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Abstract. The question of the collimation of relativistic jets is the subject of a lively debate
in the community. We numerically compute the apparent velocity and the Doppler factor of
a non homokinetic jet using different velocity profile, to study the effect of collimation on
the appearance of relativistic jets (apparent velocity and Doppler factor). We argue that if
the motion is relativistic, the high superluminal velocities are possible only if the geometrical
collimation is smaller than the relativistic beaming angle γ−1. In the opposite case, the apparent
image will be dominated by the part of the jet traveling directly towards the observer resulting
in a smaller apparent velocity. Furthermore, getting rid of the homokinetic hypothesis yields a
complex relation between the observing angle and the Doppler factor, resulting in important
consequences for the numerical computation of AGN population and unification scheme model.
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1. Introduction

Jet opening angles are observed in different type of objects like AGNs or YSO (Junor et al.
1999; Horiuchi et al. 2006).These observations show a decrease of the jet opening angle
with distance from the central core, indication of collimation processes. Jet models also
predict a variation of the jet opening angle (e.g. Ferreira 1997; Casse & Keppens 2002;
McKinney 2006; Hawley & Krolik 2006; Zanni et al. 2007)and indeed some of them are
enable to reproduce the observations (Dougados et al. 2004). However, the existence of
a jet opening angle is generally omitted in radiative jet models. We investigate the im-
portance of the jet opening angle using a simple formalism (Boutelier et al. 2010, B10
hereafter).

2. Formalism

We consider the simple case of a shell initially spherical, propagating with a relativistic
speed characterized by the Lorentz factor γ0 on the jet axis. In the jet rest frame, we
assume that the surface emissivity is uniform with a flat spectrum. The geometrical
collimation of the jet is characterized by θjet, and the velocity distribution is described
by a function γ(θ), where θ is the angle to the jet axis. For a point of this surface
referenced by the angle θ, the velocity vector is directed in the θ direction (see Fig. 1).
For a given observational angle θobs defined between the jet axis and the line of sight,

we project on the sky plane the surface observed at a given observational time Tobs where:

Tobs(M) =
r

β(α)c
−

r cosα

c
=

r

β(α)c
(1− β(α) cosα) (2.1)

119

http://arxiv.org/abs/1010.5895v1


120 P.O. Petrucci et al.

Figure 1. Sketch of the jet model in the
case of velocity distribution D1. See text
for the signification of the different param-
eters

where β(α) is the velocity of M deduced from the velocity distribution γ(θ) in the jet
frame and α = θobs − θ. Hence, two points of the jet M1 and M2 will be seen by the
observer at the same instant if the observational times reach the condition: Tobs(M1) =
Tobs(M2). Let’s choose as a reference point, the intersection between the propagating
shell and the jet axis. At a given instant t, this point is at distance r0(t) from the origin,
and is characterized by the Lorentz factor γ0. The parametric equation of the jet surface
seen at a given observational time expressed in the observer’s frame is then:

r(α) = r0(t)

(

β(α)

β0

)[

1− β0 cos θobs
1− β(α) cosα

]

(2.2)

No characteristic scale is involved in this equation which is auto-similar.

The observed flux on the sky plane is related to the intrinsic flux in the source rest
frame Sν, int by the Doppler factor: Sν, obs = Sν, intδ

3†. Due to the velocity distribution
γ(θ), each point shell have an intrinsic velocity different in norm and direction, and then
a different apparent speed as measured by the observer. We choose to define the apparent
speed of the whole structure as the one of the brightest point of the sky plane. This is
what is expected from VLBI observations for which the apparent speed of a component
is computed by fitting the position of the maximum intensity on a temporal sequence of
observations. This assumption differs however from the previous works done on the same
subject (Gopal-Krishna et al. 2004, 2006, 2007). These authors estimate the apparent
velocity from the average of the apparent speed of each point of the structure weighted
by the Doppler factor boost (see discussion in Boutelier et al. 2010). These works also do
not take into account the light travel effects that distort the emitting region as seen by
the observer. Due to the axial symmetry hypothesis on the jet geometry, the problem of
determining the direction of the brightest point of a tridimensional surface projected on
the sky plane can be treated in a bi-dimensional approach. Indeed, the direction of the
maximum of intensity is necessary in the plane defined by the jet axis and the observer
line of sight. Hence, the following work solve only the two dimensions case, as represented
on the Fig. 1.

