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Abstract

A study proper affine symmetry in the most general form of the Bianchi types
VI, and VI, space-times is given by using holonomy and decomposability,

the rank of the 6x6 Riemann matrix and direct integration techniques. It is

shown that the very special classes of the above space-times admit proper affine
symmetry.
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1 INTRODUCTION

In this paper we will explore all the possiblities when the Bianchi types VI, and
VIl, space-times admit proper affine symmetry. We use holonomy and
decomposability, the rank of the 6x6 Rieman matrix and direct integration
techinques to study proper affine symmetry in the above space-times. Throughout
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M represents a four dimensional, connected, Hausdorff space-time manifold
with Lorentz metric g of signature (-, +, +, +). The curvature tensor associated

with g,,, through the Levi-Civita connection, is denoted in component form by
R%c. The usual covariant, partial and Lie derivatives are denoted by a
semicolon, a comma and the symbol L, respectively. Round and square brackets

denote the usual symmetrization and skew-symmetrization, respectively. Here,
M is assumed non-flat in the sense that the curvature tensor does not vanish over
any non-empty open subset of M.

A vector field X on M s called an affine vector field if it satisfies

X,oe = Ropeg X°, )
where Raned = Jat R bet = Gy (T e ~ Ty + Tl =T Ts). If  one

a;bc

decomposes X, on M into its symmetric and skew-symmetric parts

1
Xa;b :EHab +Gab’ (Hab(E Xa;b + Xb;a) = Hba’ Gab :_Gba) (2)

then equation (1) is equivalent to

(i) Hape =0 (i) Gype = Rypeg X (ifi) G X =0. (3)
The proof of the above equation (1) implies (3) or equations (3) implies (1) can be
found in [2, 3]. If H_, =2cg,,ceR, then the vector field X is called

homothetic (and Killing if ¢=0). The vector field X is said to be proper affine
if it is not homothetic vector field and also X is said to be proper homothetic
vector field if it is not Killing vector field on M [2]. Define the subspace S, of

the tangent space T,M to M at p asthose keT,M satisfying
R, K® =0. (4)

2 Affine Vector Fields

Suppose that M is a simple connected space-time. Then the holonomy group of
M is a connected Lie subgroup of the idenity component of the Lorentz group
and is thus characterized by its subalgebra in the Lorentz algebra. These have
been labeled into fifteen types R, —R,; [1]. It follows from [2] that the only such
space-times which could admit proper affine vector fields are those which admit
nowhere zero covariantly constant second order symmetric tensor field H,, .
This forces the holonomy type to be either R,, R,, R,, Rs;, R;, Ry, Ry,
R, or Rj; [2]. A study of the affine vector fields for the above holonomy type

can be found in [2]. It follows from [4] that the rank of the 6x6 Riemann matrix
of the above space-times which have holonomy type R,, R;, R,, R;, R,
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Rg, Ry, Ry or Ry is at most three. Hence for studying affine vector fields

we are interested in those cases when the rank of the 6x6 Riemann matrix is
less than or equal to three.

3 Main Results

Consider Bianchi types VI, and VII, space-times in usual coordinate system

(t,x,y,z) (labeled by (x°,x', x? %), respectively) with line element [5]

ds2=—dt2+(Af2(z)+Bh?(z))x?+ (Ah?(z)+ B f2(z))dy > + 5)
2(A+B)f(z)h(z)dx dy + C(t)dz ?

where A B and C are nowhere zero functions of t only. For

f(z)=coshz, h(z)=sinhz or f(z)=cosz, h(z)=sinz the above space-time

(5) becomes Bianchi type VI, or VII,, respectively. The above space-time

admits three linearly independent Killing vector fields which are
o 0 0 0 0 (6)

— = Y — = X — + —.
ox oy OX oy 0%
The non-zero components of the Riemann tensor are

o
R, = _iﬂzAA— A2J+[2BB'— Bzﬂ ()= ar.

4 A B

Rows = Rogs = — 4A15c [A’BC + ABC +2ABC(A+B)-3ABC (A+B)|f (2)h(z) = a,,

Rows :—%H(A+ B)[%+%J—2(A+ B)}hz(z)+{(A+ B)(%+%J— 2(A+ B)}f (z)}
- ay, Ro Z_%KM]W(Z){ZBB B* Jf (Z)}zaz,
Ry, = _%H(m B)[%+%J_2(A+ B)}fz(z)+{(A+ B)(§+%]_2(A+ B)}hz(z)}

