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Abstract 
 
 The aim of this paper is to obtain fixed point theorems for hybrid pairs of 
single valued and multivalued mappings satisfying a contractive condition of integral 
type in general settings. Several well known recent results are also obtained as special 
cases. 
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1. INTRODUCTION 
 
 After the celebrated Banach contraction principle (which ensures the existence 
of unique fixed point of a contraction map on a complete metric space) in 1922, there 
have been numerous results in the literature, dealing with mappings satisfying the 
contractive conditions of various types including even nonlinear expressions. The 
study on fixed point theorems involving four single-valued maps started with the 
assumption of commutativity of all the maps. Jungck [5] obtained common fixed 
point theorems for such type of mappings. Sessa [12] weakened this condition of 
commutativity to weakly commuting mappings. Further, Jungck [6] introduced a 
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more general concept than that of weak commutativity, called compatibility and it is 
generalized to weak compatibility by Jungck and Rhoades [7]. Recently, Aamri and 
El Moutawakil [1] defined a property (E.A) for self maps which further extended by 
Kamran [8] for hybrid maps. Branciari [3] obtained a fixed point theorem for single 
valued maps satisfying an analogue of Banach contraction principle for integral type 
inequality. This result was further generalized by many authors, see for instance ([2], 
[3], [11] and references thereof). More recently, Liu et al. [9] have obtained common 
fixed point theorems under hybrid contractive condition for the maps satisfying a new 
property, more general than that of (E.A) property. Motivated by their result we obtain 
common fixed point theorems for a hybrid pair of single and multivalued maps 
satisfying an integral type contractive condition in the settings of b-metric spaces. 
 
 

2. PRELIMINARIES 
 

 In this section we have introduced some notations and definitions required for 
our results. Throughout this paper we have considered ),( dX  to be any b-metric 
space and for any Xx∈ and }),,(inf{),(, AyyxdAxdXA ∈=⊂ . Let )(XCB be the 
class of all nonempty bounded closed subsets of X . Then Hausdorff metric H  with 
respect to d is defined as  

              ,),(sup),,(supmax),(
⎭
⎬
⎫

⎩
⎨
⎧=

∈∈
AydBxdBAH

ByAx
 for every )(, XCBBA ∈ . 

 
Definition 2.1 [4]. Let X be a set and 1≥s  be a given real number. A function 

+→× RXXd :  is said to be a b-metric iff for all Xzyx ∈,,  the following 
conditions are satisfied: 
 

(i) ,0),( yxiffyxd ==   
(ii) ),,(),( xydyxd =  
(iii) )].,(),([),( zydyxdszxd +≤  
 

A pair ),( dX is called a b-metric space. 
 
 The class of b-metric spaces is effectively larger than that of metric spaces, 
since a b-metric space is a metric space when 1=s  in the above condition (iii). The 
following example shows that a b-metric on X need not be a metric on X. 
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Example 2.1 [10, 13].  Let },,,{ 4321 xxxxX =  and 2),( 21 ≥= kxxd , 

),(),( 4131 xxdxxd = ),(),( 4232 xxdxxd == ,1),( 43 == xxd ),(),( ijji xxdxxd =  
for all 4,3,2,1, =ji  and .4,3,2,1,0),( == ixxd ii  

Then [ ]),(),(
2

),( jnniji xxdxxdkxxd +≤   for 4,3,2,1,, =jin and if ,2>k the 

ordinary triangle inequality does not hold. 
 
Definition 2.2 [7]. Maps XXf →: and )(: XCBXF →  are weakly compatible if 
they commute at their coincidence points, that is, if FfxfFx =  whenever Fxfx∈ . 
 
Definition 2.3 [1]. Maps XXgf →:, are said to satisfy the property (E.A) if there 
exists a sequence }{ nx in X such that Xtgxfx nnnn

∈==
∞→∞→

limlim . 

 
Definition 2.4 [8]. Maps XXf →:  and )(: XCBXF →  are said to satisfy the 
property (E.A) if there exist a sequence }{ nx in ,X some Xt∈ and )(XCBA∈ such 
that nnnn

FxAtfx
∞→∞→

=∈= limlim . 

 
Definition 2.5 [8]. Let )(: XCBXF → . The map XXf →: is said to be F-weakly 
commuting at Xx∈ if Ffxffx∈ . 
 
