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REMARKS ON THE HAMILTONIAN FOR THE FERMIONIC
UNITARY GAS MODEL

ALESSANDRO TETA AND DOMENICO FINCO

ABSTRACT. We consider a quantum system in dimension three composed by a group of N iden-
tical fermions, with mass 1/2, interacting via zero-range interaction with a group of M identical
fermions of a different type, with mass m/2. Exploiting a renormalization procedure, we con-
struct the corresponding quadratic (or energy) form and define the so-called Ter-Martirosyan-
Skornyakov extension H,, which is the natural candidate as a possible Hamiltonian of the
system. In the particular case M = 1, under a suitable condition on the parameters m, N, we
show that the quadratic form is unbounded from below. In the same setting we prove that H,,
is not a self-adjoint and bounded from below operator and this in particular suggests that the
so-called Thomas effect could occur.

1. INTRODUCTION

In many models in condensed matter physics and statistical mechanics a gas of n quantum
particles in R? is described through the formal Hamiltonian

n

1 n
H=— E 2miAmi + 1 E d(x; — ;) (1.1)
i=1 i,j=1
1<j

where x; € R3 m; is the mass of the i-th particle, A,. is the free laplacian relative to the
coordinate x; and p is the strength of the 9, or zero-range, interaction acting between each pair
of particles of the gas. To simplify the notation we fix h = 1.

One reason of interest for the Hamiltonian (I.T]) is that it is a simple but non trivial modification
of the free Hamiltonian and then it can be used for concrete computations of relevant physical
properties of the quantum gas. It is worth to mention that in recent years these models have
been widely used in the physical literature, for systems of bosons or fermions, possibly with
harmonic confining potential. In particular the limiting case of infinite two-body scattering
length, or unitary limit, is also considered (see the reviews [2], [8] and also [19], [20], [16], [4]).
From the mathematical point of view an Hamiltonian of the type (LI]) in the appropriate
Hilbert space is defined as a self-adjoint extension of the free Hamiltonian restricted to a
domain of smooth functions vanishing on each hyperplane x; = ;. The most used techniques

for the concrete construction of such extensions are Krein’s theory of self-adjoint extensions
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and limiting procedure of smooth approximating Hamiltonians (in the sense of the resolvent or
the quadratic form).

The problem is completely understood in the case n = 2, where one is reduced to study a
fixed ¢ interaction in the relative coordinate and all the self-adjoint extensions can be explicitly
constructed (we refer to [I] for a complete mathematical analysis of this case).

A direct generalization of the same construction to the case n > 2 naturally leads to the
definition of the so-called Ter-Martirosyan-Skornyakov extension H,. Roughly speaking, such
extension is a symmetric operator acting on a set of functions ¢ which are smooth outside
the hyperplanes z; = z;, 4,7 = 1,...,n, while on each hyperplane they exhibit the following
singular behavior

fij

|z —

)~ + af;j+o(l) for |z; —x;| =0 (1.2)

|

where §;; is a function defined on the hyperplane z; = x; and « is a real parameter. One can
see that a~! is proportional to the two-body scattering length and therefore the unitary limit
is obtained for oo = 0.

As a matter of fact the operator H, is not self-adjoint and all its self-adjoint extensions are
unbounded from below due to the presence of an infinite sequence of energy levels Ej going
to —oo for k — oo. This result was first rigorously proved for a system of (at least) three
identical bosons in [14] (see also [11] for the case of three different particles) using the theory
of self-adjoint extensions. This effect, known as Thomas effect, prevents H, from being a good
physical Hamiltonian. Notice that the effect is absent in dimension two ([5]). We also mention
that the Thomas effect can be considered as the counterpart in zero-range interaction models of
the well known Efimov effect, i.e. the appearance of an infinite sequence of negative energy levels
accumulating at zero for a three-bosons system with two-body resonant interaction potentials.
It is expected that the Thomas effect could be absent if the Hilbert space of states is appropri-
ately restricted, e.g. introducing suitable symmetry constraints on the wave function. Indeed
this was first rigorously proved in [15],[12] for a system of two identical fermions plus a different
particle, with all equal masses. In this case, due to the antisymmetry of the wave function, the
two fermions can only interact with the different particle and this makes the Hamiltonian less
singular. Strangely enough, this result cannot be generalized to the case of a system composed
by N identical fermions plus a different particle. When all masses are equal, it was shown in
[5] that the quadratic form associated to H, is unbounded from below for N sufficiently large.
As we explain in section 5, this implies that in such a case the operator H, cannot be self
adjoint and bounded from below. The result was proved by evaluating the quadratic form on
an explicit sequence of trial functions. It is remarkable that the trial functions must be chosen
in the p-wave, contrary to the case of bosonic case where the s-wave is required.

