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Characterization of Shapley value in games with fuzzy coalitions
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Abstract This paper generalized the definition of potential function and consistency to games with fuzzy

coalitions and characterizes the Shapley value. In the framework of games with fuzzy coalitions, first, we

gave the definition of potential function according to marginal contribution. The paper proves that there

exists just one such function that the resulting payoff vector coincides with the Shapley value. Second,

we gave the definition of the consistency according to the reduced game with fuzzy coalition. It proves

that Shapley value is a consistent solution. Finally, it characterizes Shapley value by consistency and two

person standard game with fuzzy coalitions.
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�JQK���ÆD����, L( Shapley 	EM�JQK������;2, FÆ�JQK, Hart )
Mas-Colell RL( Shapley 	�"1�, �JQK)1�$ Shapley 	���GS. T1FH Hart
) Mas-Colell �NO, 	JQK)1���PU!�(��	-., $1� [12] .�"�(��	-�
Shapley 	���GS.

2 DEFGHIJDEFGKLM Shapley N

2.1 OPQR
$�1I�+.
�� N = {1, 2, · · · , n}, x = (x1, x2, · · · , xn) ∈ [0, 1]N ;2�(��ÆJ. Lx =

{x1, x2, · · · , xn} ;2 x .��QKÆJ���. s = (s1, s2, · · · , sn) ;2�(��, L. si ;2V i �+.

���QK, ���(��3W���� L(N) ;2. S = {i | si �= 0} ;2��QK1M�+.
��.
s∗ = {t | ti = siXti = 0, i ∈ N} ;2� s RW��(���.

0�('�!, SJ e∅ = (0, 0, · · · , 0) ;2I��. eS (S ∈ 2N) ;2�$�,��, �$T4�U
0NO: S .7"+.
M��QK 1 ���,, �� S �V�+.
� S .+.
P"�,, ?WQ�
��QKY. 0, eN = (1, 1, · · · , 1) Z[./����. 1.M ei \X e{i}. RY t ∈ L(N), t =

∑
i∈T

xie
i,

x− xie
i ;2]+.
 i �VLZ+.
��QKÆJSW��(��ÆJ.

TU 1 QK v : L(N) → R, v(e∅) = 0. $� t ∈ L(N), v(t) ;2�� t 7^��EV[\_5J.
�"�(��� n 
�,	-Z;2. (N, v, x), 7"�"�(���,	-��;2. Γ , Γ %�Æ

`. σ(N, v, x) = (σxi
(N, v, x))xi∈Lx ∈ RLx, L. σxi

(N, v, x) ;2V i �+.
0��QK xi !^��\

_.
2.2 WXOPQRYZ[ Shapley \

Butnariu ��S� [0,1] TU��	�(K;2+.
������a, &+��"�	�(���
�,	- [7].

TU 2 $��& s ∈ L(N), sr = {i | i ∈ N, si = r} (∀r ∈ [0, 1]). VbQK v �"3% v(s) =∑
r∈[0,1]

v(sr) · r, ] (N, v, s) ∈ Γ Z[.�"-W	��,	-. �"-W	��,	-��`, Γp.

TU 3 $��,	- (N, v, x) ∈ Γp, s ∈ L(N), sr = {i | i ∈ N, si = r} (∀r ∈ [0, 1]), QK g : Γp →
(RN)L(N), ]V i �+.
0��QK si !� Shapley 	.

gi(N, v, x)(s) · si =

⎧⎪⎨
⎪⎩

∑
i∈T⊂sr

(|T | − 1)!(|sr| − |T |)!
|sr|! (v(T ) − v(T \{i})) · si, i ∈ sr, r ∈ (0, 1]

0, LW

(1)

Butnariu ) Kroupa &+��"&3QK��,	- [11], 	�"-W	��,	-���PU.
TU 4 $��& s ∈ L(N), sr = {i | i ∈ N, si = r} (∀r ∈ [0, 1]). VbQK v �"3% v(s) =∑

r∈[0,1]

Ψ(r)v(sr), ] (N, v, s) ∈ Γ Z[.�"&3QK Ψ ��(	-. �"&3QK��,	-��`,
Γw.

