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1 Introduction and preliminaries

Bogdannovic defined a kind of generalized Green’s relations £* ,R*, 2f* and 4 on
the w-regular semigroups™. It is well known that relation 4 is a congruence on a com-
pletely simple semigroup. However, it is not necessary that relation 2/* is a congruence on
a completely archimedean semigroup. It is natural to ask what is the case relation <f* is a
congruence. The aim of this paper is to give an answer to this question.

An element a of semigroup S is called w-regular if there exists a positive integer n such
that a" € a"Sa”. A semigroup S is called w-regular if all of its elements are m-regular. A
semigroup S is a completely archimedean semigroup if it is a nil-extension of a completely
simple semigroup, i. e. » Sis a w-regular semigroup and all of its idempotents are primitive.
A completely regular semigroup S is cryptic if 2 is a congruence on S, further, if S/<fis a
regular band, cryptogroup S is called a regular cryptogroup.

Throughout this paper, denote the set of all idempotents of the semigroup S by E(S)
and the set of all regular elements of S by Reg S. If a is an element of n-regular semigroup
S, we denote min{n € N|a” € Reg S} by r(a). A partial multiplicative set Qis called par-
tial semigroup if a(bc) = (ab)c whenever a(bc) or (ab)cinQ for anya,b,c € Q. Moreover,

call partial semigroup Q a power partial semigroup if for eacha € Q, there exists a natural
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number n such thata” € Q (see ref. [ 2] for details). Also, we use the symbol (¢) to denote
the value of a constant maping ¢.
Generalized Green’s equivalences on rw-regular semigroup S were defined by ref. [1] as
follows:
al” b <= Sa"® = Sp"” qRb<=a°S=p"8S,
Hr =L R, ald"b<= Sa"”S=SH"”S.
Denote the K*-class containing e by K, ” , where K* € {£*,R*, 2f*}. Other notations
and terminologies not given here can be found in the texts of ref. [3] and ref. [1].
In ref. [1], Bogdannovic gave a construction of a semigroup S which has a completely
simple ideal with Rees matrix semigroup = (I,G,A;P) and a partial semigroup Q.
Specifically, if Qis a power partial semigroup, we can easily get
Lemma 1.1 A semigroup Sis a completely archimedean semigroup if and only if it is
isomorphic to some S = M(I,G,A;P) U Q with a multiplication defined as follows:
(D Gyas D) (Gsbsp) = Gsapybsp)s (2) plisasd) = &y, 0(psidasd);
(3) Gha M) p = (aadp(pd) Ay, s (D) pg =r € Q=pg =r € 3
) pqg & Q=pg = EEps @ (Paib)) @ (qai) Pi 2207y
for all p.g€ Qiabe G, isj € I, Asp € A, whereé:p +—6,(5:p +>7,) is a mapping from
Q into the semigroup T(I) (T(A)) of all the mappings of I(A) into itself. []

2 Main results

For a completely archimedean semigroup S, the next lemma is obvious:

Lemma 2.1 LetS=Q U T be a completely archimedean semigroup, where T is the
completely simple kernel of S and Q = S\T. Then

(D) 25 = 2T | 1g; (2) RS = RT | 1g; (3) 245 = 4T ] 1g;

(1) %= 2¥and »° = (T XD (J L. ]

Lemma 2.2 Let S be a completely archimedean semigroup. Denote

Pe) = {x € S.: ex = 2¢ € G, for some e € E(S)}

in which G, is the maximal subgroup of S containing e as its identity. Then we have P(e) =
H; and

(1) P(e) is a -group; (2) P(e) ﬂ P(H =Cife,f € E(S), and e # [;

3)S= J Po.

e€ E(S)

Proof Lete= (i,p;},A) € E(S) and x € S. Suppose that ex = ze € G.. Then by
Lemma 1. 1 2e = 2(i, p3} sA) = (&, , * ;1) , andexr = (i, py} s Dx = (i, * A7), So we have
i€, =iy Ap. = A. Further e = 22" (0, p 1 s 1) = Gy % 000 ex™ = (il s D2
= (i, ¥ ,A). It means that 2/ He, . e. , x € H; . On the other hand, if x24* ¢ for some x
€ Sande € E(S), we have 2™ € G,. By Theorem I. 4. 3 of ref. [1], we know that ex =



756 FEAFHRARAKFFIR % 35 %

xe € G,. The remainder is obvious. []

The above statement is not true for the nil-extension of general completely regular

semigroups. For example, suppose that S = U S, is a nil-extension of a completely regular
a€Y

semigroup and a,f3 € Y witha > f3, where S, is a completely archimedean semigroup for any
a € Y (see Theorem X. 1.1 of ref. [1] for details). For anye € E(S,).f € E(S,), then
elefe)’ = (efe)’e = (efe)’ € Gup) & Sp» bute & S,

At the same time it is not necessary that 2/ is a congruence on a completely archime-
dean semigroup S, i. e. , it is not necessary that S is a band of x-groups. The reader can
find an example in ref. [3].

