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Abstract

In this work we give some recurrence relations of the new generalized
Bernoulli polynomials and numbers. Furthermore a relation is given
between 2D-Bernoulli polynomials and 2-variable Hermite Kampé de
Feriet polynomials.
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1 Introduction

The ordinary Bernoulli numbers and ordinary Bernoulli polynomials are de-
fined by the following generating functions respectively,

tea)t < tn
G(z,t) = et_lz;Bn(:ﬂ)m, It] < 2m, (1)
G = Lo N B r
() = 5—==> By, ltI<2m
n=0

First few of the rational numbers B,, are,

1 1 1
By =1, 31:—57 32:6, B; =0, 342—%7“',32k+1:0f0Y/€:1,2,37"'-
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Some of the Bernoulli polynomials are

1 1 3 1
By (x) = 1, Bl(x):x—57 BQ(I‘)=$2—x+6, B3(I):$3—§I2+§I,
1 5 5 1
134($) = $4 —'213 +‘$2'— 56’ 135($)3::$5‘— éaﬁi4_z§x3._ 61;...'

Proposition 1.1 The Bernoulli polynomials satisfy the following relations

B, =nB,_i(z), n>1.

Definition 1.2 A new class of generalized Bernoulli polynomials Bmel] (x),m >
1 are defined by means of the generating function defined in a suitable neig-
bourhood of t = 0,

Fm et e n
G, 1) = ——m— =3 B o) @
h!
h=0

([1].[2] and [6]).

For m = 1, we obtain from (2) the generating function,

tewt

el —1

GOz, t) =
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of classical Bernoulli polynomials B?(z).
In (2), we take x = 0, a generalized Bernoulli numbers are

tm > n
— B ®

Since GI™~U(z,t) = A(t)e™, the generalized Bernoulli polynomials belong
to the class of Appell polynomials. From (2), we have

Bl — (), @)

o0 7m00

et — Z Z [m 1]
h=m =0

> ntn . = - n h! [m—1] t"
=23 () e O
By comparing the coefficients of the last equation, we obtain
_ n h! [m—1]
n— —— B ) D

From (5), we obtain the first generalized Bernoulli polynomials as follows re-
spectively,

B([)m_l] =ml,

and
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2 2
m+1x+<m+1>2<m+2>)""

Bg’”‘” (x) =m! (x2 -

Costabile et al gave the different classical definitions and relations. Also,
Costabile et al have defined Bernoulli polynomials as a determinant relation
in ([3]). Natalini et al in ([6]) studied on some differential equations which
are satisfied the Bernoulli numbers Bi" ™Y (). In ([1]), Bretti et al defined
multidimensional extensions of the Bernoulli and Appell polynomials. They
defined the 2D-Bernoulli polynomials B,[f}(x,y) in ([4]). Also, they gave an
explicit forms of the polynomials BY! (x,y) in terms of the Hermite-Kampé de
Feriet polynomials H? (z,y) in ([1],[4]). Subuhi et al in ([7]) gave the Hermite-
Bernoulli polynomials g B, (z,y), Hermite-Euler polynomials g E, (z,y). They
proved some recurrence relations between these polynomials. In this work, we
made a generalization on a new class of Bernoulli polynomials. We gave some
relations in this subject. Also, we gave two equations of the 2D-Bernoulli
polynomials.

2 Main Theorems

Proposition 2.1 There is a relation between a generalized Bernoulli num-
bers and a generalized Bernoulli polynomial

BMm=l(z) = zn: (Z) B Hgnk, (6)

k=0

Proof. From (2) and (3), we get (6). =

Theorem 2.2 Generalized Bernoulli polynomials satisfy the following rela-
tions,

Bz 44) = Z (Z) B]{ﬁmfl} (z)y"k (7)

k=0
n n - .
= 3 () B
k=0
B (ax) = (Z) B,[Cm_l} (z)(a—1)"Fz" % ac T (8)
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Proof. From (2),

o0
m—1 _
> B! }(fEer); i ——
7’1:0 et J— ﬂ
h!
h=0
m ,xt
— i7e yt
— e
m—1
et — th
h!
h=0

_ i (i (Z) B (x)y"k> g

n=0 \k=0

" tme(ery)t
!

By comparing the coefficients % in the both sides of the above equation, we

obtain (7). Proof of (8) is similar to that of (7), so omit it. m

[m—1,0a]

Definition 2.3 We consider the generalized Bernoulli number By, or-
der o as respectively;
(0%
o0
t" tm
[mea}_ —
Z Bn n' - m—1 th ’ (9>
n=0 et — Z ﬁ
h=0
(0%
[e.e]
Z Blm—1.d (gg)ﬁ I et
" n! m-1
n=0 et — t
Al
h=0

For o =1 and m = 1 it reduces to classical Bernoulli number and classical
Bernoulli polynomials.

From (1), we have

Bq[’bm—l,a] (ZL’) _ (Z) B][gm—l,a]xn—k.
k=0

Theorem 2.4 The generalized Bernoulli polynomials Bq[szl’a] (x) order «
satisfy the following relations;
sty = () (10)
k=0
Bt (o 4 y) = (Z) B @) B (). (11)
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Proof. From (9),

(a+8)
ZBm La+p] x+y)ﬁ _ 2 elzty)t
nl m—1 h
7’1:0 et J— t_
h!
h=0
a g
— t ext t eyt
m-1 m—1 A
= iB[mla} (x)tn iB[ml el (y)t
" n! " n!
n=0 n=0
. = - n [m—1,0a] m—1,0] "
- (X () st w) &
n=0 k=0

By comparing the coefficients % in the both sides of the above equation, we

arrive at (11). Proof of (10) is similar to that of (11). m
Corollary 2.5 Generalized Bernoulli numbers Br[lm_l’a]
following relation

order o satisfy the

m—1,a . n m—1,1 m—1,a—1
Bt =S () BB 02)

k=0

where k,1 € Z+.

Proof. From (9),

e} 1 a—l

o0 n m m m

ZB[mea}t_ I U ¢ t
n nl m—1 n m—1 N m—1 ;
n=0 ot — % ot — i et — i
h=0 h=0 h=0

(o0}
_ ZB[mll]t><ZBmlal )

o [ (Y i) pimetia—] t
- (X (p)e ) &
n=0 \k=0

By comparing the coefficients % in the both sides of the above equation, we
easily arrive at (12). =
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In this section, we will prove two relation of a class of 2D-Bernoulli poly-
nomials denoted by B?(x,y) which are a generalization the classical Bernoulli
polynomials.

The 2—variable Hermite Kampé de Feriet polynomials are defined by

- tn >
S e ) = o 19
— n!
or
[% i 2s s
H:(z,y) =
(z,9) =l Zo (n— 28)
(1], [4], [7)).
In [1] Bretti et al defined 2D —Bernoulli polynomials by
= tn t >
2 A xt+yt
Z Bn(’r’ y)n' - €t o 16 . (14>

They proved the following relations between the polynomials H2(z,y) and
B}(2,y).

“ n
h=0
n [%] h—2s,s
- Z anh z Y
c (n—h)l & (h —2s)!(s)!"

and

10) =3 (1) g B

Theorem 2.6 2D— Bernoulli polynomial satisfy the recurrence relation
Bi(z +1.y) — By(x,y) = nH;_, (z,y). (15)

Proof. From (14),

:tZHn(x,y)m
n=0
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Since B2(x,y) = 1, we have
o0 tn
232x+1y BQxy ZnH o
n=1 ’

By comparing the coefficient ’;—n, in the both sides of the above equation, we
easily arrive at (15). m
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