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Abstract
In this paper, we introduce the definition of intuitionistic fuzzy normal

subrings. We also made an attempt to study the algebraic nature of intuitionistic
fuzzy normal subrings of a ring under homomorphism and anti-homomorphism.
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INTRODUCTION

After an introduction of fuzzy sets by L.A. Zadeh several researchers explored
on the generalization of the notion of fuzzy set. The concept of intuitionistic fuzzy set
was introduced K.T. Atanassov[2] as a generalization of the notion of a fuzzy set. In
this paper, we discuss algebraic nature of intuitionistic fuzzy normal subrings and
prove some results on these.

1. PRELIMINARIES

1.1 Definition:

An intuitionistic fuzzy subset(IFS) A in X is defined as an object of the form
A={<x, puax), va(x) >/x € X }, where pa: X > [0,1]and va:X — [0, 1]
define the degree of membership and the degree of non-membership of the element x
e X respectively and for every x € X satisfying 0 < pa(x) + va(x) < 1.

1.2 Definition:
Let (R, +, . ) be a ring. An intuitionistic fuzzy subset A of R is said to be an
intuitionistic fuzzy subring of R (IFSR) if it satisfies the following axioms:
(1) pa(x-y)= min{ pa(x), Ha(y) }
(i) pa(xy) = min{ pa(x), pa(y) }
(ii)) va(x—y)< max{ va(x), va(y) }
(iv) va(xy) < max{va(x),va(y)}, forallx,y € R.

1.3 Definition:
Let R be a ring. An intuitionistic fuzzy subring A of R is said to be an
intuitionistic fuzzy normal subring (IFNSR) of R if it satisfies the following axioms:

®  palxy) = pa(yx)
(i1) va(xy) = va(yx), forallx,y eR.
1.4 Definition:

Let A and B be intuitionistic fuzzy subsets of the rings with an identity R; and
R, respectively and A X B is an intuitionistic fuzzy subring of R;xR,. Then the
following are true :
(1) if pa(x ) < pp(e') and va(x) > vg(e'), then A is an intuitionistic fuzzy subring
of Rl.
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(11) if ug(x ) <pa(e)and vg(x) = va( e), then B is an intuitionistic fuzzy subring
of Rz.

(iii)  either A is an intuitionistic fuzzy subring of R; or B is an intuitionistic fuzzy
subring of R.

1.5 Definition:

Let A and B be two intuitionistic fuzzy subrings of rings R; and Ro,

respectively. The product of A and B, denoted by AxB, is defined as
AxB={{((X,¥5), taxa( X, ¥ ), vaxa( X,y ) )/ forall x € R; and y € R, }, where

Haxa( X, y ) = min{ pa(x), pa(y) } and vaxs( X,y ) = max{ Va(x), va(y) }.

2. SOME PROPERTIES OF INTUITIONISTIC FUZZY NORMAL SUBRING
OF ARING

2.1 Theorem:

Let (R, +,.) be aring. If A and B are two intuitionistic fuzzy normal subrings

of R, then their intersection (A M B) is an intuitionistic fuzzy normal subring of R.

Proof:

Letx,y € R.

Let A= { (X, pua(x), va(x) ) /x €R }and
B = { {x, us(x), va(x) ) /x€R } be intuitionistic fuzzy normal
subrings of a ring R.

LetC=AnNnBand C= { {x, uc(x), ve(x) ) / x €e R },

where, min{ pa(x), up(x) } = pe(x) and max{ va(x), va(x) } = ve(x).

Clearly, C is an intuitionistic fuzzy subring of a ring R,

since A and B are two intuitionistic fuzzy subrings of a ring R.

Now,
po( Xy ) =min { pa(Xy ), pe(Xy) }
=min { pa( yx ), us(yx) }, by definition
= pe(yx).
Therefore,
He(xy ) = pe(yx ), forall x,y € R.
Also, ve(xy)=max { va(xy), ve(xy) }
=max {va( yx ), vg( yx)}, by definition
=ve(yx).
Therefore,

ve(xy ) =ve(yx ), forall x,y € R.
Hence intersection of any two intuitionistic fuzzy normal subrings is an

intuitionistic fuzzy normal subring of a ring R.
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2.2 Theorem:

Let A and B be intuitionistic fuzzy subsets of the rings, with an identity, R,
and R, respectively and AxB is an intuitionistic fuzzy normal subring of R;xR,. Then
the following are true :

(1) if pa(x ) < pp(e') and va(x) > vg( e'), then A is an intuitionistic fuzzy
normal subring of R;.

(11) if ug(x ) < pa( e ) and vg(x) = va( e), then B is an intuitionistic fuzzy
normal subring of R,.

(iii)  either A is an intuitionistic fuzzy normal subring of R; or B is an
intuitionistic fuzzy normal subring of R,.

