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Abstract

In this paper the formalism of Hamiltonian system (X,w,H) on the

symplectic manifold due to Reeb [2] given in Abraham and Marsden [4] and
Arnold[5] is used to derive the equations of motion (1) for a particle in a line with
a bona fide solution (2) for a free particle in three-space with Hamiltonian and
non-Hamiltonian flow, it is also shown that the non-Hamiltonian flow can be
converted into a Hamiltonian flow by changing symplectic form and the phase
space.
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(1.1) Introduction

The use of differential form in mechanics and its eventual formulation in terms of
symplectic manifolds has been slowly evolving since Cartan [1].

In a closed system the energy is constant as the physical system moves in time. For
any given physical system, each known conserved quantity provides an equation that
can be very useful in the analysis of the system. But energy is more than a conserved
quantity, it determine the equation of motion. All conceivable information about the
system is hidden in the energy formula. Unpacking this information is a mathematical
problem. In this paper we will use the Hamiltonian system to derive the equations of
motion in classical mechanics from the energy function and the kinetics of phase space.
In other words, we will show how a real-valued function on a symplectic manifold
determines a vector field. The energy function is known as Hamiltonian function and is
denoted by H. The corresponding vector field on phase space is called a Hamiltonian
vector field and is denoted by X,, .This vector field corresponds naturally to a system

of first-order differential equations on phase space, which in physical system is
equivalent to Newton’s second law (Force = mass x acceleration). The solution of the
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differential equations is the Hamiltonian flow. Physically the Hamiltonian flow gives
us possible physical motions.

(1.2) Hamiltonian System

A general Hamiltonian system consists of a manifold X, possibly infinite
dimensional together with a (weakly) non-degenerate closed two-form @ on X (i.e.
@ is an alternating bilinear form on each tangent space T,X of X, dew=0, and for

xe X,m,(u,v)=0 for all ueT X implies v=0) and a Hamiltonian function
H:X —>R.Then X, H, wdetermine in nice cases, a vector field X,, called the
Hamiltonian vector field.

Let X be a Banach manifold and let X_ be a manifold domain of X . Let H be a
C~ function on X_ into R called the Hamiltonian or energy function, then for each
xeX,, d,H:T, X, —>R is a continuous linear function. Letwbe aC” covariant
tensor field of order two on aC” manifold domain X_ such that for each xe X_,
o, T X xT X, —R is non-degenerate, for each xe X_, let 2 :T X, — T, X_ be the
isomorphism induced by @, and is defined by

AU).(v)=w,(u,v) Vxe X ;u,veT X,
Denote A :TX, =T X_where A, =4[ for each xe X_, this 1 is a vector bundle
isomorphism of TX ontoT*X_. Then @ and H induces a C” vector field
X, =A"odH on X_, determined by the condition

C,, @=dH (1.2.1)

(1.3) Flow

Let X be a smooth manifold. A smooth function F: Rx X — X is called a flow
for the vector field v if F, :R — X is an integral solution for v i.e.

d
—F. (t)=voF (t
" (1) ()
d

or —F(t,X) = vo F(t, X
o (t,x) (t,x)

and F (0)=F(@0,x)=x V teRxeX

(1.4) Hamiltonian Flow
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Let (X,H,®) be a Hamiltonian system. A flow F is called a Hamiltonian flow if it
preserves the symplectic form and Hamiltonian function (i.e.F'w =@ and

F'H =H for teR)see Abraham & Marsden[4].

Here, it should be noted that the symplectic form plays a crucial role i.e. without
changing the Hamiltonian function but changing the symplectic form we can get
different flows i.e. vector fields.

(2.1) The motion of a particle on a line in a plane

Here we consider the example of physical system whose phase space is the
simplest non-trivial symplectic manifold, the two-dimensional plane

X =R?={(r, p):r €R, p e R}with the area two-form w=dr Adp. Consider a

particle of mass m moving on a line, subject to no forces, such a particle is called
a free particle, any free particle travels with constant speed. Thus the Hamiltonian

function for such a particle is H :% p®. The equation Cy,@=dH gives the

Hamiltonian ~ vector field X, for anyreR, veTR and taking

Xy = xri+ xpi and v:vri+vpi as arbitrary vector field, we find
r op or op
0 0 0 0 p 0 0
dr Adp)(X, —+ X, —,V, —+V, —) = (—=dp)(v, —+Vv, —
(dr~ dp) or Pop or pap) (m PX( or "op
Y
or XV, =XV, :EV"
= X - P and X, =0.
m
Thus, we have
p o
Xy =——
" mor
since r and p are functions of time t(along a particular trajectory ), taking the
vector field X, =£.i+@.i as time derivative along trajectories on the
dt or dt op

plane, we have
po_drd do 0
mor dt or dt dp

Since, 9 and 9 are linearly independent, we have
or op
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P_9 o g 2.1.1)
m dt dt

which shows that a free particle travels with constant momentum along the line.
2

.. . der . . .
This is equivalent tOF =0, the equation of motion for the free particle.

Since the Hamiltonian flow preserves the Hamiltonian and the symplectic form we
can use this conservation of the Hamiltonian by the Hamiltonian flow to draw useful
pictures, because it implies that the orbits of the system must lie inside level sets of
H . (an orbit a set of all points in phase space that the system passes through , during
on particular motion. In other words it is the set of all points on one particular
trajectory). The beautiful features of Hamiltonian systems is that we can get
information about orbits of the differential equations of motion by solving the
algebraic equation H = constant, which is easy to solve. For example, if we consider
the motion of a free particle on the line then the conservation of the Hamiltonian by

the Hamiltonian flow tells us that orbits must lie inside sets of the form
2

H :Zp—zconstant. Since the motion is continuous, it follows that each orbit is
m

contained in a line p =constant (see figure 1). Here it should be noted that not every
orbit is an entire line. The r-axis(p =0) is made up of single-point orbit representing

motionless particles. All other orbits are entire lines representing particles moving at
constant velocities.