In this paper we shall approach the following problem. Let us consider a system in dimension
three made of two subsystems A and B, where A consists of NV identical fermions of one kind
and B of M identical fermions of another kind. We assume that no interaction is present
between particles of the same species while each particle of A interacts with each particle of B
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through a zero-range potential. Without loss of generality, we fix the mass of a particle in A
equal to 1/2 and the mass of a particle in B equal to m/2.

The first mathematical problem is to construct the corresponding Ter-Martirosyan-Skornyakov
extension and to show that it is self-adjoint and bounded from below or, on the contrary, it is
only symmetric and, possibly, there is Thomas effect. In this generality the problem is open and
one can only stress that the answer seems to be strongly dependent on the physical parameters
m, N, M. Here, as a first step, we shall construct the renormalized quadratic form and the
Ter-Martirosyan-Skornyakov extension for arbitrary values of the parameters.

In the simpler case M = 1, it has been conjectured by R.A. Minlod] that the Ter-Martirosyan-
Skornyakov extension is

i) self-adjoint and bounded from below if A(m, N) < 1,
ii) only symmetric and the Thomas effect occurs if A(m, N) > 1,

where
1

2(m + 1)3 arcsin pros

N 1>7n/m(m+ 2) Jo

Notice that, for N fixed, A(m, N) is a positive, decreasing function of m, with lim,,, .o A(m, N) =
oo and lim,, oo A(m, N) = 0. Therefore there is a unique critical value of the mass m.(N) such
that A(m, N) < 1 for m > m.(N) and A(m,N) > 1 for m < m.(N).

The conjecture is known to be true for N = 2 with a critical mass m,(2) ~ (13.607)7" (see e.g.
[2] and references therein for the physical literature and [17] for a rigorous result). Recently, the
case N = 3 has been approached in [4] where, exploiting analytical and numerical arguments,
it is shown that there is Thomas effect if m < (13.384)~%. A further result has been obtained in
[13] where it is proved that for N < 4 and m sufficiently large the Ter-Martirosyan-Skornyakov
extension is self-adjoint and bounded from below.

Our main result in this paper is the proof that for A(m, N) > 1 the Ter-Martirosyan-Skornyakov
extension is not a self-adjoint and bounded from below operator. This does not prove the
existence of the Thomas effect for A(m, N) > 1 but, in our opinion, it strongly suggests that
this is in fact the case. We stress that a more detailed analysis is required in order to give a
complete proof of part ii) of the conjecture. We also underline that the part i) of the conjecture
is still an open problem.

The paper is organized as follows.

In section 2, following the arguments of [5], we describe the limiting procedure to obtain the
quadratic form F, which is naturally associated to the system in the general case of N fermions
of one type and M fermions of another type.

In section 3 we introduce the corresponding Ter-Martirosyan-Skornyakov extension H, and we
show that its mean value coincides with F), restricted to the operator domain.

In section 4 we restrict to the case M = 1 and we explicitly show that for A(m, N) > 1 the
quadratic form F), is unbounded from below.

A(m,N) = (N dx x sin x (1.3)

Iprivate communication
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In section 5 we recall some results of the theory of positive self-adjoint extensions of positive
symmetric operators and then we show that H, is not self-adjoint and bounded from below if
M =1and A(m,N) > 1.

In the appendix we collect some technical results which are used in previous sections.

With an abuse of notation, the scalar product and the norm of various L?-spaces introduced
throughout the paper will be all denoted by the same symbols (-, ), || - ||. Moreover the Fourier

transform of f will be denoted by f .

2. LIMITING PROCEDURE FOR THE QUADRATIC FORM

In this section we describe a limiting procedure for the construction of the quadratic form nat-
urally associated to the Hamiltonian of a system composed by two species A and B of identical
fermions described in the introduction. Following the argument of [5], we first regularize the
formal Hamiltonian and the corresponding quadratic form introducing an ultra-violet cut-off
and then we remove the cut-off with a suitable renormalization of the coupling constant. We
stress that our aim here is only to identify the limit. The rigorous control of the limiting
procedure is outside the scope of the paper.