In the following, we give some equivalent conditions for &4* to be a congruence on
completely archimedean semigroup S.

Lemma 2.3 Let S be a completely archimedean semigroup. Then <4* is a congruence
on S if and only if xyz=f* 2y’ for any xsy,y 2 € S.

Proof  Suppose that S is a completely archimedean semigroup and satisfies

xyzH* xy'z, for any x,y,y 2 € S. By Lemma 2.2, S = U H; , in which H = {« €
)

S:ex = xe € G, for somee € E(S)} and H,' is a nw-group. We will claim that H' H; &
H}. Leta € H’,b € H;. Then

(ab) Cef) = albe) f S aleb) f = (ae)(bf) € GGy & Gy & Hyy

(ef)(ab) = e(fa)b H" elaf )b = (ea) () € GGy Z Gy < Hy.
By Lemma 1. 1 and the proof of lemma 2. 2, we know thatab € H;; and H'H; < H.;,
which means that 24" is a congruence. And hence S/=4" is a band. Further, H; H; H; =
H H}H;} foranye,f,f .g & E(S). Let f'=e¢. ThenH ' H;H; = H,; H, . So, S/ 4"
is a rectangular band.

Conversely, if Sis a completely archimedean semigroup and relation &4* is a congru-
ence, then S is a rectangular band of w-groups. For any z,y,y .z € S, suppose that x €
H' ,yvEH;,y €H),2€ H ,wehaveaxyx € HH;H; = H;H; = H} ,xy'z €
H'HyH; = H'H; = H,. So, xyz=1" xy'z, for any x,y,y .z € S. ]

Lemma 2.4 Let S be a nil-extension of a cryptogroup. Then 4* is a congruence on S
if and only if (xy)™™ 2H4* 27y for any x,y € S.

Proof By the definition of ", for any x,y € S,axf" 2", yH*y and

ayH (xy)™, since &4 is a congruence, (xy)™ ™ H* 27y Conversely, letx,y € S
and x4 y. Then azf " (ax)™ H* 27022, ye* (y2)™ 0 H* 3y 29 for any z € S. Be-
cause S is a nil-extension of a cryptogroup, we have 2™ 2™ 24" y@ 2 And hence
azH* yz. Similarly, 2™ zy. []

Lemma 2.5 Let S be a nil-extension of a regular cryptogroup. Then &4* is a congru-
ence on S if and only if £* and «R* are congruences on S.

Proof Let S be a nil-extension of a regular cryptogroup and &4* a congruence on S.
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Suppose that a,b € S and aL*b. For any ¢ € S, by the regular cryptic of Reg S and
Lemma 2. 4, we have

QL (ac)’ @ £ gr@ 1O p ) 1 p (peyrdo g e

cal” (ca)™" @ L7 O gr@ Lx rOpO L (ep) P L b,
So £* is a congruence, Similarly, «®* can be proved to be a congruence. The other part is
obvious. L]

Lemma 2.6 Let Sbe a completely archimedean semigroup. Then &4” is a congruence
on Sif and only if {¢,) = i,{5.) = A, where (i, * ,1) = @,

Proof Suppose that S is a completely archimedean semigroup, and relation &4* is a
congruence on S. Let x € S, and 2" = (i, * ,0). For any y = (j.b,u) € Reg S,
xyH " ay = iy % ) (Gsbsp) = (i % yu). On the other hand xy = (j&,, * ,p) by Lem-
ma 1. 1. So for any ; € I, j&. = i which means (£,) = i. Similarly, (.) = A.

Conversely, suppose that x,y € S and 224" y. Then 2™ & y™¥, By hypotheses,
(&) =&, (g.> = (5. Then for any = € S, by Lemma 1. 1.

Case 1;: when 2 € Reg S, by the hypotheses, it is obvious that xz<f* yz.