Figure 1 : phase space of the particle on the line with level sets of the force free
Hamiltonian.
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If we desire to find bonafide solutions to our differential equation, i.e., we desire to
know not only the orbit of a trajectory but the trajectory itself (i.e., the position as a
function of time). We have to solve one differential equation than solving the original

system of differential equations (% :% and (;—f =0).

Let

2

_bp

° om

= p=%y2mH,

or %:i,/ZHO (2.1.2)
m

We take plus sign if the orbit lies on a line above the r-axis, otherwise we take the
minus sign. Now we can easily integrate the above equation (2.1.2) to get

2H,
m
initially when t =0, p(t) = p(0), so

r(t>:% p(0)+r(0)

for any fixed t, the flow map f,:R* — R? defined by

[rj r+P2t
> m
P p

preserves symplectic form o =dr Adp. For,
f (dr Adp) = f,"(dr) A f,"(dp)

I

rit)=+

t+r(0)

— (dr +-dp) adp
m
=dradp=w.

(2.2) Motion of a free particle in Three-Space

Consider the motion of a free particle in three space. Let r=(r,r,,r,)be the
position vector of the particle and p=(p,, p,, p;) be the corresponding momentum of

the particle. Then the phase space of the particle is the manifold
X ={(r,r, 0, PP, Ps)iN, 1,1, Py P,y PR} with  the  symplectic  form

@ =dr, Adp, +dr, Adp, +dr, Adp,. The Hamiltonian function of the system is
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H:%(pf+p22+p§) . Then (X,w,H) determine vector field X, by the

condition (1.2.1).
i=3
Let XH=a18+ai aﬁ— bl— +b, a+b3i and v = '8 b'i
or, or, or, op, ap2 op; =) ari op,
be arbitrary vector fields, then using (1.2.1), we have
a)(XH ,V) —dH(v)

=3

y O ,8
or (Zdr/\dp,)(Za—rer—z 8_ %
i =1

—[—(Z p.dp)](za —r +b) a_p,)

i=3 1 i=3

or Z(aibi’ )—_(Z

i=1
This gives,
a=" and b=0 =123

m
Thus the vector field is given by

XH pl a pz p3 (221)
m 6[‘ m ar m ar

Taking the vector field,
,odno dnp 0 dy 0 dp 0  dp, 0  dp; O (2.2.2)
dtor, dtor, dtor, dtop dt op, dt dp,

as time derivative along trajectories, we have

&=%,&:%,&=% and %:O , i=1,2.3.
m dt m dt m dt dt
This gives,
d2
m—-(r) =0 2.2.3
dtz() (223)

This is the required equation of motion of the free particle in three- space.
It is evident from above that for any fixed time t, the map

f :R*x(R®)" = R*x(R®)’

P
r L
defined by ( jn—> .
p
Y
is a Hamiltonian flow as it preserves the symplectic form
o =dr, Adp, +dr, Adp, +dr, Adp, and the Hamiltonian function

1
H =%(pf+ p; +p;) , for
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i=3
ft* o= ft*(zdrl A dp.)

i=1

(f7dr A fdp,)

]
w

Il
TN
w =

Il
[

(dr. +— dp ) Adp,

TR
w =

Il
~
o
_
>
[o
)
~
I
S

1
[N

and f'H =H, as f, changes only the values of r, while H depends only on p. So f,

preserves the Hamiltonian.
Now to show that every flow is not a Hamiltonian flow. Consider an example of the
motion of a free particle in space having the flow,

g, :R*x(R%)" - R*x(R®)"

t
defined by [;]I—) ( ret] (2.2.4)
pe

for anyte R, then g'w=e*® shows that the flow g, does not preserves the

symplectic form. Hence it is not the Hamiltonian flow of a Hamiltonian system with

the canonical symplectic form on R®.
i=3

Now if we define the symplectic form on R® ~{0} as =3 ——(dr. dp,) then the
i=1 N Mj

flow g, defined by (2.2.4) preserves o, for

gio=g;(3 —(dr Adp,)

i=1 i Mj

g, (—dr Adp,)

I
T WMT
w = w

I
—~~
—_
D

L (dre)nd(pe))
0e)

L e (dr, ndp)
(rpe)
1

(dr, Adp,)

w

I
M

w =

)

.
1N
~~
_
~

Il
e

In order to find the Hamiltonian function for this system, let
i=3
e =rli+r2i+ 2 +p— 0 p2i+ pai and V:Zai’i+bi'i be an
or, or, 8r3 op, op, op, i or, op
arbitrary vector field then using (1.2.1), we have
(X, ,v)=dH(v)
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= 0 =, 0 ,a

or —dr d r— —+b —)=dH
3 O S 2@ )= 0H0
H

i=3

i=3 1 , , B i:3_ oH i 0
or ;(m(ﬁbu - g pi))_(; ari dri 8p Z 8 b ﬁp,)

=1

This gives,

H_1 o1

o oo P
which on integration yields,

Iog(p1p2p3j c (2.2.5)

hr,

Now,

gH= gt(log(p1p2p3} c)
Irr

_ 0g((lole‘)(pze )(pge‘)] '
(re)(re)(re")

=H
Hence g, also preserves H . Thus g, defined by (2.2.4) is a Hamiltonian flow for
i=3
the Hamiltonian system (M,®,H), where M =R°®-{0}, a):zi(dri Adp;)and
i=1 N Mi

H is given by (2.2.5).
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