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Abstract

Quite recently, the concept of intuitionistic fuzzy 2-normed spaces
was introduced by Mursaleen and Lohani [6]. Also, Mursaleen and
Mohiuddine [7] have studied the notion of statistical convergence of
double sequences in intuitionistic fuzzy normed spaces. In this paper,
we study the concept of statistically convergent and statistically Cauchy
double sequences in intuitionistic fuzzy 2-normed spaces.
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1 Introduction

The idea of statistical convergence was introduced by Fast [2] and Steinhaus
[17] independently and later on studied by various authors. Active researches
on this topic were started after the papers of Salat [14] and Fridy [3].

Definition 1.1 Let K be a subset of N. A number sequence v = (xy,) is said
to be statistically convergent to the number £ if for each € > 0, the set K(e) =
{k <n:|zg — | > €} has asymptotic density zero, i.e.

1
lim —|{k <n:l|zy— ¢ >€}|=0.
non

In this case we write st-limx = ¢.
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Notice that every convergent sequence is statistically convergent to the same
limit, but its converse need not be true.

Definition 1.2 A double sequence x = (xj;;) is said to be Pringsheim's convergent
(or P-convergent) if for given € > 0 there exists an integer N such that
|21 — €| < € whenever j,k > N. We shall write this as

lim aj, = ¢,
j,k—o0

where j and k tending to infinity independent of each other [9].

Definition 1.3 Let K C N x N be a two-dimensional set of positive integers
and let K(m,n) be the numbers of (j, k) in K such that j < m and k < n.
Then the two-dimensional analogue of natural density can be defined as follows
[5].
The lower asymptotic density of the set K C N x N is defined as

J2(K) = liminf K(m, n)

— m,n mn

In case the sequence K(m,n)/mn has a limit in Pringsheim’s sense then we
say that K has a double natural density and is defined as

K
lim 7(7”’ n)

m,n mn

= 5,(K).

Example 1.1 Let K = {(i* j*) : i,j € N}. Then

¥ (K) = limM < lim Vmy/n =0,

m,n mn m,n mn

i.e. the set K has double natural density zero, while the set {(i,2j) : i,j € N}
has double natural density 1/2.

Note that, if we set m = n, we have a two dimensional natural density due
two Christopher [4].

Statistical convergence for double sequences x = (z;;) of real numbers was
introduced and studied by Mursaleen and Edely [15] and for double sequences
of fuzzy real numbers by Savag and Mursaleen [25].
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Definition 1.4 A real double sequence x = (x;;,) is said to be statistically
convergent to the number { if for each € > 0, the set

{(J,k),j <mand k <n:lzy—Ll]|> €}

has double natural density zero. In this case we write Stg—lif]? xjp = L.
j7

The notion of fuzzy sets was first introduced by Zadeh [18] in 1965. The
concept and the theory of intuitionistic fuzzy metric space was studied by a
lot of researchers [8], [10], [11], [12], [13]. The idea of statistically convergence
of single sequences in IFNS was studied by Karakus et al. [4] and for double
sequences in IFNS by Mursaleen and Mohiuuddine [7]. Recently, Mursaleen
and Mohiuddine [7] studied the concept of statistical convergence of double
sequences in intuitionistic fuzzy normed spaces. In this paper we shall study
the concept of statistical convergence of double sequences in intuitionistic fuzzy
2-normed spaces.

2 Preliminaries

We now recall some notations and basic definitions that we need throghout
this paper.

Definition 2.1 [16] A binary operation x : [0,1] x [0,1] — [0, 1] is said to be
a continuous t-norm if it satisfies the following conditions:

1. x is associative and commutative,
2. x 18 continuous,
3. ax1=a forallac€l0,1],

4. axb < cxd whenever a < c and b < d for each a,b,c,d € [0, 1].