The Hilbert space of the system is denoted by L2(R3™+M)) and the formal Hamiltonian de-
scribing the dynamics is

(Hu)(x, yar) = (Hou) (xn, yag) — 1Y 06(y; — wi)u(@n, Yar) (2.1)
(4,9)
where
1
Hy=—Ag, — EAyM (2.2)
zy = (z1,...,2n5) ERN 2, e Ry = (y1,...,ynm) € R?M | y; € R3; moreover we introduce

the following short-hand notation for three types of sums used in the sequel

N M / N M

2. =22, > =2 2 =) (2:3

) =1 =1 AR =t =t G)ALR) i

As we already remarked, the expression (2.I)) does not define an operator in L?(R3™N+M))  In

order to obtain a well defined operator the first step is to regularize the expression (21 and
this is more conveniently done in the Fourier space. Using the representation

1 S
My; —x;) = Ok /dwe’w(yﬂ ) (2.4)



a direct computation yields
(H)(py, kar) =ho(py, kar)i(py, kar) — e Z/dzu Dy pi+ 2,k ky — 2)

232, pitk; 2 . ki—z z
— ho(py. k)i ar) — —Z/dza(fo- AL NN LA A
9 ) 2 3 79 2 ) VR 2
(2m)? = V2 V2

where

k2
ho(py k) = PR +=* (2.6)

D= (D1, -, Dic1, Dit1s - - py) € RIVTY (2.7)
ﬁ(f)i,’f’, I%j,S) = ’&(pl,...,pi_l,T,pi+1,...,pN,k‘l,...,k’j_l,S, ]{?j+1,...,k3M> (28)

A natural regularization of (23] is the following Hamiltonian depending on the cut-off R > 0

(Hrd) (P kar) =ho(Py, k) i(py, k)
pi_kj 2R pz+kj z ~ k‘j—Z z
—UR E 1R< )/dle(z)u(pi, —|——,kj, ——) (29)
V2 2 V2 2 V2

where pg is a new coupling constant explicitly dependent on the cut-off and 1 is the charac-
teristic function of the ball in R? of radius R and center in the origin. It is obviously true that
(29)) defines a lower bounded self-adjoint operator for any R > 0 with the same domain of the
free Hamiltonian. The next step is to compute the quadratic form associated to (2.9) and then
to take the limit R — oo for a suitably chosen pg. The identification of the limit is easier if
one introduces the following ”volume charges” forv=1,...,N, j=1,..., M

~R pz_kj o ~ p2+k] z ~ ]fj—Z z

E(py, kar) = il ( )/dzl zu( +—,k:-,———> 2.10

P](PN M) = firlR 2 r(2)a(p 5 J2 Ty /2 ( )
and the corresponding ”potentials” produced by ﬁf}

—

N B pz pNakM)
P o k) = S G pE(pr, k J 2.11
PPy, kar) (Z;) pE(py, kar) Zho IR (2.11)
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where A > 0. Hence a direct computation yields

(4, ﬁRﬂ) = /dedkM holal? _Z/dedkMaﬁﬁ

_ /dedkM [(ho )i — GApRJ? — Amﬂ

/dedkM(ho + N GA R+ 2 Re/dedkM @ (ho + \)GApkt

- /dedkM [(ho )| — GApRP2 - A|a|2}

P ol 7
—Z /dekM Rl Z/kaM /

where we have used (2.9), (ZI0), (2.I1) and the fact that

Let us define the following ”surface charges” for: =1, ...,

We notice that

FR
ij

and therefore

(

m/dedkMﬁﬁf; =0

7.])

Z / dpydky @

(g, b o) = /dm( yi(p,. 4

p - J D, k]> :,LLR/dle(Z)U(pi,p + +

\/5 Y 27

R pi — kj\ ¢ (Di
pij(pNakM):1R< \/§J> ij(

Let us rewrite the last two integrals in (2.12]). We have

and

| 2

Z / dpydky pr

(%

I pi —
Ky —2 ky lp( =
Jipdin 7225 = [yt 1a(P

/dqdpzdk €8 (q. 1. ;) > Tr(g, Do )

> |£ <p1+2k P szicj)|2
ho + A

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



where we have introduced the integration variables ¢ = 2 \J/%k] ,z=2 \;;J and we have defined
A - 1R( ) m+1 2 ~2 1 ~2
Ir(q,p;, ki) = [d = — 4+ —k.+ X (2.19
r(q, Dis Kj) /Zﬂgyumlq Pl o € TPt —k;+A (219)

Using (2.17), 2I8) in [212) we have

(@, Hpil) = /dedk:M [(ho )i — GApR[? — >\\12|2]

