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Abstract 

 
The present paper discuss the dispersion equation for SH waves in a non 

homogeneous monoclinic layer over a semi infinite isotropic monoclinic medium with an 
irregularity. The dispersion equation has been obtained. In the isotropic case, when non 
homogeneity and irregularity are absent, the dispersion equation reduces to standard SH wave 
equation. The dispersion curves are depicted by means of graphs for different size of 
irregularity and different values of non-homogeneity parameters. The influence of depth of 
irregularity and non-homogeneity parameters on phase velocity has been studied. 
 
Keywords:  SH waves, Monoclinic, Irregular boundaries, Non homogeneity, Fourier 
transform 
 
Introduction 

 
Many results of theoretical and experimental studies revealed that a real earth is 

considerably more complicated than the models presented earlier. This has led to a need for 
more realistic representation as a medium through which seismic waves propagate. The study 
of wave propagation in elastic medium with different boundaries is of great importance to 
seismologists as well as to geophysicists to understand and predict the seismic behaviour at 
different margins of earth.  The propagation of Love waves has been studied by many authors 
with assuming different forms of irregularities at the interface. Bhattacharya [7] discussed the 
dispersion curves for Love wave propagation in a transversely isotropic crustal layer with an 
irregularity in the interface. Chattopadhyay et al [3] studied the propagation of SH guided 
wave in an internal stratum with parabolic irregularity in the lower interface. The wave 
propagation in crystalline media plays a very interesting role in geophysics as also in 
ultrasonic and signal processing. Keeping in the mind the fact that the non-homogeneity 
characteristic is one of the most generalised elastic conditions inside the earth, many authors 
have studied the propagation of different waves in different media with non-homogeneity. 
Chattopadhyay [1] studied the Love wave propagation due to irregularity in the thickness of 
non-homogeneous crustal layer. Propagation of Love waves in a non-homogeneous stratum  
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of finite depth sandwiched between two semi infinite isotropic media has been studied earlier 
by Sinha [11].Recently, the propagation of SH waves in an irregular monoclinic crustal layer 
has been studied by Chattopadhyay et al [4]. In this paper we have discussed the propagation 
of SH waves in a non-homogeneous monoclinic layer overlying a monoclinic half space. The 
irregularity is in the form of rectangle. The perturbation technique indicated by Erigen and 
Samuels [5] has been used. The dispersion curves are depicted by means of graphs for 
different size of irregularity and different values of non-homogeneity parameters. The 
influence of depth of irregularity and non-homogeneity parameters on phase velocity has 
been studied. 

 

Formulation of the problem 

                             

Fig.1: Geometry of the problem. 

 

We have taken z-axis along the interface between the lower semi infinite medium and the 
non-homogeneous monoclinic layer, y-axis is taken downwards as shown in fig.1.The form 
of irregularity is assumed rectangular with length s  and depth H ′ . Layer is taken of H  
thickness and origin is placed at the middle point of the lower interface irregularity. The 
distance of source of disturbance from origin is d  with d H ′> .  

 The interface between layer and half space is defined as   

   ( )y h zε=         (1) 

where 
0 for ,

2 2( )
( ) for

2 2

s sz z
h z

s sf z z

−⎧ ≤ ≥⎪⎪= ⎨ −⎪ ≤ ≤
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where H
s

ε
′

=  and 1ε << . 

We have the following stain-displacement relations for monoclinic layer 

1 2 3 4 5 6, , , , ,u v w w v u w v uS S S S S S
x y z y z z x x y
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

= = = = + = + = +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

   (2) 

where , ,u v w  are displacement components in the direction x, y, z respectively, and 

 ( 1, 2,...,6)iS i =  are the strain components. 

Also, the stress-strain relation for a rotated y-cut quartz plate, which exhibits monoclinic  

symmetry with x being the diagonal axis are 

1 11 1 12 2 13 3 14 4

2 12 1 22 2 23 3 24 4

3 13 1 23 2 33 3 34 4

4 14 1 24 2 34 3 44 4

5 55 5 56 6

6 56 5 66 6

,
,
,
,

,

T C S C S C S C S
T C S C S C S C S
T C S C S C S C S
T C S C S C S C S
T C S C S
T C S C S

= + + +
= + + +
= + + +

= + + +
= +
= +

        (3) 

where ( )1, 2,...,6iT i =  are the stress components and ( )1, 2,...,6ij jiC C i= =  are the elastic 

constants. 