TU 5 $��,	- (N, v, x) ∈ Γw, s ∈ L(N), sr = {i | i ∈ N, si = r} (∀r ∈ [0, 1]), QK Φ : Γw →
(RN)L(N), V i �+.
0��QK si !� Shapley 	.

Φi(N, v, x)(s) · si =

⎧⎪⎨
⎪⎩

Ψ(r)
∑

i∈T⊂sr

(|T | − 1)!(|sr| − |T |)!
|sr|! (v(T ) − v(T \{i})), si = r > 0

0, LW

(2)

.�"2�"-W		-�Xc, Tsurumi &+��" Choquet 4�3%��(	- [10].
TU 6 $��& s ∈ L(N), [s]h = {i | i ∈ N, si ≥ h} (∀h ∈ [0, 1]). Y Q(s) = {si | si ≥ 0, i ∈ N}, q(s)

. Q(s) .^_��K, 	 Q(s) .�^_d`1 aZ[Z. h1 ≤ h2 ≤ · · · ≤ hq(s), ]�" Choquet 4�
3%��(	-�"3%

v(s) =
q(s)∑
l=1

v([s]hl
) · (hl − hl−1) (3)

�" Choquet 4�3%��(	-��`, Γc.
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TU 7 $��,	- (N, v, x) ∈ Γc, s ∈ L(N), [s]h = {i | i ∈ N, si ≥ h} (∀h ∈ [0, 1]), QK
f : Γc → (RN )L(N), V i �+.
0��QK si !� Shapley 	.

fi(N, v, x)(s) =

⎧⎪⎪⎨
⎪⎪⎩

q(s)∑
l=1

f
′
i ([s]hl

)(hl − hl−1), i ∈ [s]hl

0, LW

(4)

L.

f
′
i ([s]hl

) =
∑

i∈T⊂[s]hl

(|T | − 1)!(|[s]hl
| − |T |)!

|[s]hl
|! (v(T ) − v(T \{i})), i ∈ [s]hl (5)

1� [12] ��� Shapley 	�9:;23%, 6L(0&6)!, Shapley 	�9:;23%)
(1)g(2)g(4) %
1�.

TU 8 RY (N, v, x) ∈ Γ , x = (x1, x2, · · · , xn) 
�(��ÆJ, V i �+.
0��QK xi !�

Shapley 	.

ϕxi(N, v, x) =
∑

i∈T⊂N

(|T | − 1)!(|N | − |T |)!
|N |!

(
v

( ∑
j∈T

xje
j

)
− v

( ∑
j∈T\{i}

xje
j

))
(6)

VbP"5cL(, M!�`7L��"�(��	-� Shapley 	�_h6i%.

3 IJDEFGKLM`ab

TU 9 QK P : Γ → R, P (N, v, e∅) = 0, V i �+.
0�,	- (N, v, x) ∈ Γ .�����&+
V!:

DxiP (N, v, x) = P (N, v, x) − P (N, v, x− xie
i).

TU 10 QK P : Γ → R, P (N, v, e∅) = 0. VbRY (N, v, x) ∈ Γ , "∑
i∈N

DxiP (N, v, x) = v
( ∑

i∈N

xie
i

)
,

ab P Z[. Γ %�JQK.
�&+ 10 Ed, JQKc
L�������)<���� N ���	. eQj��c[."9

�, ? {DxiP (N, v, x)}xi∈Lx 
�,	- (N, v, x) ��"9\_SJ.

de 1 RY (N, v, x) ∈ Γ , P (N, v, x) =
1
|N |

(
v

( ∑
i∈N

xie
i

)
+

∑
i∈N

P (N, v, x− xie
i)

)
.

fg k |N | = 1 f, � P (N, v, e∅) = 0 d

DxiP (N, v, xie
i) = P (N, v, xie

i) = v(xie
i).

k |N | = 2 f,

DxiP (N, v, xie
i + xje

j) = P (N, v, xie
i + xje

j) − P (N, v, xje
j),

DxjP (N, v, xie
i + xje

j) = P (N, v, xie
i + xje

j) − P (N, v, xie
i),

�JQK&+E�

2P (N, v, xie
i + xje

j) − P (N, v, xje
j) − P (N, v, xie

i) = v(xie
i + xje

j),

?