“R AR
ng Pin

~ /
43" [dadpdhe E8a.pe )P (' = Tataspiky)) = Y [apkar s (220

(4,9) (4.9)#(,h)

For R — oo one has

. 2m 1r(z)  2m L g z+7
7z ki) =——[d dz
#(4: Py k) m+1)" 2 m+1 22 (Btl2 4 el gz 4 )

ST po o2 (2T 3/2\/ 2 _prpi+ 1k +A+o(1) (2.21)
— —_— o °
m+1 T\mr1 mr1? pi

m

where in the last line we have used the explicit integration

/dz ( 0-2+7 72\/Ay — 02, 82 < dy (2.22)

Z40-z247)

Therefore, in order to obtain a non trivial limit for R — oo, we fix

4, 8mm
Hp = mt 1

R+a (2.23)

where a € R is a new coupling constant. At least formally, with this choice we can remove
the cut-off and define the renormalized quadratic form as the limit of (2.20) for R — oco. More
precisely, we are lead to the following definition of quadratic form

Gulw) = [dpyikss(halprs kar) + V(i ~ 3 G o kan)? = Mo, o)
(4,9

+> /dqdzaidl%j (= by o eg) + 2) sy o) P
(i.7)

& (2 bk (254
(:Jz#%l h) /dedkM ho(py kar) + A (2.24)
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where
9m 3/2
= o [ —— 2.2
b i <m+ 1) (2:25)
’%2
hi(q, Pi kj) = ——¢* + P} + —j (2.26)
m+1
gij(Quﬁivk ) = 111’[1 £ZJ(Q7pzvk ) (227>

and the potential produced by the surface charges fij is given by

s & (255 bk
> Gii(py kear) = Z TS (2.28)
(4,9 (4,9
In the quadratic form (224]) the particles in the two groups A and B are still considered
distinguishable. Since we want to describe fermions, the final step of the construction is to take
into account the requirement of antisymmetry. From (2.27), (2.14) it is easily seen that

gij(Q>zA7ia I%]) = (_1)i+j éll(qa ﬁia I%j) = (_I)H_j g(Q?ﬁw I%]) (229)
which in partjcular means that the interaction is completely described by the unique surface
charge &1 = €. We also denote

(~1) ¢ (222

@(pN,kM>=% o T (2:30)

Moreover for the products of surface charges in (Z24) we have
& (P bk (M k) = E(P S )6 (P ) i i AT
éw(p’j;],},})é (p’;_k",n,l%h)z—g(pﬁkl : ) (pﬁkz,falf) it i=1j+h
T 1, 8)6s () P W) ) i1
(2.31)

Taking into account the above symmetry constraints in (2.24]), we finally arrive at the following
quadratic form

Fo(u) = FMNu) + ®2(€) (2.32)

where
FAu)= [dpni (b o) + )| = P b ean P = Mo k2] (233

DA(E) = NM [all¢]2 + DY) + P}E) + BH(E) + B (€) (2.34)



and
®5(6) =b / dgdp,diey \[ i (g, by Ber) + X E(a, B, or) (2.35)
E(pl\—/%klaﬁb kl) é(pz\—;ﬁkl 71527 kl)
PN E) = N—l/d dk 2.36
®3(¢) = (M 1)/d dk é<p1+2kl’ﬁl’k ) o) (2.37)
206) = P ho (P Kar) + A '
®3(6) = —~(N-1)(M 1)/d dk é<p1+k1 i kl)g(ngz’bh) (2.38)
I Pn ho(Pn, kar) + A '

We also fix the following domain of definition of F,

D(F,)= {u 6L3(R3(N+M)) lu=w* + G, w EHI(R3(N+M))’ ¢ €H1/2(R3(N+M—1))}
(2.39)

where H*(R%), s € R, d € N, denotes the standard Sobolev space

H*(R?Y) = {u e L*(RY) | [ dp(p® + 1)%|alp)|* < oo} (2.40)

Rd

In the Appendix we shall show that the definition ([2.34) is well-posed, i.e. |®}(&)| < oo,
1=1,2,3, for any & €H1/2(R3(N+M—1)).