The equation of motion in the absence of body forces are 

2
6 51

1 2

2
6 2 4

1 2

2
5 34

1 2

T TT u
x y z t
T T T v
x y z t
T TT w
x y z t

ρ

ρ

ρ

∂ ∂∂ ∂
+ + =

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂

∂ ∂∂ ∂
+ + =

∂ ∂ ∂ ∂

         (4) 

where 1ρ  is the density of the layer. 

For the propagation of SH type wave in z-direction with the displacement in the x-direction, 
we have 

1 2 3 4 0T T T T= = = = , 5 55 56
u uT C C
z y
∂ ∂

= +
∂ ∂

 and 6 56 66
u uT C C
z y
∂ ∂

= +
∂ ∂

 .   (5) 
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Let we take , ( 1, 2)r ru rρ =  as densities and displacements of the layer and lower media, 

respectively. The non homogeneity in the layer is considered as 

( ) ( ) ( )1 1 1
66 66 56 56 55 55 1 1, , ,z z z zC C e C C e C C e eν ν ν νρ ρ′ ′ ′ ′= = = =  

and the elastic constants of the half-space as ( ) ( ) ( )2 2 2
66 66 56 56 55 55, , .C C C C C C′′ ′′ ′′= = =  

Using (5) and (4) we get equation of motion for the monoclinic layer in the form 

2 2 2 2
1 1 1 1 1 1

66 56 55 56 66 12 2 22u u u u u uC C C C C
y y z z z y t

ν ν ρ∂ ∂ ∂ ∂ ∂ ∂′ ′ ′ ′ ′ ′+ + + + =
∂ ∂ ∂ ∂ ∂ ∂ ∂

    (6) 

and equation of motion for lower isotropic monoclinic semi-infinite medium is 

2 2 2 2
2 2 2 2

66 56 55 22 2 22u u u uC C C
y y z z t

ρ∂ ∂ ∂ ∂′′ ′′ ′′+ + =
∂ ∂ ∂ ∂ ∂

 .      (7) 

Here in equation (6) and (7) suffix “1” and “2” are used for monoclinic layer and lower semi-
infinite medium respectively. 

The boundary conditions are as following 

(i) The upper surface of monoclinic layer is stress free, i.e. T6 = 0 at y H= −   

 1 1
56 66 0u uC C

z y
∂ ∂′ ′+ =
∂ ∂

  at y H= −        (8) 

(ii) The stresses are continuous at the interface ( )y h zε=   

1 1 2 2
66 56 56 55 66 56 56 55 ,h hu u u uC C h e C C h e C C h C C h

y z y z
νε νεε ε ε ε∂ ∂ ∂ ∂⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤′ ′ ′ ′ ′′ ′′ ′′ ′′′ ′ ′ ′− + − = − + −

⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∂ ∂ ∂ ∂
            (9) 

where ( )dh zh
dz

′ =  

 (iii) The displacements are continuous at the interface ( )y h zε=  

1 2u u=                                                  (10) 

 

Solution of the problem 

For ( , , ) ( , ) i t
i iu y z t U y z e ω= ( 1,2...)i = , equation (6) and (7) reduces to 
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2 2 2
21 1 1 1 1

66 56 55 56 66 1 12 22 0U U U U UC C C C C U
y y z z z y

ν ν ρ ω∂ ∂ ∂ ∂ ∂′ ′ ′ ′ ′ ′+ + + + + =
∂ ∂ ∂ ∂ ∂ ∂

             (11) 

2 2 2
22 2 2

66 56 55 2 22 22 0U U UC C C U
y y z z

ρ ω∂ ∂ ∂′′ ′′ ′′+ + + =
∂ ∂ ∂ ∂

                (12) 

where ω is circular frequency. 