P (N, v, xie
i + xje

j) =
1
2
(v(xie

i + xje
j) + P (N, v, xie

i) + P (N, v, xje
j)).

k |N | ≥ 3 f, d`%g�lh'h!dE�

P (N, v, x) =
1
|N |

(
v

( ∑
i∈N

xie
i

)
+

∑
i∈N

P (N, v, x− xie
i)

)
(7)

Te 1 m0i��"�(��	-�JQK P : Γ → R, '$��"�(��	-� Shapley 	 ϕ

"

Dxi
P (N, v, x) = ϕxi

(N, v, x).
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fg �j� 1 Edm0i��"�(��	-�JQK.
RY (N, v, x) ∈ Γ , Y

Q(N, v, x) =
∑
T⊂N

(|T | − 1)!(|N | − |T |)!
|N |! v

( ∑
i∈T

xie
i

)
,

] Q(N, v, e∅) = 0.

Dxi
Q(N, v, x)

= Q(N, v, x) −Q(N, v, x− xie
i)

=
∑
T⊂N

(|T | − 1)!(|N | − |T |)!
|N |! v

( ∑
j∈T

xje
j

)
−

∑
T⊂N\{i}

(|T | − 1)!(|N | − 1 − |T |)!
(|N | − 1)!

v

( ∑
j∈T\{i}

xje
j

)

=
∑

T⊂N\{i}

(|T |)!(|N | − |T | − 1)!
|N |! v

( ∑
j∈T

xje
j + xie

i

)
+

∑
T⊂N\{i}

(|T | − 1)!(|N | − |T |)!
|N |! v

( ∑
j∈T\{i}

xje
j

)
−

∑
T⊂N

(|T | − 1)!(|N | − 1 − |T |)!
(|N | − 1)!

v

( ∑
j∈T\{i}

xje
j

)

=
∑

T⊂N\{i}

(|T |)!(|N | − |T | − 1)!
|N |!

(
v

( ∑
j∈T

xje
j + xie

i

)
− v

( ∑
j∈T

xje
j

))

= ϕxi(N, v, x).

7M
∑
i∈N

DxiQ(N, v, x)=v
( ∑

i∈N

xie
i
)
,nQ.JQK. ,k.JQK
i�,7MQ=P ,k3DxiP (N, v, x)

= ϕxi(N, v, x).
1� [12] ��� (1)g(2) ) (4) � (6) %�U�o�, �&� 1 EM�!M!P�.
ij 1 Y (N, v, x) ∈ Γp, s = (s1, s2, · · · , sn) ∈ L(N), ab

DxiP (N, v, x)|x=s = gi(N, v, x)(s)si.

ij 2 Y (N, v, x) ∈ Γw, s = (s1, s2, · · · , sn) ∈ L(N), ab

DxiP (N, v, x)|x=s = Φi(N, v, x)(s).

ij 3 Y (N, v, x) ∈ Γc, s = (s1, s2, · · · , sn) ∈ L(N), ab

DxiP (N, v, x)|x=s = fi(N, v, x)(s).

�&� 1 �4(p�Ed, �"�(��	-�JQKEM��(������	�;2. *f&� 1
����"�(��	-�JQK� Shapley 	�$To�.

k 1 �" AgBgC eqrl (�s\; 1g2g3 e�+.
) m�,���nf, 0go��!�
ph��.: v(1) = 10, v(2) = v(3) = 20, v(1, 2) = v(1, 3) = 60, v(2, 3) = 80, v(1, 2, 3) = 120. ���rl
AgBgC �,�nf�i 100 /8�lqr� (�0lqtjlkgusglvo�<), ��mngon<
m#6)�tn, rl A oor� 20 /8lq, rl B oor� 40 /8lq, rl C oor� 50 /8
lq, �Url AgBgC ��QK�s. 20/100g40/100g50/100,pq�(�� s = (0.2, 0.4, 0.5).

k (N, v, x) ∈ Γc f, uv#� (6) %ww�rl�\_	.
#� (3) %ww�rl AgB ) C SW�(��!�ph��. v((0.2, 0, 0)) = 2, v((0, 0.4, 0)) = 8,

v((0, 0, 0.5)) = 10, v((0.2, 0.4, 0)) = 16, v((0.2, 0, 0.5)) = 18, v((0, 0.4, 0.5)) = 34, v((0.2, 0.4, 0.5)) = 42. �
(5) %Eww� f ′

i([s]hl
)�	, rbV; 1 72.