Definition 2.2 [16] A binary operation { : [0,1] x [0, 1] — [0,1] is said to be
a continuous t-conorm if it satisfies the following conditions:

1. < is associative and commutative,

2. < is continuous,
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3. a0 =a for all a € [0,1],
4. ab < cd whenever a < ¢ and b < d for each a,b,c,d € [0, 1].

Definition 2.3 Let V be a real vector space of dimension d, where 2 < d < oc.
A 2-norm on 'V is a funtion ||.,.]| : V x V — R which satisfies,

1. ||z, y|l = 0 if and only if v and y are linearly dependent;
2. Nz, yll = lly, l;

3. oz, yll = ||, yll;

4o Ny + 2l < llzyyll + =, 2]

The pair (V,||.,.]|) is then called a 2-normed space.

Example 2.1 As an example of a 2-normed space take V = R? being equipped
with the 2-norm ||z, y|| := the area of the parallelogram spanned by the vectors
x and y, which may be giwen explicitly by the formula,

H‘ruyH - |l’1y2 - $2y1|, Tr = (xlvl‘?)v Y= (ylva)'

Using the continuous t-norm and t-conorm, Saadati and Park [11] introduced
the concept of intuitionistic fuzzy normed space while the concept of intuition-
istic fuzzy 2-normed space has been introduced and studied by Mursaleen and
Lohani [6] as follows:

Definition 2.4 The five-tuple (V, p, v, *, <) is said to be an intuitionistic fuzzy
2- normed space (for short, IF2NS) if V is a vector space, x is a continuous
t-norm, < is a continuous t-conorm, and p,v are fuzzy sets on V- xV x (0, 00)
satisfying the following conditions for every x,y,z € V, and s,t > 0

1. u

SN
=
e
8
=
=
I
=
8
<
Bl
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o

(@, y;t) = (e, 2;8) < p(w,y + 2t + ),
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6. w(z,y;-):(0,00) — [0, 1] is continuous,
7. tlgilo pu(x,y;t) =1 and %iinou(x,y;t) =0,
8. p(x,y;t) = ply, x;t),
9. v(z,y;t) <1,
10. v(z,y;t) =0 if and only if x and y are linearly dependent,
11. v(az,y;t) = v(z,y; ﬁ) for each o # 0,
12. v(z,y; )Ov(x, 2z;8) > v(x,y + z;t + 5),
13. v(z,y;-) : (0,00) — [0, 1] is continuous,
14. tlirglo v(z,y;t) =0 and Iltg% v(z,y;t) =1,

15. v(z,y;t) = v(y, ;)

In this case (u,v) is called an intuitionistic fuzzy 2-norm on V', and we
denote it by (p,v)s.

Example 2.2 Let (V,|.,.||) be a 2-normed space, and let axb = ab and ab =
min{a + b,1} for all a,b € [0,1]. For all x € V and every t > 0, consider

t _ =yl

ple,yit) = = and  v(z,yt) = :
t+ [z, yl t+ [z, yl

Then (X, p, v, %, <) is an intuitionistic fuzzy 2-normed space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy
normed space are studied in [11].

Definition 2.5 Let (X, p,v,%,$) be an IFNS. Then, a sequence x = (xy)
1s said to be convergent to L € X with respect to the intuitionistic fuzzy
norm (p,v) if, for every e > 0 and t > 0, there exists kg € N such that
w(zy — Lyt) > 1 —€ and v(xy — L, t) < € for all k > ky. In this case we write

(u,v)-limz = L or xy, )] as k — oo,
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Definition 2.6 Let (X, pu, v, *,<) be an IFNS. Then, x = (xy) is said to be
Cauchy sequence with respect to the intuitionistic fuzzy norm (u,v) if, for
every € > 0 and t > 0, there exists ko € N such that p(xy — x4,t) > 1 — € and
v(xgp — xp,t) < € for all k, 0> k.