Defining the Fourier transform ( , )rU y η  of ( , ) ( 1, 2)rU y z r =  as 

( , ) ( , ) ,i z
r rU y U y z e dzηη

∞

−∞

= ∫  

We find the inverse Fourier transform as 

1( , ) ( , ) .
2

i z
r rU y z U y e dηη η

π

∞
−

−∞

= ∫  

So the Fourier transform of Eqs. (11) and (12) are 

( )
2

21 1 1
1 1 12

2
22 2

2 2 22

2 2
2 2 2 2 2 266 55 56 56 55 66

1 1 1 2 2 22 2
1 2 21 66 66 66 66

0 (13)
2

( ) 0 (14)

where

, , 2 , 2 , , .

d U dU aa p U
dy dy

d U dUa p U
dy dy

C C C C C Cp a i a i p
C C C C

νν

ω ωβ η η η η β
β β ρρ

⎛ ⎞+ + + + =⎜ ⎟
⎝ ⎠

+ − =

′ ′ ′′ ′ ′ ′ ′ ′
= = − = − = − = − + =

′ ′ ′ ′ ′′ ′

 

Now the solutions of Eqs. (13) and (14) are 

( )
1

2
1 3 3cos sin

a y
U e A p y B p y

ν +⎛ ⎞−⎜ ⎟
⎝ ⎠= +                   (15) 

2

42
2

a y
p yU De e

⎛ ⎞−⎜ ⎟ −⎝ ⎠=                     (16) 

2
2 2 2 2

2 2 2 255 561
3 1 2

1 66 66

2
2 2

2 2 2 255 562
4 2 2

266 66

where ,
4 4

4

and , , are functions of .

C Cap p
C C

C Cap p
C C

A B D

ν ω νη η
β

ωη η
β

η

⎧ ⎫⎛ ⎞′ ′⎛ ⎞+ ⎪ ⎪= − = − + ⎜ ⎟ −⎨ ⎬⎜ ⎟ ⎜ ⎟′ ′⎝ ⎠ ⎪ ⎪⎝ ⎠⎩ ⎭
⎧ ⎫⎛ ⎞′′ ′′⎪ ⎪= + = − − ⎜ ⎟⎨ ⎬⎜ ⎟′′ ′′⎪ ⎪⎝ ⎠⎩ ⎭
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The displacements in the two media are 

 

( )
1

2
1 3 3

1 cos sin
2

a y
i zU e A p y B p y e d

ν
η η

π

+⎛ ⎞∞ −⎜ ⎟ −⎝ ⎠

−∞

= +∫                 (17) 

2 2 2
4 4

42 2 2
2

2
4

1 2
2

2

a a ay p y p d
p y i zU De e e e e dap

η η
π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∞ − + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠ ⎝ ⎠

−∞

⎧ ⎫
⎪ ⎪

= +⎨ ⎬
⎪ ⎪+
⎩ ⎭

∫               (18) 

 

where the second term in the integrand of 2U  is introduced due to the effect of source at S in 

2M [10]. We set the following approximations due to small value of ε  

 

0 1 0 1 0 1, , .A A A B B B D D Dε ε ε≅ + ≅ + ≅ +                   (19) 

 

Since the boundary is not uniform at the interface of 1M  and 2M  so the term , andA B D  

appearing in Eq.(19) are also function of ε , expanding these terms in ascending powers of ε  

and keeping in view that ε  is small and so retaining the term up to the first order of ε , hence 

approximated as in Eq.(19). These assumptions are justified in the real earth model where the 

depth H ′of the irregular boundary is too small with respect to the length of the boundary s . 

Also for small ε , following approximations can be accepted 

 

3 3 31 , cos 1, sinhe h p h p h p hγε γε ε ε ε± ≅ ± ≅ ≅ . 

where γ  is any quantity. 

 

Using the boundary conditions (i), (ii), (iii)  and after simplification,  we obtain 
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( ){ }

( ){ }

( ) { }

( )

2
4

2
4

2
4

2
66 56 3 3 66 1 66 3

0

2
66 56 3 66 3 1 66

0

2

0 1 2 3 4
4 2

1 4 66 2 66 56

1

8 2 tan 2 tan
,

( )

8 2 2 tan
,

( )

4 ,
2 ( )

2 2

ap d

ap d

ap d

C e ikC p H p C a C p H
A

G k

C e ikC p C p H a C
B

G k

eD E E E E
p a G k
R p C a C ikC

A

ν

ν

⎛ ⎞− +⎜ ⎟
⎝ ⎠

⎛ ⎞− +⎜ ⎟
⎝ ⎠

⎛ ⎞− +⎜ ⎟
⎝ ⎠

′′ ′ ′ ′− + + +
=

′′ ′ ′ ′− − + +
=

−
= + + +

+
′′ ′′ ′′− + + +

=
{ } ( ){ }

( ){ } ( ){ }

2 56 3 3 66 1 66 3

1 4 66 2 66 56 2 56 3 66 3 1 66

1

5 6
1

1 4 66 56 3 2 66 56 3 3 4 66 66 3 2 66 66

2 2 tan 2 tan
,

( )
2 2 2 2 2 tan

,
( )