† We assume a flat spectrum



The influence of collimation on the appearance of relativistic jets 121

θjet = 15
γ0 = 10
δ  (model)
βapp  (model)
δ  (point  source)
βapp  (point  source)

0 20 40 60 80
0

5

10

15

20
δ 

, β
ap

p

θobs

Velocity profile D1

θjet = 15
γ0 = 10
δ  (model)
βapp  (model)
δ  (point  source)
βapp  (point  source)

0 20 40 60 80
0

5

10

15

20

δ 
, β

ap
p

θobs

Velocity profile D3

Figure 2. Jet apparent velocity in unit of c (black empty circle) and Doppler factor (black
empty diamond), as a function of the observational angle θobs, computed for different jet velocity
profiles; left: conical velocity distribution. right: gaussian velocity distribution. The jet opening
angle is θjet = 15 ◦, and the Lorentz factor on the jet axis is γ0 = 10. As a comparison, the
theoretical expression for the apparent velocity (red line) and the Doppler factor (red dashed
line) for a point like source of the same Lorenz factor is also shown.

3. Results

Knowing the shape of the observed surface, it is now possible to project it on the sky
plane and to compute the intensity profile. It can be shown (B10) that the intensity
profile is parametrized by the following two equations:



















x′(α) = r0 sinα

(

β(α)

β0

)[

1− β0 cos θobs
1− β(α) cosα

]

I(α) = I0

[

√

1− β(α)2

1− β(α) cosα

]3 (3.1)

We compare two different types of velocity profile γ(θ) (cf. Fig 2): a conical profile,
which assumes γ = γ0 for θ < |θjet|, and a gaussian profile where γ(θ) = 1 + (γ0 −

1) exp

[

− ln 2

(

θ

θj

)2
]

For the gaussian velocity profile for which the velocity is never

constant in the jet, the apparent velocity is always positive for every observational angle
but θobs = 0 ◦. The reason is that in that case, the brightest point of the jet is never on
the line of sight, but slightly shifted. However, we emphasize that the apparent velocity
is rather small compare to the point-like source approximation. This is due to the lower
intrinsic Lorentz factor at this point of the jet, but also because the brightest point is
very close to the line of sight (α < γ−1). This is confirmed by the high values of Doppler
factor: δ > βapp, ∀ θobs. We can observe on Fig. 2 that the maximal apparent speed is
reached for an observational angle close to the jet opening angle θobs ≈ θjet ± ǫ.

3.1. Maximum apparent velocity

In order to study together the effect of the jet opening angle and the Lorentz factor, we
have computed with our model the maximum apparent velocity βapp,max(θjet, γ0) and
the associated Doppler factor, for each velocity profile. We show on Fig. 3 the result for
the gaussian profile. It confirms the affirmations that we make in the previous sections,
i.e. that the jet opening angle decrease dramatically the apparent velocity, even for high
jet Lorentz factor. Together with the increase of the opening angle, βapp,max get farther
than the ideal case, that would be materialized by vertical lines on Fig. 3.
More precisely for high Lorentz factor (γ0 ≫ 1) and small observational angles (α <
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Figure 3. Contour of maximal apparent velocity (βapp,max on the left) and the associated
Doppler factor (on the right), as a function of the geometrical collimation of the jet θjet and of
the Lorentz factor on the jet axis γ0, for a gaussian velocity profile γ(θ).

γ−1), the Doppler factor can be wrote as δ(α, γ) ≈
2γ

1 + γ2α2
. If dγ/dθ ≪ γ2 (i.e. the

characteristic angular scale ∆θ on which the Lorentz factor varies ≫ 1/γ, the relativistic

beaming angle) it can be shown that the maximum Doppler factor is reached for α ≈
γ̇

2γ3
.

The corresponding apparent velocity is then of the order of βapp ≃
dγ/dθ

γ
≃

1

∆θ
.

4. Conclusion

The jet angular aperture can have a significant effect on the jet appearance velocity.
For a γ(θ) characterized by an angular scale ∆θ the apparent velocity is upper limited
by 1/∆θ. In consequence, large apparent velocities require highly collimated jets. Note
also that small apparent velocity and high Doppler factor can be obtained with large
opening angle. This has to be taken into account in beamed/unbeamed populations
studies. Moreover, jet opening angles varying along the jet would result to different
apparent velocity at different position in the jet (e.g. VLBI vs. VLA). Finally, as already
discussed by Gopal-Krishna et al. (2007), TeV blazars, which require apparently large
Doppler factor but show generally subluminal motion, could be characterized by large
opening angles.
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