Definition 2.6 [9]. Let XXgf →:, and )(:, XCBXGF → . The pairs ),( Ff  and 

),( Gg are said to satisfy the common property (E.A) if there exist two sequences 
}{ nx and }{ ny  in X , some Xt∈  and )(, XCBBA ∈  such that 

  BAtgyfxBGyAFx nnnnnnnn
∩∈====

∞→∞→∞→∞→
limlim,lim,lim . 

 
 
 

3. MAIN RESULTS 
 
Theorem 3.1. Let ),( dX be a complete b-metric space and XXgf →:, and 

)(:, XCBXGF → such that 
(i) fXGXgXFX ⊆⊆ , ; 
(ii) The pairs ),( fF and ),( gG satisfy the common property (E.A); 
 
 



2372                                                                          B. Prasad, B. Singh and R. Sahni 
 
 
 
 
(iii) for all ,, Xyx ∈   

     ∫ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

),(

0

),(

0

)()(
GyFxH yxM

dttqdtt φφ      

                                                                            (3.1) 
Where ++ ℜ→ℜ:φ is a Lebesgue integrable mapping which is summable, non-
negative and such that 

    ,0)(
0
∫ >
ε

φ dtt  for each 0>ε                                                   (3.2) 

and           
   

}2/)],(),([),,(),,(),,(max{),( fxGydgyFxdgyGydfxFxdgyfxdyxM +=                         
                                                                                                                        (3.3) 

with 1,1 << sqs λ , where }.
2

,max{
qs

qsq
−

=λ  

If fX and gX are closed subspace of X , then  
(1) f and F have a coincidence point; 
(2) g  and G have a coincidence point; 
(3) f and F have a common fixed point provided that f  is F -weakly commuting at      

u and fuffu =  for ),( FfCu∈ . 
(4) g  and G  have a common fixed point provided that g  is G -weakly commuting at 

v and gvggv =  for ),( GgCv∈ . 
(5) Fgf ,, and G have a common fixed point provided (3) and (4) are true. 
 
Proof. Let Xx ∈0 . From (i) we can construct a sequence }{ ny in X such that 
  nnn Gxfxy 21212 ∈= ++  
  122222 +++ ∈= nnn Fxgxy   for all 0≥n . 
It follows from equation (3.1) that 

 ∫ ∫∫
++ ++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤=

),(

0

),(

0

),(

0

2212 22123222

)()()(
nn nnnn FxGxH xxMyyH

dttqdttdtt φφφ  

where, 

 
}2/)],(),([

),,(),,(),,(max{)(

12222212

22221212221222,12

++++

++++++++

+

=

nnnn

nnnnnnnn

fxGxdgxFxd
gxGxdfxFxdgxfxdxxM

 

            }2/),(),,(),,(max{ 321232222212 ++++++= nnnnnn yydyydyyd  
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Thus 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫∫

++++++++ }2/),(),,(),,(max{

0

),(

0

3212322222123222

)()(
nnnnnnnn yydyydyydyyH

dttqdtt φφ  

                                   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫

++ ),(

0

2212

)(
nn yyH

dttφλ . 

Similarly, 

   dtt
nn yyH

∫
++ ),(

0

2212

)(φ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫

+ ),(

0

122

)(
nn yyH

dttφλ ,        where }.
2

,max{
qs

qsq
−

=λ   

Thus, we have proved that for all 0≥n  

   dtt
nn yyH

∫
++ ),(

0

21

)(φ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤ ∫∫

+ ),(

0

),(

0

101

)()(
yyH

n
yyH

dttdtt
nn

φλφλ . 

Hence for all ,0≥≥ nm  noting },
2

,max{
qs

qsq
−

=λ a constant 

    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤≤ ∫∫∑∑ ∫∫

−

=

−

=

+ ),(

0

),(

0

11 ),(

0

),(

0

10101

)(
1

)()()(
yyHnyyHm

ni

i
m

ni

yyHyyH

dttdttdttdtt
iinm

φ
λ

λφλφφ . 

Then  

 0)(lim
),(

0,
=∫∞→

dtt
nm yyH

nm
φ ,  i.e., }{ ny is a Cauchy sequence. 

Since }{ ny  is a Cauchy sequence, there exist a z satisfying 
 2212 limlimlim +∞→+∞→∞→

=== nnnnnn
gxfxzy . 

Since fX and gX are closed, there exist u and v such that gvzfu == . A similar 
argument proves that  
 2212 limlim +∞→+∞→

= nnnn
GxFx   and  2212 limlim +∞→+∞→

=∈ nnnn
GxFxz . 