1(2cC-cC? 1 AB - AB
=y, Ry :__(Tj:asl Rose :__(A"‘ B{—AB jZall,

Rz = 7760 —~_[(A+BY + ABC][Af 2(z)+ BhZ(2)][An2(2)+ Bf 2(2)]= @

Ry = ﬁ[{ﬁ ~ AB(2A+3B - AC )}t 2(z)- {AB (3A + 2B - BC )- B3}h2(z)]: a.,

Ry =W[A (A—5B)+B*(B-5A)+ ABC (A +B)|f (2)h(z)= ey,

Ry = 42\8 [{A*- AB(2A+3B - AC h*(z)- {AB (3A + 2B - BC)-B*}12(2)]-
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Writing the curvature tensor with components R,, at p as a 6x6
symmetric matrix [6]

a, a, 0 0 ay a
a, a, 0 0 a,, Qg
0 0 a, a, 0O 0

R = 7
w0 0 ay, a, 0 0 )
ag  ap, 0 0 Ts Oy
ay, oy 0 0 a, a

As mentioned in section 2, the space-times which can admit proper affine vector
fields have holonomy type R,, R,, R,, R,, R;, R;, R,, R, or R, and

the rank of the 6x6 Riemann matrix is at most three. Therefore we are only
interested in those cases when the rank of the 6x6 Riemann matrix is less than
or equal to three. Hence there exist following two possibilities when the rank of
the 6x6 symmetric matrix is less or equal to three which are:

(A) Rank=3, o =a,=0,=a;=03=0,=0,y=a,;,=0, «a,#0, a; 20, a;z 20
and «,, #0.

(B) Rank=1, «, #0, and

O =0y =03 =05 =0 =0y =0y =0y =Qyy =0y =0 =0.

We will consider each case in turn.

Case (A):

In this case we have «, #0, o, 20, a; 20, o, #0,

G =a,=a,=a;, =g =0ay=0,, =0a,; =0, the rank of the 6x6 Riemann
matrix is three and there exists a unique (up to a multiple) no where zero time like
vector field t, =t, solution of equation (4) and t,, #0. From the above

constraints we have B(t)=d A(t), C(t)=eA(t) and At)=(at+b)*, where
a,b,d,ec R(d,e >0). The line element in this case takes the form
ds2=-dt?+(at+b) (f (z2)+ ehz(z))dx s+ (d he(z)+ f Z(Z))jy ? + (8)
2@+ d)f(z)h(z)dx dy + edz?

Substituting the above information into the affine equations one find that

X% =c,t+c,, Xt =—cy+cC,, X?=—Cx+Cy, X° =, 9)
where c,,c,,c;,C,,C; € R. One can write the above equation (9) subtracting
Killing vector fields as
X =(c,t +¢,,0,0,0). (10)
Clearly in this case one can easily see that the above space-times (8) admit proper

affine symmetry. It is important to note that the constants a and b can not be
zero simultaneously.



A note on proper affine symmetry 2539

Case (B):
In this case we have

A =0,=0; =0 =0g =0; =y =Qy =Qyy =0;; =, =0, a,#0 and the
rank of the 6x6 Riemann matrix is one. Here, there exist two linear independent
solutions t, =t, and z,=z, of equation (4). The vector field t, is

covariantly constant whereas z, is not covariantly constant. From the above

constraints we have A(t)=B(t)=C(t)=(t+q)?, where gqeR. The line
element takes the form
ds?=—dt?+(t+q) (2@t @t (b7 @)+ 7@y "] gy
4f(z)h(z)dx dy +dz?

Affine vector fields in this case

X% =c,t+cz+c,, X =—Cy+C,, X2 =—CX+Cy, X° =, (12)
where c,,c,,cC,,C,,C;,C; € R. One can write the above equation (12) subtracting
Killing vector fields as
X =(c,t+csz +¢,,0,0,0). (13)
In this case clearly the above space-times (11) admit proper affine symmetry.

SUMMARY

In this paper an attempt is made to explore all the possibilities when the Bianchi
types VI, and VII, space-times admit proper affine vector fields. A different

approach is adopted to study proper affine vector fields of the above space-times
by using holonomy and decomposability, the rank of the 6x6 Riemann matrix
and direct integration techniques. From the above study we obtain the following
results:

(i) We obtain the space-time (8) that admits proper affine vector fields when the
rank of the 6x6 Riemann matrix is three and there exists a unique nowhere zero
independent timelike vector field, which is the solution of equation (4) and is not
covariantly constant (for details see case A).

(if) The space-time (11) is obtained, which admits proper affine vector fields (see
case B) when the rank of the 6x6 Riemann matrix is one and there exist two
independent solutions of equation (4) but only one independent covariantly
constant vector field.
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