3. THE TER-MARTIROSYAN-SKORNYAKOV EXTENSION

In this section we introduce the Ter-Martirosyan-Skornyakov extension H,, i.e. the symmetric
operator which is usually considered as a possible candidate for the description of the dynamics
of our system. Then we show that the energy form naturally associated with it coincides with
the quadratic form defined in the previous sections. We define the operator H, as follows. Let
us introduce the 3(N +M — 1)-dimensional hyperplanes in R3N+M)

Fij = {(mNayM) € ]Rg (N=+M) | T, = y]} (31)
and the open domain

Q =R\ | 1y (3.2)
(4.9)
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Then

D(H,)= {u 6L2(R3(N+M)) |u = w + G, w EH2(R3(N+M))’ ¢ €H3/2(R3(N+M—1))’

w2, (VBB k) = (a6, + Zmém)@,ﬁi,kj)} 33)
(L,h)
(Hy + Nu = (Hy + Nw? (3.4)
where the operator 7;3\ ;, acting on the surface charges & is defined in the following way
by/ h 9 zu + A 9, Y 3] k 7:7 ) = lv h
s, T b (a, By, K \/ 312q P 4.2y k) ( j) (£, 1) (3.5)
—8m%/ GAfzh|FU(\/7Q>Pm i) (4,7) # (I, h)

It is useful to give explicit expressions for the non diagonal terms in ([3.5). We distinguish the
three possible cases: [ #i and h # j, =i and h # j, | # i and h = j.

(1) l#£tand h # 5

. glh (pl+§h’ﬁl’ ’Af )

A A 1 N 37 ilp. @4k i(p: 4k
GXnlr, (w1, ®:,9;) = (23 / dp,dk; ¢! @@tk ) /dpidkje@ﬁkj o THE
N>
+
1l+h R ) L 5(;171 ,pl‘ _q+s kh|k-—q s

(7/dqdﬁidkj 61(‘/§q'xi+pi'w"+kj'yj)/ds V2 n- (3.6)
(27T) (N+M) h'(](qv Svpi7 k]) + A

where

~ S m+1 m-+1 m—1
hO(Q?‘Supivkj) = Wq2 + 82 +

Then the Fourier transform reads

(=D /d ¢ <pl§§h’f’l|p =05 "’h‘ka:q&;) (3.8)
s .

87T3/2 h(](q787pi7kj> _'_)‘

A similar computation can be done for the other two cases.

(2) l=1dand h # j

k: :
5 g s+p + — (3.7)

G)‘flh|rij (\/5% ﬁia I%j) =

. gts kn 2 I

_— . —1)ith 5( + ﬁapi,kh\kj:u)
G anlr.. (V2q, by, k; _ ! /ds . V2 3.9
Sl (V2020 B0) = g Folas. i) o

(3) l#iand h =j
. c (Pl 4 a=s 2 L

— N L v R el
G il (V2q, by, k; :(7/618 = R 3.10
Suley, (V20 B0 ka) = g (a5 By ) + X 310
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The last equality in (3.3]) should be considered as the boundary condition satisfied by w on I';;
and it connects the regular and the singular part of an element of D(H,). It is easy to verify
that the operator H,,D(H,) is independent of the choice of A > 0 and it is symmetric.

In the next proposition we show that our definition of H,,D(H,) coincides with the standard
definition usually found in the literature, except for an irrelevant modification of the coupling
constant «.

Proposition 3.1. Let u € D(H,). Then

Hau|Q == H0u|Q (311)
im |z — yjlu(®n, yar) = Fij (i, T4, 9;) (3.12)
|:ci—yj|—>0
. fi‘(xi,@i,@') A
|zs—y;|—0 |z — yj‘
where
SN i 2/Tm
o #,85) = (<) 2T (00, 3, 9) (3.14)
V2(m +1)
_ 1
ap sz & (3.15)
Proof

Taking into account (B4) and the fact that (Hy + A\)G*&jlq = 0 (see ([6.28))), we have

Hau‘g = (Ha —+ )\)U|Q — AU‘Q = (Ho + )\) ‘Q — AU‘Q = (Ho + >\ < ZG &j)‘g — AU‘Q
(4.4)
= Houlg (3.16)

Let us characterize the singularity of an element of (3.3]) at the hyperplane I';;. Exploiting
([6:29), for |x; — y;| — 0 we have

u(@n, yy) = M@y, ya) + Y Gn(@n, yar) + G (Tn, yar)
(LR)F#(i,5)

1 2ymm A
:w)\(wN>yM)+ ZG)\glh(wf\UyM)_‘_ |Zl§'—y| m+ 1 gij(\/izi>wiayj)
(Lh)#(i.9) L

b
—W/dqdpldk e’ i(Variatai bt k) hl(Qapza )“‘)\ fzg(qapmk ) +0o(1) (3.17)

