary 3.14 and Corol-
lary 3.16(1) may not be true.

Example 3.17. (1) Consider the hyper BC'K-algebra H in Example 3.2.
Let (H, f) be an N-structure in which f is given by

0 a b
/= (—0.9 —0.7 —0.4)'

Then we can see that (H, f) is a hyper N-ideal of H and hence it is also a
weak hyper N-ideal of H. But it is not a strong hyper N-ideal of H since

max{ /\ f(w), f(a)} = max{f(a), f(a)} = —0.7 % —0.4 = f(b).

weboa

(2) Consider the hyper BC K-algebra H in Example 3.2. Let (H, f) be an
N-structure in which f is given by

0 a b
f= <—O.8 —-0.4 —O.6>'

Then (H, f) is both a weak hyper A-ideal of H and an s-weak hyper N-ideal
of H. But it is not a hyper A-ideal of H since a < b but f(a) £ f(b).

For an N-structure (H, f) in a set H, the closed ($-cut of (H, f) is denoted
by C(f; ), and is defined as follows:

C(f;P) :={zeH|f(z)<p} fel-1,0]

Theorem 3.18. Let (H, f) be an N -structure in H. Then (H, f) is a weak
hyper N -ideal of H if and only if it satisfies:

(VB e [-1,0]) (C(f;8)#0 = C(f;P) is a weak hyper BCK-ideal of H).
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Proof. Assume that (H, f) is a weak hyper N-ideal of H and let 5 € [—1,0] be
such that C(f; ) # 0. Tt is clear from (3.6) that 0 € C(f; ). Now let z,y € H
be such that z oy C C(f;3) and y € C(f;3). Then x oy C C(f; ) implies
that for every b € z oy, b € C(f; ). It follows that f(b) < fforallbe xoy
so that \/ f(b) < f. Using (3.6) we have

bexoy

f(z) <max{ \/ f(b), f(y)} < B,

bexoy

which implies that € C(f;3). Consequently, C(f;3) is a weak hyper BCK-
ideal of H.
Conversely, suppose that every nonempty closed G-cut C(f; () is a weak

hyper BCK-ideal of H for all g € [— 0]. Let f(x) = § for z € H. By

(I1), 0 € C(f;B). Hence f(0) < = f(x). Now for any z,y € H let

B:max{ V f@d), fly )} Thenye C(f;3), and for each b € x oy we have
dezxoy

<V @ <max{ \/ f(@), flw)} =5

dexoy dexoy

Hence b € C(f;3), which imply that z oy C C(f;3). Combining y € C(f; 3)
and C(f; 3) being weak hyper BCK-ideal of H, we conclude that x € C(f; 3),
and so

fw) < 8=max{ \/ f(@). f)}.

dexoy
This completes the proof. O

Lemma 3.19. [3] Let A be a subset of H. If I is a hyper BCK-ideal of H
such that A < I, then A is contained in I.

Theorem 3.20. Let (H, f) be an N -structure in H. Then (H, f) is a hyper
N -ideal of H if and only if for every B € [—1,0], the the nonempty closed [3-cut
C(f;PB) is a hyper BCK-ideal of H.

Proof. Assume that (H, f) is a hyper N-ideal of H and C(f;3) # () for any
B € [—1,0]. It is clear that 0 € C(f; 3) by Proposition 3.15(1). Let z,y € H be
such that oy < C(f; ) and y € C(f;3). Then z oy < C(f;3) implies that
for every b € x oy there is by € C(f;3) such that b < by, so f(b) < f(by) by
(3.1). Tt follows that f(b) < f(by) < B for all b € z oy so that \/ f(b) <f.

bexoy

Then
f) <max{ \/ f(b). f(u)} < 5.

bexoy
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which implies that © € C(f;3). Consequently, C(f; ) is a hyper BCK-ideal
of H.

Conversely, suppose that for each 5 € [—1,0] the closed S-cut C(f; () is a
hyper BCK-ideal of H. Let x,y € H be such that * < y and f(y) = 3. Then
y € C(f;0),and so x < C(f; 3). It follows from Lemma 3.19 that x € C(f; 3)

so that f(z) < 8 = f(y). Now for any z,y € H let 5 =max{ \/ f(d), f(v)}.

dexoy
Then y € C(f; ), and for each b € x oy we have

fo) <\ f@) max{ \/ f(d), f)} = 8.

dexoy dexoy

Hence b € C(f;(3), which imply that x oy C C(f;3). Using (a6), we get
xoy < C(f; ). Combining y € C(f;3) and C(f;3) being a hyper BCK-ideal
of H, we conclude that = € C(f; /), and so

flw) < B =max{ \/ f(d), f)}.

dexoy
This completes the proof. O

Theorem 3.21. If (H, f) is a strong hyper N-ideal of H, then for every
B € [—1,0], the nonempty closed 3-cut C(f;[3) is a strong hyper BCK-ideal of
H.

Proof. Let 3 € [—1,0] be such that C(f;3) # 0. Then there exist b € C(f; (),
and so f(b) < . Using Proposition 3.15(1), we get f(0) < f(b) < (. Thus
0€ C(f;0). Let u,v € H be such that (uov) NC(f;5) # 0 and v € C(f; ).
Then we can take by € (v ov) N C(f; ) and so f(by) < 3. Hence

flu) < max{ J\ f(b), F(v)} < max{f(b), F(0)} < 5,

beuov

which implies u € C(f; 3). Consequently, C(f;3) is a strong hyper BCK-ideal
of H. O

We now consider the converse of Theorem 3.21.

Theorem 3.22. Let H satisfy |z oy| < oo for all x,y € H. Let (H, f) be
an N -structure in H in which the nonempty closed B-cut C(f;[3) is a strong
hyper BCK-ideal of H for every 8 € [—1,0]. Then (H, f) is a strong hyper
N -ideal of H.

Proof. Since every strong hyper BCK-ideal is a hyper BCK-ideal, it follows
from Theorem 3.20 that (H, f) is a hyper N-ideal of H. Note that x o x C
xoH < {z} forall z € H.It follows that ¢ < z for every ¢ € zox so that f(c) <
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f(z) forall c € xox. Hence \/ f(c) < f(z). Let max{ N f(ad), f(y)} = 0.

cExox de€ zoy

Then A f(d) < p and f(y) < . Since |z oy| < oo for all z,y € H, there

dexoy

exist dy € z oy such that f(dy) < and f(y) < . Then (xoy)NC(f;F) # 0,
and y € C(f;/). Since C(f; ) is a strong hyper BCK-ideal, it follows that

x € C(f;0) so that f(z) < = max{ N f(d), f(y)}. Therefore (H, f) is a

de xoy

strong hyper N-ideal of H. O
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