p 1 f ′
i([s]hl

)q
[s]hl

{1} {2} {3} {1, 2} {1, 3} {2, 3} {1, 2, 3}
1 10 0 0 30 30 0 30

2 0 20 0 35 0 40 45

3 0 0 20 0 35 40 45

#� (4) %ww��rl^��\_	:

ϕx1(N, v, x)|x=s = 0.2f ′
i({1, 2, 3}) + 0.2f ′

i({2, 3}) + 0.1f ′
i({3}) = 6,
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*�Ei ϕx2(N, v, x)|x=s = 17, ϕx3(N, v, x)|x=s = 19.

!s�JQK�lww�rl�\_	.
� P (N, v, e∅) = 0, #� (7) %E�

P (N, v, (0.2, 0, 0)) = 2, P (N, v, (0, 0.4, 0)) = 8, P (N, v, (0, 0, 0.5)) = 10,

P (N, v, (0.2, 0.4, 0)) =
1
2
(v((0.2, 0.4, 0) + P (N, v, (0.2, 0, 0)) + P (N, v, (0, 0.4, 0))) = 13,

P (N, v, (0.2, 0, 0.5)) =
1
2
(v((0.2, 0, 0.5) + P (N, v, (0.2, 0, 0)) + P (N, v, (0, 0, 0.5))) = 15,

P (N, v, (0, 0.4, 0.5)) =
1
2
(v((0, 0.4, 0.5) + P (N, v, (0, 0.4, 0)) + P (N, v, (0, 0, 0.5))) = 26.

�&+ 9 E�

Dx1P (N, v, x)|x=s = P (N, v, (0.2, 0.4, 0.5))− P (N, v, (0, 0.4, 0.5)) = 6,

Dx2P (N, v, x)|x=s = P (N, v, (0.2, 0.4, 0.5))− P (N, v, (0.2, 0, 0.5)) = 17,

Dx3P (N, v, x)|x=s = P (N, v, (0.2, 0.4, 0.5))− P (N, v, (0.2, 0.4, 0)) = 19.

7M {DxiP (N, v, x)}xi∈Lx = ϕx(N, v, x) = (6, 17, 19).

4 IJDEFGKLMrst

1�_t�1�, ?: dx��+.
�*, LW+.
0x 	-.����0y	-.��
�
U�. T`u�#�1�$�"�(��	-� Shapley 	��GS.

TU 11 � σ 
 Γ %��Æ, SJ σ(N, v, x) ∈ Rn. $� (N, v, x) ∈ Γ , t ∈ L(N), t =
∑
i∈T

xie
i,

t �= e∅. Vb	- (N, vt,σ, x− t), vt,σ(e∅) = 0, .2
vt,σ(s) = v(s+ t) −

∑
i∈T

σxi
(N, v, s+ t), s ∈ (x− t)∗\e∅,

][ vt,σ 
�"�(��	- (N, v, x) � (t, σ) x 	-.

TU 12 � σ 
 Γ %��Æ, $� (N, v, x) ∈ Γ , t ∈ L(N), t =
∑
i∈T

xie
i, t �= e∅. Vb

σxi
(N, vt,σ, x− t) = σxi

(N, v, x),

][ σ �"1�.

de 2 RY (N, v, x) ∈ Γ , s ∈ L(N)\∅, s =
∑
j∈S

xie
i, P : Γ → R . Γ %�"�(���	-JQK,

Vb µ : L(N) → R .2 ∑
i∈S

(
µ(s) − µ

( ∑
j∈S\{i}

xje
j

))
= v(s), ab

µ(s) = P (N, v, s) + µ(e∅) (8)

fg k |S| = 1 f, RY i ∈ N ,

µ(xie
i) − µ(e∅) = v(xie

i) = P (N, v, xie
i),

n (8) %Wu.

v t ∈ L(N), t �= e∅. �� s ∈ t∗ f, (8) %Wu, ab

µ(t) =
1
|T |

(
v(t) +

∑
i∈T

µ

( ∑
j∈T\{i}

xje
j

))

=
1
|T |

(
v(t) + |T |µ(e∅) +

∑
i∈T

P (N, v, x− xie
i)

)

= µ(e∅) +
1
|T |

(
v(t) +

∑
i∈T

P (N, v, x− xie
i)

)

= µ(e∅) + P (N, v, t).