,
( )

4 tan 2 tan 4 2

R ikC p H p C a C p H

G k
R p C a C ikC R ikC p C p H a C

B
G k

E ED
G k

E ikp C C p H ika C C p H p p C C p a C C

ν

ν

′ ′ ′+ + +

′′ ′′ ′′ ′ ′ ′− + + + − + +
=

+
=

′′ ′ ′′ ′ ′′ ′ ′′= + + +
( ) ( )
( ) ( ) ( )

2 2
2 4 1 66 66 3 2 1 66 66 3 3 66 56 3 66 3

2 2 2 2
3 1 66 56 3 1 66 3 56 3 1 66 56 3

2
4 56 56 3 3 56 66

,
2 tan tan 4 4 tan ,
4 tan tan 4 tan 4 tan ,
4 tan 4 2

E p a C C p H a a C C p H ikp C C p C p H
E ik a C C p H a C p H k C p H ik a C C p H
E k C C p H ikp C C ik

ν ν
ν ν ν

ν

′
′′ ′ ′′ ′ ′ ′ ′= + + + − +
′ ′ ′ ′ ′ ′= + + + − + +

′′ ′ ′′ ′= − − ( )
( )( )

( ) ( )( )

1 56 66 3

5 2 56 3 3 66 1 66 3

22 2 2 2 2
6 1 56 3 3 66 3 1 66 56 3 1 66 3

2 2 2
56 3 4 56 66 3 56 56 3

tan ,
4 tan 4 2 tan ,

4 tan 4 tan 4 tan tan ,

( ) 4 tan 4 tan 4 tan
4

a C C p H
E R ikC p H p C a C p H

E R k C p H p C p H ik a C C p H a C p H

G k k C p H ikp C C p H k C C p H
p

ν

ν ν

′′ ′+
′ ′ ′= − − − +

′ ′ ′ ′ ′= − − + − +

′ ′ ′′ ′′ ′= − − +
( ) ( )

( )
( ) ( )

22 2 2
3 66 3 1 66 56 3 1 66 3

3 4 66 66 3 56 66 1 56 66 3 3 2 66 66

4 1 66 66 3 2 1 66 66 3 2 56 66 3

tan 4 tan tan
4 4 2 tan 2
2 tan tan 2 tan .

C p H ik a C C p H a C p H
p p C C ikp C C ik a C C p H p a C C
p a C C p H a a C C p H ika C C p H

ν ν
ν

ν ν

′ ′ ′ ′+ + + +
′′ ′ ′′ ′ ′′ ′ ′′ ′− − − + −

′′ ′ ′′ ′ ′ ′′− + − + −

 

With the help of above obtained values the displacement in the monoclinic layer is given by 

( )( ){
( )( )

2 14

2
4

2
2 1 66 4 562 2

66
1

2
66

56 3 3 66 1 66 3 3

56 3 66 3 1 66

241 1
2 ( )

4

2 tan 2 tan cos

2 2 tan sin

a ap d y

ap d

aR R C p ikC
C e eU

G k
C e

ikC p H p C a C p H p y

ikC p C p H a C p

ε

π

ν

ν

⎛ ⎞− + −⎜ ⎟∞ ⎝ ⎠

⎛ ⎞− +⎜ ⎟−∞ ⎝ ⎠

⎡ ⎤⎧ ⎫⎛ ⎞⎛ ⎞′′ ′′+ + +⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟′′ ⎝ ⎠⎝ ⎠⎩ ⎭⎢ ⎥= − +⎢ ⎥
′′⎢ ⎥

⎢ ⎥⎣ ⎦

′ ′ ′× + + +

′ ′ ′+ − + +

∫

}3 .ikzy e dk−

                      (20) 

 

From Eq. (1), the interface for the rectangular irregularity gives 

2( ) sin .
2

s sh λλ
λ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

                    (21) 

Further on simplification, we get 
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2 1 66 4 56