Proof:
Let AxB be an intuitionistic fuzzy normal subring of R;xR; and x, y in R;and
e e R,.
Then (x, ') and (y, e') are in R xR,.
Clearly, AxB is an intuitionistic fuzzy subring of R;xR,.
Now, using the property that pa(x) < ps(e') and va(x) > vg(e'), for all x in Ry,
Clearly, A is an intuitionistic fuzzy subring of R;, by Definition 1.4.
Now,
pa( xy) =min{ ua(xy), ps(e'e')}
= Haxa ((xy), (c'e'))
= HAxB [ (X’ el) (y’ el) ]
= uas[ (v, e") (x, €) ], by definition
= “AxB[(yX): (elel)]
=min{ pa(yx ), ps(e'e') }
= pa(yx).
Therefore,
pua( xy ) =pa( yx), for all x, y € R.
And
va(xy) =max { va(xy), vs(e'e') }
= vaxs ((xy), (')
:VAXB[(X’ el)(y:~ el)]
=vas[(y,¢e" ) (x,¢e")], by definition
=va[(yx), (ee')]
=max{ va(yx), va(e'e' )}
=valyx).
Therefore,
va(xy ) =va(yx), forall x,y € R.
Hence A is an intuitionistic fuzzy normal subring of R;.
Thus (i) is proved.
Now, using the property that ug(x) < pa(e) and vg(x) > va(e), for all x in R,, and
letx,y € Ryand e € R;.
Then (e, x) and (e, y) are in R;xR,.
Clearly, B is an intuitionistic fuzzy subring of Ry, by definition 1.4.
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Now,
pe( xy) = min{ up(xy), pa(ee) }
=min{ pa(ee), pp(xy) }
= paxs ((ee), (xy))
=paxs[ (e, x )(e,y)]
=uas[ (e, y) (e, x)], bydefinition
=paxs[(ee), (yx)]
=min{ pa(ee), us(yx) }
= ps(yx).
Therefore,
us( xy ) =pup(yx), forallx,y € R.
And
ve( Xy ) =max{ va( Xy ), va(ee) }
=max{ va(ee), ve(Xxy) }
=vaxs ((ee), (xy))
=vas[(e,x)(ey)]
=vaxs[ (e,y) (e, x)], bydefinition
=vaxs[(ee), (yx)]
= max{ va(ce), va(yx ) }
= vp(yx).
Therefore,
ve(xy ) =vp(yx), forallx,y € R.
Hence B is an intuitionistic fuzzy normal subring of R.
Thus (ii) is proved.
(ii1) is clear

2.3 Theorem:
If A is an intuitionistic fuzzy normal subring of a ring R, then [ A is an
intuitionistic fuzzy normal subring of a ring R.

Proof:
LetlIA=B={ (x, us(x ), va(x) }.

Clearly, [JA is an intuitionistic fuzzy subring of a ring R, since A is an intuitionistic
fuzzy subring of a ring R.

Let x,ye R.
Then, clearly

(X ty)= pp(y+x)and ps(xy )= ps( yx).
And also, pa(x+y)= pa(y+x)
which implies that

l-vg(x+y)=1-vp(y+x).

That is, ve(x+y)=ve(y+x)and pa( xy)=pa( yx)
which implies that 1 —vg(xy )= 1—-vp(yx).
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That is, ve( xy )= ve(yx).
Hence B =[A is an intuitionistic fuzzy normal subring of a ring R.

2.4 Theorem:
If A is an intuitionistic fuzzy normal subring of a ring R, then 0A is an
intuitionistic fuzzy normal subring of a ring R.

Proof:

Let CA=B ={ (x, us(x), va(x) }.

Clearly, B is an intuitionistic fuzzy subring of a ring R, since A is an
intuitionistic fuzzy subring of a ring R.

Let x,ye R.
Then, clearly,

ve(x+y)=vp(y+x)and vg(xy)= ve(yx).
Now, va(x+y)= va(y+x)
which implies that 1 —pg(x+y)=1—pg(y+x).
That is, up(x+y)= up( y+x)and

va(Xy ) =va(yx)

which implies that 1 —pg(xy)=1— us(yx).
That is, up( xy ) = us( yx ).
Hence B = QA is an intuitionistic fuzzy normal subring of a ring R.

REFERENCES

[1] AKRAM.M AND DAR.K.H, On fuzzy d-algebras, Punjab University Journal of
mathematics, 37(2005), 61-76.

[2] ATANASSOV.K.T., Intuitionistic fuzzy sets, fuzzy sets and systems, 20(1) (1986)
87-96.

[3] PALANIAPPAN.N & ARJUNAN.K, VEERAMANI.V The homomorphism, anti-
homomorphism of an intuitionistic fuzzy normal subrings, ACTA CIENCIA
INDICA, Vol. XXXIIIM, No.2, 219 (2007), 219-224.

[4] RAJESH KUMAR, Fuzzy irreducible ideals in rings, Fuzzy sets and systems, 42,
369-379 (1991).

[5] ZADEH.L.A, Fuzzy sets Information and Control, Vol. 8, 1965, 338-353.

Received: December, 2009