3 On statistically convergent double sequences
in IF2NS

We define the following

Definition 3.1 Let (X, u,v,*, ) be an IF2NS. Then, a double sequence x =
(x)1) is said to be statistically convergent to L € X with respect to the intu-
itionistic fuzzy 2-norm (u,v)s provided that, for every e >0 and t > 0,

02{(j,k) e NxN:p(xj— Lyy;t) <1—e€ or v(zy —L,y;t) > e} =0,
(1)

or equivalently

1
lim—{j <m,k<n:p(rj—Lyt)<1l—e or viz,—L,y;t) >e€}| =0.
mn mn

In this case we write sty"”?-limz = L. Using (1) and well known properties

of the double natural density, we easily get the following lemma.

Lemma 3.1 Let (X, p, v, *,<) be an IF2NS. Then, for every e > 0 andt > 0,
the following statements are equivalent:

1. sté“’”h—limx =1L.

2. 0{(j,k) € Nx N : p(zj, — Ly;t) < 1—€} = 6{(j,k) € NxN:
v(z, — L,y;t) > €} = 0.

3. 02{(j, k) e NxN: p(zj,—L,y;t) >1—€ and v(zjy—L,y;t) <€} =1.

4. 62{(j, k) € Nx N : p(xje — Lyy;t) > 1 —€} = 6{(j,k) € NxN:
vz, — L,y;t) < e} =1.

5. sto-limp(xj, — L,y;t) =1 and sty-limv(xj, — L, y;t) = 0.
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Theorem 3.1 Let (X, p,v,*,<$) be an IF2NS. If a double sequence x = (z ;1)
is statistically convergent with respect to the intuitionistic fuzzy 2-norm (u, v)s,
then st(QM’V)Q—lz'mit is unique.

Proof. Suppose that st¥"*-limz = Ly and st/"*-limz = L,. For a given
€ > 0, choose r > 0 such that (1 —7) % (1 —r) > 1 — e and r{r < e. For any
t > 0, define the following sets:

Kﬂyl(r’ t) = {(]7 k) € NxN: IU/(x]k - Llayat) S 1— 7’},
KH:Q(T’ t) = {(]7 k) € NxN: IU/(x]k - L27yat) S 1— 7’},
KVJ(T7 t) = {(jv k) € NxN: V(Ijk - L17yat) Z T}v

K, o(r,t) ={(j,k) e Nx N:v(zj, — La,y; t) > 1}

t(2MvV t(2MvV

Since st{*2-lim z = L, and s 2 limg = L, we have

52(KH71(67t)) =0= (52(K,,71(€, t)) for all t > 0,

52(KH72(€’ t)) =0= 62(KV72(67t)) for all ¢t > 0.

Now let K, ,(e,t) = (K 1(e,t) U K 2(e,t)) N (K, 1(e,t) U K, 2(€,t)) . Then
02(K . (e,t)) = 0, which implies that (N x N/K,,(¢,t)) = 1. If (j,k) €
NxN/K, (e t), then we have two possible cases. The first case is that (j, k) €
N x N/(K,1(e,t) U K, 2(¢e,t)); and the second is (j,k) € N x N/(K,1(e,t) U
K, (€, t)). We first consider that (j,k) € Nx N/(K,1(e,t) UK, 2(e,t)). Then
we have

t t
p(Ly — Lo, y;t) > M(l‘jk — L1, y; 5)*M($jk — Lo, y; §)> (I=r)x(1-r)>1-¢
(2)
Since € > 0 was arbitrary, by (2) we get u(L; — Lo, y;t) = 1 for all ¢ > 0, which
yields L; = Ly. On the other hand, if (j,k) € N x N/(K,1(€,t) U K, (¢, 1)),
then

t t
v(Ly — Ly, y;t) < V(Ijk — L1, y; 5) <>V(-Tjk — Lo, y; §)< ror < e

Again, since € > 0 was arbitrary, we have v(L; — Lo, y;t) = 0 for all ¢ > 0,

which implies L; = L. Therefore, in all cases, we conclude that st{")*-limit

is unique. This completes the proof of the theorem.
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Theorem 3.2 Let (X, i, v, %, <) be an IF2NS. If (11, v)o-limz = L then st -lim z =
L. But converse need not hold.