2 1{ ( ) ( )} sin ,
2 2

sCa sR R C p ikC k k dλψ λ ψ λ λ
π λ

∞

−∞

′′⎧ ⎫⎛ ⎞ ⎛ ⎞′′ ′′+ + + = − + +⎨ ⎬ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎩ ⎭

∫             (22) 

where ( )
2

4 2

2 3 4 5 6 7 8 9 10 11
2

4

( )
( )

2

k
ap d

ek B B B B B B B B B B
ap G k

η λ

ψ λ

= −
⎛ ⎞− +⎜ ⎟
⎝ ⎠

⎡ ⎤
⎢ ⎥
⎢ ⎥− = + + + + + + + + +

⎛ ⎞⎢ ⎥+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

(23) 

( ){
( )
( ) ( )

2
562 2

2 4 4 1 56 66 3

66
2 2 2 2

1 66 66 3 3 56 66 3 66 66 3 3 66 3
2 2 2 2

1 66 56 3 1 66 3 56

4 tan
2 2

2 tan 8 8 tan 8 tan
8 tan 2 tan 8 tan

Ca aB p ik p ik a C C p H
C

a C C p H ikp C C p C C p H p C p H
ik a C C p H a C p H k C p

ν

ν
ν ν

⎧ ⎫′′⎪ ⎪⎛ ⎞ ⎛ ⎞ ′ ′′= + + + − +⎨ ⎬⎜ ⎟ ⎜ ⎟′′⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
′ ′′ ′ ′′ ′ ′′ ′− + + − +
′ ′ ′ ′+ + + + −

( ) }
{

( ) ( ) }

3
2

56 56 3 3 66 56 1 66 56 3
2

2
3 4 4 56 66 3 2 56 66 3 3 4 66 66

3 2 66 66 4 1 66 66 3 2 1 66 66 3

4

8 tan 8 4 tan ,

8 tan 4 tan 8
2

4 4 tan 2 tan ,

H
k C C p H ikp C C ik a C C p H

aB p ikp C C p H ika C C p H p p C C

p a C C p a C C p H a a C C p H

B ik

ν

ν ν

′ ′′ ′ ′′ ′ ′′+ − − +

⎛ ⎞ ′ ′′ ′ ′′ ′ ′′= + − − −⎜ ⎟
⎝ ⎠

′ ′′ ′ ′′ ′ ′′− − + − +

= {
( ) ( ) ( ) }

( ) ( )