If AFx nn
=+∞→ 12lim  and BGx nn

=+∞→ 22lim , then BAz ∩∈ . Thus ),( fF and 

),( Gg satisfy common property (E.A) 
We claim that Fufu∈ . To prove it, taking ux = and 12 += nxy  in (3.1), 

 ∫ ∫
+ +

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

),(

0

),(

0

12 12

)()(
n nGxFuH xuM

dttqdtt φφ ,    

  where 
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          }2/)],(),([
),,(),,(),,(max{),(

1212

12121212

fuGxdgxFud
gxGxdfuFudgxfudxuM

nn

nnnn

++

++++

+
=

. 

Since nn Gxfx 212 ∈+ , so, 
 ),(),( 12221212 ++++ ≤ nnnn gxfxdgxGxd ,                
       ),(),( 2212 fufxdfuGxd nn ++ ≤    ),(),( 2212 ++ ≤ nn fxFuHGxFuH  

and 
              

                      }.2/)],(),([
),,(),,(),,(max{),(

2212

12221212

fufxdgxFud
gxfxdfuFudgxfudxuM

nn

nnnn

++

++++

+
=

 

Taking the limit as ∞→n , we obtain 
 

),(}2/),(),,(max{ zFudzFudzFud = . 
So, we have ),(),( zFudzFuH ≤ . Since Agvfu ∈= , it follows from the definition  
of Hausdorff metric that 
 
                           ),(),(),( zFudzFuHzFud ≤≤ , where zfu = . 

We may conclude that,        ∫ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

r r

dttqdtt
0 0

)()( φφ . 

This is a contradiction. Hence from (3.2), Fufu∈  and result (1) is proved. 
Similarly, we claim that Gvgv∈ . Putting 1+= nxx and vy =  in (3.1) and taking the 
limit, it can be easily verified that Gvgv∈ , i.e. result (2) is true. 
Thus f and F have a coincidence point u , g  and G have a coincidence point v . 
This ends the proofs of part (1) and (2). 
Furthermore, by virtue of condition (3), we obtain fuffu = and Ffuffu∈ . Thus 

Fufuu ∈= . This proves (3). A similar argument proves (4). Then (5) holds 
immediately. 

 
Corollary 3.1. [9].  Let ),( dX be a complete metric space and XXgf →:, and 

)(:, XCBXGF →  such that 
(i)    fXGXgXFX ⊆⊆ , ; 
(ii)   The pairs ),( fF and ),( gG satisfy the common property (E.A) 
Let )1,0(∈λ  be a constant, such that for all yx ≠  in X , 
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}2/)],(),([),,(),,(),,(max{),( fxGydgyFxdgyGydfxFxdgyfxdqGyFxH +≤  
If fX and gX are closed subspace of X , then  
(1)  f and F have a coincidence point; 
(2)  g  and G have a coincidence point; 
(3)  f and F have a common fixed point provided that f  is F -weakly   commuting     
       at u and fuffu =  for ),( FfCu∈ . 
(4)  g  and G  have a common fixed point provided that g  is G -weakly  commuting   
       at v and gvggv =  for ),( GgCv∈ . 
(5) Fgf ,, and G have a common fixed point provided (3) and (4) are true. 
 
Proof.   The proof follows by putting 1)( =tφ  and 1=s  in theorem 3.1. 
  
Theorem 3.2. Let ),( dX be a complete b-metric space and XXgf →:, and 

)(:, XCBXGF → such that 
(i)      fXGXgXFX ⊆⊆ , ; 
(ii)       The pairs ),( fF and ),( gG satisfy the common property (E.A.); 
(iii) for all ,, Xyx ∈    
 

∫ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

),(

0

),(

0

)()(
GyFxH yxM

dttqdtt φφ , where ++ ℜ→ℜ:φ is a Lebesgue integrable 

mapping which is summable, non-negative and such that  ,0)(
0
∫ >
ε

φ dtt  for each 

0>ε  and                                       

 
)},(),(),,(),(max{

)},(),,(max{),(),(
gyGydfxFxdfxGydgyFxd

gyGydfxFxdgyfxdyxM
+++

+=
γ

βα
            

                                                                                                                                (3.4) 

with 12 <++ γβα , 1,1 << sqs λ , where }.
2

,max{
qs

qsq
−

=λ  

If fX and gX are closed subspace of X , then  
(1)  f and F have a coincidence point; 
(2)  g  and G have a coincidence point; 
(3) f and F have a common fixed point provided that f  is F -weakly commuting at  
      u and fuffu =  for ),( FfCu∈ . 
(4) g  and G  have a common fixed point provided that g  is G -weakly commuting at  
       v and gvggv =  for ),( GgCv∈ . 
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(5) Fgf ,, and G have a common fixed point provided (3) and (4) are true. 
 