Te 2 �"�(��	-� Shapley 	 ϕ �"1�.
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fg v (N, v, x) ∈ Γ , t ∈ L(N), t =
∑
i∈T

xie
i, t �= e∅. !4

ϕxi
(N, vt,ϕ, x− t) = ϕxi

(N, v, x), xi ∈ Lx.

RY s ∈ (x− t)∗\e∅, � Shapley 	�"9�+&� 1 d

vt,ϕ(s) = v(s+ t) −
∑
i∈T

ϕxi
(N, v, s+ t)

=
∑
i∈S

ϕxi
(N, v, s+ t)

=
∑
i∈S

(P (N, v, s+ t) − P (N, v, s+ t− xie
i)).

$� s ∈ (x− t)∗\e∅, &+ µ(s) = P (N, v, s+ t), ]∑
i∈S

(
µ(s) − µ

( ∑
j∈S\{i}

xje
j

))
= vt,ϕ(s).

�j� 2 Ed

µ(s) = P (N, vt,ϕ, s) + µ(e∅) = P (N, vt,ϕ, s) + P (N, v, t).

�� µ �&+"

P (N, v, s+ t) = P (N, vt,ϕ, s) + P (N, v, t),

7M

ϕxi
(N, vt,ϕ, x− t) = P (N, vt,ϕ, x− t) − P (N, vt,ϕ, x− t− xie

i)

= (P (N, v, x) − P (N, v, t)) − (P (N, v, x − xie
i) − P (N, v, t))

= P (N, v, x) − P (N, v, x− xie
i)

= ϕxi
(N, v, x).

TU 13 � σ 
 Γ %��Æ, Vb$7"�	- (N, v, x) .2

σxi
(N, v, xie

i + xje
j) = v(xie

i) +
1
2
(v(xie

i + xje
j) − v(xie

i) − v(xje
j)),

σxj
(N, v, xie

i + xje
j) = v(xje

j) +
1
2
(v(xie

i + xje
j) − v(xie

i) − v(xje
j)),

][ σ 
�"�(���yvw
	-.
Te 3 � σ 
 Γ %��Æ, ab σ 
�"�(��	-�yvw
	-'�"1�k'xk σ


�"�(��	-� Shapley 	.

fg y σ 
�"�(��	-� Shapley 	, ]�&� 2 d, σ 
1�, � (6) %d σ 
�"�(

���yvw
	-.

z�s, � σ 
�"�(���yvw
	-'�"1�, uv4 σ �""9�, ?∑
j∈N

σxj
(N, v, x) = v

( ∑
i∈N

xie
i

)
(9)

k |N | = 2 f, ��"�(���yvw
	-&+z{E�.

k |N | ≥ 3 f, ��$�%zp n − 1 
�"�(��	- (9) %Wu, ]k |N | = n f, $� k ∈ N ,
� σ �1�Ed ∑

j∈N

σxj
(N, v, x) = σxk

(N, v, x) +
∑

i∈N\{k}

σxi
(N, vk,σ , x− xke

k)

= σxk
(N, v, x) + vk,σ

( ∑
i∈N\{k}

xie
i

)

= v

( ∑
i∈N

xie
i

)
.

k |N | = 1 f, (N, v, xie
i) 

	-, !4 σxi

(N, v, xie
i) = v(xie

i).
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d!s��%5/�w
	- (N, v, xie
i + xje

j),

v(xje
j) = 0, v(xie

i + xje
j) = v(xie

i) = v(xie
i).

� σ �yv�E�

σxi
(N, v, xie

i + xje
j) = v(xie

i) +
1
2
(v(xie

i + xje
j) − v(xie

i) − v(xje
j)) = v(xie

i) − 0 = v(xie
i),

σxj
(N, v, xie

i + xje
j) = 0.

�� vj,σ �&+, "

vj,σ(xie
i) = v(xie

i + xje
j) − σxj

(N, v, xie
i + xje

j) = v(xie
i).