Case 2: when = & Reg S,

(1) and x,y € Reg S, 224" yz holds obviously.

(2) and x,y € S\Reg S, if xz,yz € S\Reg S, then (£..)> = (£, (&) = (&) and (&)
= (£.(E,) = (&,) by Lemma 1. 1, so{&.) = (£,.), and hence xz-R " yz holds. Similarly,
we can prove that xz£* yz. lf a2z, yz € Reg S, suppose that xz € G,, yz € G, thenaz =
aze = x(ze), yz = yzf = y(zf). By the hypotheses and (£, = (&, , we have xzR" yz.
Similarly a2z 2" yz. If 22 € G, for some e € E(S) and yz € S\Reg S, then (£,.) = (£.)(&)
= (&) ,az = x(ze). That xz-R" yz also follows from that <&,) = <(£,). Similarly, we can
get xzL" yz. In the same way, za4* zy. So 24" is a congruence on S. []

Theorem 2.7 Let S be a completely archimedean semigroup. Then the following con-
ditions are equivalent;

(1) Relation <" is a congruence on S; (2) S is a rectangular band of w-groups;
(3) xyzt* xy’z forany x, v,y s2 € S; (4) (y)™™ 24" 270y for any x,y € S; (5) £L*
and R* are congruences on S; (6) (&) =1, (n.) = A, il 2 = (i, % ,2) .

Proof Obviously, (1) and (2) are equivalent, and by Lemma 2. 3, Lemma 2. 4,
Lemma 2. 5 and Lemma 2. 6, the proof is completed. []

Corollary 2.8 When relation 2/* is a congruence on completely archimedean semig-
roup S, it is the maximum idempotent-separating congruence. L]

Corollary 2. 9 Let S be a completely archimedean semigroup. Then the following
conditions are equivalent;

(1) Relation K* is a congruence on S; (2) (xy)™™ R* 2"y for any x,y € S;
(3) (&) = i, for any p € S\Reg S, if p"? = (i, %, ). []

Corollary 2. 10 Let S be a completely archimedean semigroup. Then the following
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conditions are equivalent: (1) Relation £* is a congruence on S; (2) (axy)™™ £* 27y

for any x,y € S; (3) (y,> = A, for any p € S\Reg S, if p*” = (x, x ,2). ]
Corollary 2.11  Let S be a completely archimedean semigroup. Then relation
R* (L") is a congruence if and only if Sis a left ( right ) zero band of a nil-extension of
right ( left ) groups. L]
Corollary 2,12 Let S be a completely archimedean semigroup. If relation R* ( £*) is
a congruence, then Sis the disjoint union of its some right (left) ideals R (L} ), in which
e € E(S). U]
At last, we give a description of a nil-extension of a rectangular band with </ being a
congruence,
Let E = I X J be a rectangular band and Q be a power partial semigroup, where I and
A are left and right zero band respectively, &:p &, (:p - 7,) be a maping from Q into

the semigroup T(D (T(J)) of all the transformations of I(J) into itself, and
(1) for any p € Q,&, = const, 7, = const;
(2) forany p.q € Q.pg € Q=& =&,4 7y = 7,
Define a multiplication on 3 = (I X J) U Q as follows:
Ci) Gy = Gaj) foranyiyi” € 1, j.j € T
Cii) plaj) = (&) s Gupp =Gy, foranyi€ I, j € . p € Qs
r if p. g€ Qand pg =r € Q
(& sy i pg & Q

Theorem 2. 13 S with the multiplication defined above is a semigroup. A semigroup

Cii) pg =

S is a nil-extension of a rectangular band with &4* being a congruence if and only if it is iso-

morphic to some 3. []
References
[1] Bogdanovic S. Semigroups with a system of ca Sinica, 1988, 31:(3), 396-403. (in Chi-
subsemigroup D]. Novi Sad: Univ. of Novi nese)
Sad, 1985. [3] Howie ] M. An Introduction to Semigroup
[2] REN Xue-ming,GUO Yu-qi. E-rectangulari- Theory[ M]. London: Academic Press,1976.

ty mregular semigroup[ J]. Acta Mathemati-

TEMEREFBEEXR 2
TKEE N2, x| B

Q. FEBEEARIERE R LB AL 23002652, BTSSR F, Bl 2002343, PIRGRSAECA 2 IR 400715)

HE. 2B T22MARBFHLLE 2 RRAHETFMEA
KW : TEFTARBFF, B 2 XF; Be