Proof. Let (p,v)-lima = L. Then for every € > 0 and ¢ > 0, there is a
number ky € such that

p(xjy — Lyy;t) >1—e and v(zjy — L,y;t) <e
for all j,k > ky. Hence the set
{(J,k) e NxN:p(zjr— L,y;t) <1—€ and v(zj — L,y;t) > €}

has atmost finitely many terms. Since every finite subset of N x N has density
zero,

So({k<n:plrjy—L,y;t) <1—e and v(zj, — L,y;t) > €}) =0.

This completes the proof of the theorem.

The following example shows that the converse of Theorem 3.2 need not
be true.

Example 3.1 Let X = R? with ||z, y|| = |v1y2 — 2o1|, = = (z1,22), y =
(y1,y2) € R%, and let axb = ab and ab = min{a+b,1} for all a,b € [0,1]. For
all x € X and every t > 0, consider

_ | z,y |
t+ || z,y || t+ || z,y ||’

Then (X, p,v,*,<) is an IF2NS. Now we define a double sequence x = (zi)
by

p(x,y;t) and v(z,y;t) =

I (jk,0) 5 7 =m?*, k =n* mneN
7 (0,0) otherwise.

Then in this case

Km,n(eat) = {.] S m,k‘ S n; Tk = jk}
and we get
1

1
%’Km,n(@t” < %!{jﬁm,kﬁni j =m?, k =n® m,neN}



On statistically convergent double sequences 2257

< \/ﬁ\/ﬁ—ﬂl as m,n — 0o,
mn
that is, sté“’”h—limx = 0. However x = (xj;) is not convergent in (X, ||, ||)

and hence (p, v)o-limit does not exist.

This completes the proof of the theorem.

Theorem 3.3 Let (X, pu, v, *,<) be an IF2NS. Then, stg“’y)g—limx = L if and
only if there exists a subset K = {(j,k)} CNxN; j k=1,2--- such that
02(K) =1 and (p,v)e- lim  x,, = L.

(m,;n)eK

Proof. Necessity. Suppose that sté“ Y2 limx = L. Let for any ¢ > 0 and
r=12,-

1 1
M, ,(rt) = {(j, k) e NxN:p(zxj,—L,y;t) >1—— and v(rj —L,yt) < —},
r

r

b

N

1
Ku,l/(rat) = {(]7k> ENXN:M(mjk_Lay;t) <l-—- or l/(xjk_Lay;t) >
r

Then 05(K,,(r,t)) =0 and for £ > 0 and r =1,2,-- -, we have

M, (r,t) D M,,(r+1,t), (3)

02 ( My (7, 1)) = 1 (4)

Now we have to show that for (j, k) € M, ,(r,t), Tk e Suppose that z

M L. Therefore there is some A > 0 such that
{(jak) € Nx N:u(mjk_Lmyat) < I—X or V(x]k_L>yat) > )\}
for infinitely many terms x;;. For A > %, r=1,2,---,let

M, ,(\t)= {(j, k) e NxN:p(zjy —Lyy;t) >1—X and v(zrjy — Ly;t) < /\}
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Hence
(52(MM7,,()\, t) =0,

and using (3), M, ,(r,t) C M, (A t). Hence 62(M,,(r,t)) = 0 which contra-
dicts (4). Therefore zy, Wz g,

Sufficiency. Suppose that there exists aset K = {(j, k) : j,k=1,2,---} C
N x N such that d5(K) = 1 and (p,v)s- lim xj, = L, i.e. there exists N €
J,k—o00
(4,k)eK

N such that for every A > 0 and ¢ > 0
w(zip — Lyy;t) >1— X and v(zj — L,y t) < A

Now

K,,(\t)={(,k) e NxN:p(zy —L,y;t) <1—X and v(zj, — L,y;t) > A}

C N XN—{(jng1;knt1); Uny2, Fnga), - )

Therefore 85(K,, (A, t)) < 1—1=0. Hence sty"**-limz = L. This completes
the proof of the theorem.