2 2 2 2 256 2
4 3 66 3 3 56 66 56 3 56 56 3

66
2 2

1 66 3 1 56 66 3 1 56 66 3

22
5 4 66 3 1 56 3 1 66 3

8 tan 8 8 tan 8 tan
2

2 tan 8 tan 4 tan ,

8 4 4
2

C ap p C p H ikp C C k C p H k C C p H
C

a C p H ik a C C p H ik a C C p H
aB p C ikp a C p a C p

ν ν ν

ν ν

′′ ⎛ ⎞ ′ ′′ ′ ′ ′ ′′+ − − +⎜ ⎟′′ ⎝ ⎠
′ ′ ′ ′′ ′+ + + + − +

⎛ ⎞ ′ ′ ′= − + + + + −⎜ ⎟
⎝ ⎠

( ){
( ) ( ) }

( ) ( ){
}

2
1 66 3

2 3 2 3
1 56 3 1 66 3 3 56 3 3 66

22
6 4 66 1 56 3 1 66 3

2
3 56 3 66 3

tan

2 tan tan 8 tan 8 ,

4 tan 2 tan
2

8 8 tan ,

a C p H

ik a C p H a C p H ikp C p H p C
aB p C ik a C p H a C p H

ikp C p C p H

ν

ν ν

ν ν ν

′+

′ ′ ′ ′− + − + + +

⎛ ⎞ ′ ′ ′= − + + + +⎜ ⎟
⎝ ⎠

′ ′− +
 

( ){
( ) }

( ){ }

2 2 2 2 22
7 4 3 56 3 56 66 3 1 56 3

2
1 56 66 3

2 22
8 4 56 3 3 56 66 1 56 66 3

2
2

9 4 56 56 3 3 66

8 8 tan 4 tan
2

2 tan ,

8 tan 8 4 tan ,
2

8 tan 8
2

aB p k p C ikp C C p H k a C p H

ik a C C p H
aB p k C p H ikp C C ik a C C p H

aB p kC C p H i p C

ν

ν

ν ν

λ λ

⎛ ⎞ ′ ′ ′ ′= + + − +⎜ ⎟
⎝ ⎠

′ ′+ +

⎛ ⎞ ′ ′ ′ ′ ′= + − − +⎜ ⎟
⎝ ⎠

⎛ ⎞ ′ ′′= + − +⎜ ⎟
⎝ ⎠

( ){ }
( ){ }

( ) ( ){

56 1 66 56 3

22
10 4 56 55 3 3 66 55 1 66 55 3

222
11 4 1 56 3 1 56 66 3

2 2
3 56 3 56 66 3

4 tan ,

8 tan 8 4 tan ,
2

4 tan 2 tan
2

8 8 tan 8

C i a C C p H

aB p i k C C p H kp C C i k a C C p H

aB p k a C p H i a C C p H

kp C i p C C p H i

λ ν

λ λ λ ν

λ ν λ ν

λ λ λ

′ ′′ ′ ′′+ +

⎛ ⎞ ′ ′′ ′ ′′ ′ ′′= + − − − +⎜ ⎟
⎝ ⎠
⎛ ⎞ ′ ′ ′= + + − +⎜ ⎟
⎝ ⎠

′ ′ ′− − +
( ) }

55 56 3 3 55 66

1 66 55 3

tan 8
4 tan .

kC C p H kp C C
k a C C p H

λ
λ ν

′ ′ ′ ′+
′ ′+ +

 



 

Propagation of SH waves                                                                                                    2165 

 

Here the argument of ( )kψ λ−  is because of kη λ+ = . Following the asymptotic formula of 

Willis [10] and neglecting the terms containing 2 / s  and higher powers of  2 / s  for large 

s , we get 

1{ ( ) ( )} sin 2 ( ) ( ),
2 2
sk k d k kλ πψ λ ψ λ λ ψ πψ

λ

∞

−∞

⎛ ⎞− + + ≅ =⎜ ⎟
⎝ ⎠∫  (cf. Tranter [6]).            (24) 

Hence on using Eq. (24) on Eq. (22) one can have 

2
2 1 66 4 56 66 662 ( ) 2 ( ).

2
a HR R C p ikC sC k C kψ ψ

ε
′⎧ ⎫⎛ ⎞′′ ′′ ′′ ′′+ + + = =⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
              (25) 

Therefore, in view of Eq. (25) the displacement in the monoclinic layer is 

({

( ) ) ( )( ) }

2 14

2
4

2 2
66

1 56 3 3 66

2

1 66 3 3 56 3 66 3 1 66 3

41 2 tan 2
2

( ) 1 ( )
2

tan cos 2 2 tan sin .

a ap d y

ap d

ikz

C e eU ikC p H p C
HG k k e

a C p H p y ikC p C p H a C p y e dk

π
ψ

ν ν

⎛ ⎞− + −⎜ ⎟∞ ⎝ ⎠

⎛ ⎞+⎜ ⎟−∞ ⎝ ⎠

−

′′
′ ′= − +

⎡ ⎤′
−⎢ ⎥

⎢ ⎥⎣ ⎦
′ ′ ′ ′+ + + − + +

∫
 

Since the value of this integral depends entirely on the contribution of the poles of the 

Integrand, the dispersion equation for SH waves is given by 

2
4 2( ) 1 ( ) 0.

2

ap dHG k k eψ
⎛ ⎞+⎜ ⎟
⎝ ⎠

⎡ ⎤′
− =⎢ ⎥

⎢ ⎥⎣ ⎦
                  (26) 

The poles are located at the roots of the Eq.(26) which has been examined in our study of 

shear waves (Achenbach [8]). Solving Eq. (26) with the help of Eq. (23) and setting 

 3 3 4 4 1 1 2 2, , andp kP p kP a kA a kA= = = =  
1/ 2 1/ 2

2 22 2 2
55 56 55 56

3 42 2 22 2
1 266 66 66 66

56 56
1 2

66 66

where , ,
4

2 and 2 , weget

C C C Cc cP P
kC C C C

C CA i A i
C C

ν
β β

⎛ ⎞ ⎛ ⎞′ ′ ′′ ′′
= ⎜ − − + ⎟ = ⎜ − − ⎟
⎜ ⎟ ⎜ ⎟′ ′ ′′ ′′⎝ ⎠ ⎝ ⎠
′ ′′

= − = −
′ ′′

 