� σ �1�,

σxi
(N, v, xie

i) = σxi
(N, vj,σ, xie

i) = σxi
(N, v, xie

i + xie
i) = v(xie

i).

w%Ed, σ .2"9�.

!s5/QK ψ : Γ → R.⎧⎪⎪⎨
⎪⎪⎩
ψ(N, v, e∅) = 0,
ψ(N, v, xie

i) = v(xie
i),

ψ(N, v, xie
i + xje

j) =
1
2
(v(xie

ixje
j) + v(xie

i) + v(xje
j)).

k |N | = 1, |N | = 2 f, |{|4

σxi
(N, v, x) = ψ(N, v, x) − ψ(N, v, x − xie

i) (10)

k |N | ≥ 3 f, � (N, v, x) ∈ Γ . ��$+.
}� n ��"�(��	- (10) %Wu, ]k |N | = n

f, o�4

σxi
(N, v, x) + ψ(N, v, x− xie

i) = σxj
(N, v, x) + ψ(N, v, x− xje

j), i, j ∈ N, i �= j.

v k ∈ N\{i, j}, � σ �1�, "

σxi
(N, v, x) − σxj

(N, v, x) = σxi
(N, vk,σ, x− xke

k) − σxj
(N, vk,σ, x− xke

k)

= [ψ(N, vk,σ, x− xke
k) − ψ(N, vk,σ , x− xke

k − xie
i)] −

[ψ(N, vk,σ, x− xke
k) − ψ(N, vk,σ , x− xke

k − xje
j)]

= [(−ψ(N, vk,σ, x− xke
k − xie

i)) + ψ(N, vk,σ, x− xke
k − xie

i − xje
j)] +

[ψ(N, vk,σ, x− xke
k − xje

j) − ψ(N, vk,σ, x− xke
k − xie

i − xje
j)]

= −σxj
(N, vk,σ, x− xke

k − xie
i) + σxi

(N, vk,σ , x− xke
k − xje

j)

= −σxj
(N, v, x− xie

i) + σxi
(N, v, x− xje

j)

= [−ψ(N, v, x− xie
i) + ψ(N, v, x − xie

i − xje
j)] +

[ψ(N, v, x− xje
j) − ψ(N, v, x − xje

j − xie
i)]

= ψ(N, v, x− xje
j) − ψ(N, v, x − xie

i),

? (10) %�4.

7M σxi
(N, v, x) = ψ(N, v, x) − ψ(N, v, x − xie

i). � σ �"9�d ψ .JQK, k.JQK
i�,
7M ψ = P . �&� 1 d σxi

(N, v, x) = ϕxi
(N, v, x).

!s}WL(&� 3 .�1�)�"�(��	-�yvw
	-w�6)
){|u�.

k 2 $RY (N, v, x) ∈ Γ , x ∈ L(N).

1) Y σxi
(N, v, x) = 0. |{|4 σ .21�, >
%.2�"�(��	-�yvw
	-6).

2)

σxi
(N, v, x) =

{
ϕxi

(N, v, x), if |N | ≤ 2,
v(xie

i), }].

~~, σ .2�"�(��	-�yvw
	-6).
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|N | > 2 f, Rv t ∈ L(N), t =
∑
i∈T

xie
i, t �= e∅, ]RY xie

i ∈ (x − t)∗\e∅,

vt,σ(xie
i) = v(xie

i + t) −
∑
j∈T

σxj
(N, v, xje

j + t) = v(xie
i + t) −

∑
j∈T

v(xje
j).

7M σxi
(N, vt,σ, x− t) �= σxi

(N, v, x), k3 σ %.21�.

5 xy

T17� Hart ) Mas-Colell �NO, 	�,�,	-.�JQK)1���PU!��"�(�
���,	-., $�"�(��� Shapley 	���GS. $��" Choquet 4�3%��,	-, �
WzL(#��"�(��	-�JQK� Shapley 	�U�$To�. 3V, #�x 	-EM&+1
�, ~0�,�,	-."#0&+x 	-��%, T1o
	L.�0PU!�"�(����,	
-., 6�L7&+�1�$�"�(��	-� Shapley 	���GS.
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