4  On statistically Cauchy double sequences
in IF2NS

Recently, Mursaleen and Mohiuddine [7] defined and studied statistically Cauchy
double sequences in IFNS. Now we define this concept in IF2NS as follows.

Definition 4.1 Let (X, u,v,*, ) be an IF2NS. Then, a double sequence x =
(x)1) is said to be statistically Cauchy with respect to the intuitionistic fuzzy 2-
norm (u, V) if for every e > 0 and t > 0, there exist N = N(e) and M = M(e)
such that for all j,p > N; k,q > M

02{(7,k) e NX N:p(xjp — xpg, y3t) <1 —€ or v(zj,—xp,y;t) > €} =0.
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Theorem 4.1 Let (X, p,v,%,${) be an IF2NS. A double sequence x = (z;1)
is statistically convergent with respect to (u,v)q if and only if it is statistically
Cauchy with respect to (u,v)s.

Proof. Let x = (zj;) be statistically convergent to L with respect to (u, v)s,
ie., st¥"? lima = L. Then

t t
0({(j, k) e Nx N: p(x, — L, y; 5) <1—¢€ or v(zjs— L,y; 5) >e€})=0.
In particular, for j = M, k=N
) t t
02({(j, k) € NX N: p(zmn — L,y§§) <l-e¢ or vizun — L,y; 5) > €}) =0.
Since
t t
(e — zpn, Y3 t) = (@i, — L — xyn + L, y; B + 5)
t t
and since
t t
V(ﬂﬂjk — TMN,Y; t) < V(Ilfjk —L,y; §)<>1/($MN — L, y; 5):
we have

62({(4,k) e NX N : p(zjn — xpn,yit) <1—€ or vizy —xmn,y;t) >€e}) =0,

that is, x is statistically Cauchy with respect to (u, v)s.

Conversely, let © = (z;;) be statistically Cauchy but not statistically con-
vergent with respect to the intuitionistic fuzzy 2-norm (u,v)s. Then there
exist N and M such that the sets dy(A(e,t)) = 0 and d2(B(e,t)) = 0, where

Ae,t) ={(j, k) € NX N p(wje — anar,y5t) <1 —e€ or v(z —onum,y;t) > €},
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t t
B(e,t) ={(j,k) e NxN:p(xj, — L,y; =) >1—€ and v(zj, — L,y; =) < €}

2 2
Since
t
(i — o, v t) > 20w, — Ly y; 5) >1—¢,
and
t
vz, —xnm, yit) < 2v(zje — Ly, 5) <,

if w(aje —L,y; %) > (1 —€)/2 and v(xj — L,y; 5) < €/2. Therefore

0({(J, k) e Nx N: p(xj, — xnm,y;t) > 1 —€ and v(xj, —xym, y;t) <e}) =0,

that is, d2(A%(e,t)) = 0 and hence d,(A(e,t)) = 1, which leads to a contradic-
tion. Hence x must be statistically convergent with respect to the intuitionistic
fuzzy 2-norm (u, v)s. This completes the proof of the theorem.

Using Theorem 3.3 and Theorem 4.1, we can state the following:

Theorem 4.2 Let (X, p,v,%,${) be an IF2NS, and x = (z;,) be a double
sequence in X. Then, the following conditions are equivalent:

1. x is a statistically convergent with respect to the intuitionistic fuzzy 2-
norm (ji,)s.

2. x is a statistically Cauchy with respect to the intuitionistic fuzzy 2-norm
(,u » V )2 .

3. There exists an increasing index sequence K = {(jn,kn)} € N x N such
that §2(K) = 1 and the subsequence (xj, 1, ) is a statistically Cauchy with
respect to the intuitionistic fuzzy 2-norm (p,v)s.
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