Proof. Let 12 <++= γβαq . Following (3.4) and  

2/)),(),(()},(),,(max{ gyGydfxFxdgyGydfxFxd +≥ , it is easy to see that 
{ }2/)],(),([),,(),,(),,(max),( fxGydgyFxdgyGydfxFxdgyfxdqGyFxH +≤  

Thus by theorem 3.1, we arrive to the conclusion in theorem 3.2. 
 
Corollary 3.2. [9] Let ),( dX be a complete metric space and XXgf →:, and 

)(:, XCBXGF →  such that 
(i)  fXGXgXFX ⊆⊆ , ; 
(ii)  The pairs ),( fF and ),( gG satisfy the common property (E.A) 
Let )1,0(∈λ  be a constant, such that for all yx ≠  in X , 

)}},(),(),,(),(max{
)},(),,(max{),(),(

gyGydfxFxdfxGydgyFxd
gyGydfxFxdgyfxdGyFxH
+++

+≤
γ

βα
 

and 12 <++ γβα .  If fX and gX are closed subspace of X , then  
(1)  f and F have a coincidence point; 
(2)  g  and G have a coincidence point; 
(3)  f and F have a common fixed point provided that f  is F -weakly commuting at  
      u and fuffu =  for ),( FfCu∈ . 
(4)  g  and G  have a common fixed point provided that g  is G -weakly commuting at  
     v and gvggv =  for ),( GgCv∈ . 
(5) Fgf ,, and G have a common fixed point provided (3) and (4) are true. 
 
Proof. Letting 1)( =tφ  and 1=s  in theorem 3.2, we get the result. 

 
 

REFERENCES 
 

[1] M. Aamri and D. El Moutawakil, Some new common fixed point theorems 
under strict contractive conditions, J. Math. Anal. Appl. 270 (2002), no. 1, 
181–188. 

[2] I. Altun, D. Turkoglu and B. E. Rhoades, Fixed points of weakly compatible 
maps satisfying a general contractive condition of integral type, Fixed Point 
Theory Appl. (2007), Art. ID 17301, 1-9. 

[3] A. Branciari, A fixed point theorem for mappings satisfying a general    
contractive condition of integral type, Int. J. Math. Math. Sci. 29 (2002), 531-
536. 
 



Common fixed point theorems                                                                                2377 
 
 
 

[4] S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, 
Atti Sem. Mat. Fis. Univ. Modena 46 (1998), no. 2, 263-276. 

[5] G.  Jungck, Commuting mappings and fixed point, Amer. Math. Monthly, 83 
(1976), no. 4, 261-263. 

[6] G.  Jungck, Compatible mappings and common fixed points II, Int. J. Math. 
Mat. Sci., 11(1988), 285-288. 

[7] G.  Jungck and B. E. Rhoades, Fixed points for set valued functions without 
continuity, Indian J. Pure Appl. Math. 29 (1998), no. 3, 227–238. 

[8] T.  Kamran, Coincidence and fixed points for hybrid strict contractions, J. 
Math. Anal. Appl. 299 (2004), no. 1, 235–241. 

[9] Y. Liu, J. Wu, and Z. Li, Common fixed points of single-valued and 
multivalued maps, Int. J. Math and Math. Sci., 19 (2005) 3045–3055. 

 [10]  Bhagwati Prasad, Bani Singh and Ritu Sahni, Some approximate fixed point    
          theorems, Int. J. Math. Anal. 5 (2009), vol.3, no. 5, 203 – 210. 

    [11]  B. E. Rhoades, Two fixed-point theorems for mappings satisfying a general
  contractive condition of integral type, Int. J. Math. Math. Sci. (2003), no. 63,  
             4007–4013. 
    [12]  S. Sessa,  On  a  weak  commutativity  condition  of  mappings  in  fixed point                       
             consideration, Publ. Inst. Math. Beograd, 32:46(1982), 146-153. 
    [13]  S. L. Singh and Bhagwati Prasad, Some coincidence theorems and stability 
        of iterative procedures, Comp. Math. Appl. 55 (2008) 2512-2520. 
 
 
 
Received: January, 2010 
 
 
 
 
 
 
 
 
 
 
 
 
 