22 2
55 56

1 22 2 2
1 66 66

tan ,
4

C Cc kH J iJ
kC C
ν

β

⎧ ⎫⎛ ⎞′ ′⎪ ⎪⎜ − − + ⎟ = +⎨ ⎬⎜ ⎟′ ′⎪ ⎪⎝ ⎠⎩ ⎭

                (27) 
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1 3 2 4 2 3 1 4
1 22 2 2 2

3 4 3 4

3 2 2 3 266
1 3 4 66 66 3 4 66 66 3 66 56 3 56

66
3 3 2 2 2

3 66 3 66
3 3 2

2 3 4 56 66 3 4 66 56 3 5

,

and 8 8 8 8

8 2 ,
8 8 8

L L L L L L L LJ J
L L L L

CL H k P P C C k P P C C H PC C H k P C
C

H k P C H k PC
L H k P P C C H k P P C C H k PC

ν
ν

+ −
= =

+ +
′

′ ′′ ′ ′′ ′ ′′ ′′′ ′ ′= − − +
′′

′ ′′ ′+ +
′ ′′ ′ ′′′ ′ ′= − − − 6 66

2 2 2 2 2 2 3 2
3 4 66 66 3 66 66 4 66 66 4 3 66 66

2
3 2 2 2 2 2 2 2 56

4 3 66 4 66 4 66 66 66

66

2 2 3 2 2 266
56 66 3 66

66

,
4 8 2 2 8

8 2 4 4

4 4

C
L k P C C k P C C H k P C C H k P P C C

CH k P P C H k P C H k P C C H k C
C

CH k C H C H k P C
C

ν ν ν

ν ν ν

ν ν ν

′ ′
′ ′′ ′ ′ ′ ′′ ′ ′′′ ′= − − − −

′′
′ ′ ′ ′′ ′′ ′ ′ ′+ + − +

′′
′

′′ ′ ′′ ′ ′− − −
′′

2 2 2
56

2 2 3 2 2 2 256 56
4 4 56 66 4 66 56 3 66 66

66 66
3 2 2

3 56 66 56 66

8 ,

4 4 8 2

8 2 .

H k C

C CL H k P C C H k P C C H k P C H kC
C C

H k P C C H kC C

ν

ν ν ν

ν

′′+

′′ ′′
′ ′′ ′ ′′ ′ ′′ ′ ′ ′= + − −

′′ ′′
′ ′ ′ ′′ ′− −  

The real part of the Eq. (28) gives the dispersion equation of SH waves. 

The dispersion relation for the SH waves is 

 
22 2

55 56
12 2 2

1 66 66

tan
4

C Cc kH J
kC C
ν

β

⎧ ⎫⎛ ⎞′ ′⎪ ⎪⎜ − − + ⎟ =⎨ ⎬⎜ ⎟′ ′⎪ ⎪⎝ ⎠⎩ ⎭

 .                (28) 

 
Particular cases 
Case 1: When 66 55 2 560, and 0C C Cν μ′′ ′′ ′′= = = =  the dispersion relation (28) reduces to 

22
55 56 3

2 2
1 466 66

tan C C Jc kH
JC Cβ

⎧ ⎫⎛ ⎞′ ′⎪ ⎪⎜ − + ⎟ =⎨ ⎬⎜ ⎟′ ′⎪ ⎪⎝ ⎠⎩ ⎭

 

( )(
)

2 2 2 2 2
3 5 6 66 2 6 66 2 5 66 6 5 66

2 2 2 2 2 3 2
5 66 6 5 66 2 5 6 56 66 2

where 2 4 4 4 8

8 8 64 ,

J P H kP C P C H kP C H kP P C

P C H kP P C H k P P C C

μ μ

μ μ

′ ′ ′ ′′ ′ ′= − +

′ ′ ′ ′′ ′− − +
 

( )2
2 2 2 2 2 2 2 4 2 2

4 6 5 66 5 66 6 5 66 2 5 56 66

22 2
55 56

5 62 22
1 266 66

8 8 8 64 ,

, 1

J H kP P C P C H kP P C H k P C C

C Cc cP P
C C

μ

β β

′ ′ ′ ′ ′′ ′ ′= − − +

′ ′
= − + = −

′ ′

 

which is the result obtained by Chattopadhyay et al [4] for SH waves, propagating in an 
irregular monoclinic layer lying over an isotropic half space. 
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Case 2: When 66 55 2 560, 0, and 0H C C Cν μ′′ ′′ ′′′= = = = =  the dispersion relation (28) 
reduces to  

2

2 222
255 56

2 2 221 66 66 55 56
66 2 2

1 66 66

1
tan

c
C Cc kH
C C C CcC

C C

μ
β

β

β

−⎧ ⎫⎛ ⎞′ ′⎪ ⎪⎜ − + ⎟ =⎨ ⎬⎜ ⎟′ ′ ′ ′⎪ ⎪⎝ ⎠⎩ ⎭ ′ − +
′ ′

 

which is the result obtained by Chattopadhyay and Pal [2] for SH waves, propagating in a 
regular monoclinic layer lying over an isotropic half space. 
Case 3: When 66 55 1 56 66 55 2 560, , 0, and 0C C C C C Cν μ μ′ ′ ′ ′′ ′′ ′′= = = = = = =  the dispersion 
relation (28) reduces to  

2
5

2
1 6

tan 1 Jc kH
Jβ

⎧ ⎫⎛ ⎞⎪ ⎪− =⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

 

where ( )(
)

2 2 2 2 2
5 7 8 1 2 8 1 2 7 1 8 7 1

2 2 2
7 1 8 7 1 2

2 4 4 4 8
8 8 ,

J P H kP P H kP H kP P
P H kP P

μ μ μ μ μ μ
μ μ μ
′ ′ ′= − +

′− −
 

( )22 2 2 2 2
4 8 7 1 7 1 8 7 1 2

2 2

7 82 2
1 2

8 8 8 ,

1, 1

J H kP P P H kP P
c cP P

μ μ μ μ

β β

′ ′= − −

= − = −
 

which is the result obtained by Chattopadhyay [1] for SH waves, propagating in an irregular 
isotropic layer lying over an isotropic half space. 
Case 4: When 66 55 1 56 66 55 2 560, 0, , 0, and 0H C C C C C Cν μ μ′ ′ ′ ′′ ′′ ′′′= = = = = = = =  the 
dispersion relation (28) reduces to  

2

2 22
2

2 2
1

1 2
1

1
tan 1 ,

1

c
c kH

c

μ
β

β
μ

β

−⎧ ⎫⎛ ⎞⎪ ⎪− =⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭ −

 which is the classical SH wave equation. 

Numerical examples 
 
For the case of an irregular non-homogeneous monoclinic layer lying over monoclinic half 
space, we take the following data 
(i) For monoclinic layer, [9] 

9 2 9 2
55 56

9 2 3
66 1

94 10 N/m , 11 10 N/m ,
93 10 N/m , 7, 450 Kg/m .

C C
C ρ

′ ′= × = − ×
′ = × =

 

(ii) For monoclinic half space, [9] 
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9 2 9 2

55 56
9 2 3

66 2

57.94 10 N/m , 17.91 10 N/m ,
39.88 10 N/m , 2,649 Kg/m .

C C
C ρ

′′ ′′= × = − ×
′′ = × =

 

 

The effect of non-homogeneity and irregular boundary on the propagation of plane SH waves  
propagating in non-homogeneous monoclinic layer with rectangular irregularity lying over a 
monoclinic half spaces has been depicted by means of graphs, which are shown in fig. 2 and 
3. These graphs give the variation of non-dimensional phase velocity ( )1/c β  with respect to 
non-dimensional wave number kH  for different values of non-homogeneity parameter 
( )Hν and different size of irregularity. It is observed that as the size of irregularity ( )/H H′  
increases, the phase velocity decreases. Also, the presence of non-homogeneity increases the 
phase velocity for the corresponding wave number. Evidently, the dispersion curve gets 
steeper for the higher values of irregularity. 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

1.04

1.05

1.06

1.07

1.08

1.09

kH

c/
β 1

1

2

3

 

 
1 for H'/H=0.0

2 for H'/H=0.15

3 for H'/H=0.30

 

Fig. 2: Curve of 1/c β  versus kH  for 0.0Hν = . 
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Fig. 3: Curve of 1/c β  versus kH  for 0.5Hν = . 
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