We notice that

o m s = ) (w’\(ar;N, yu) + > Gnlay, yM)) ~0 (3.18)
Y (Lh)2()
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Therefore from (3.17) we obtain (B.12]). Moreover
fij(xiu x;, @])) _
i — ;]

Tij + Z G)\glh(wNv yM) r
(LR)#(4,5)

depldk 6 (\[xlq—i_wl pl+y] ) hl(qva )+>\ glj(q7pzvk )

b

The computation of f is more easily done in the Fourier space. Exploiting (B.5]) we have
F(V24, By k)
= wlr, (V2¢,p;, k;) + > G ulr

lim
\xi—yj ‘—)0

2\/7_Tm§ij(\/§$ia T, g])
(TN, Ypr) —

lim @(a:N,yM)— lzi — y;(m + 1)
2 J

|:r:i—yj |—)0

:wA(wvaM) ij

. 1
ij(\/§q7pi7kj> - 87‘(‘3/2( ij, Z]é-l.])(q7p27k‘>

(LR)#(4.9)
:w|rij(\/§q?j)i? j 8 3/2 Z ]lhglh Qaﬁiakj)
)
= s (D), b, k) (3.20)
_87T3/2 q?pi? 9 .

where, in the last line, we have used the boundary condition in (B.3]). Taking the inverse Fourier
transform and using (3.14)), (315) we find
f (i, @i, i/j) = o fij (T, Zi, i/j) (3.21)

concluding the proof of the proposition.

O

The next step is to verify that the mean value of the operator H, coincides with our quadratic
form F, restricted to D(H,).

Proposition 3.2. If u € D(H,) then (u, Hou) = F,(u).

Proof

Let us introduce the tubular neighborhood I%;, for € > 0, of the hyperplane I';;

Zj’
I3 = {(@n,yy) € RN | z; — ;| < e} (3.22)
and the open domain
QF = RV )T (3.23)
(4,5)
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Taking into account (B.1]), for any v € D(H,) we can write
(u, Hyu) = lim [ dendy,, u Hyu (3.24)
e—0 Qe

The r.h.s. of (3:24]) can be computed using the definition (3.3)) and the equation (6.28)) proved
in proposition [6.3] In fact we have

(u, Hyu) = hm d:cNdyM (w/\ +Z GA@,) Hy+ ) (w —l—Z G)‘&]) — )x/ddeyM |u)?
C¥))

= /da:NdyM w N Hy + \w* — )\/dacNdyM |ul? +Z /da:NdyM G & (Ho + \)w?

- ‘F)\( ) _'_ 87T3/2 Z /dqdpzdkj glj (q7 p27 k )wA lJ (fqvpzv )

(4,9)

_'_ Z / dqdpzdk gl] q7p7,7 ) (a glj + Z 7:_] lhflh)(%p“ k; )
(4,9) (Lh)
(3.25)

where in the last line we have used the boundary condition satisfied by u on I';; (see (8.3])). Now
we closely look at the last term appearing in r.h.s. of ([3.25) and show that they reconstruct
PA(€). First we have

o3 [ dadidi; (a5, )65 .51, K) = N M (3.26)

(4,4)

Using (B.5) the diagonal terms can be written as

Z/dqdﬁzd’%] éij(qvﬁiv A ) ij, zgglj(qvpzuk'>

=3 / dadpydle; b/ hs (. i ;) + Mg, i Rey) P = NMB)(E) (3.27)

Concerning the non diagonal terms, we use the explicit expression of G*{y|r,; and we find

> / dqdp;dk; &5(q, iy k) T nin (g, bis o) = NM (D} () + @3(E) + B3())  (3.28)
(6,9)#(Lh

The proof of the proposition is concluded.
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For any physical application the crucial point is to show that the symmetric operator H, is a
good Hamiltonian for our system, i.e. to prove that it is self-adjoint and bounded from below
(stability condition). As we already remarked, in general the problem is open and we expect
that the answer can be positive only under appropriate conditions on the physical parameters
of the system N, M, m. Exploiting the representation theorem of self-adjoint operators (see
e.g. [9]), the result could be obtained proving that the associated quadratic form Fy, is closed
and bounded from below. We leave untouched such question in this paper. In the following
we shall concentrate on the "negative” result, i.e. we shall prove that in the case M = 1,
A(m, N) > 1 the quadratic form F,, is unbounded from below.

4. UNBOUNDEDNESS FROM BELOW OF THE QUADRATIC FORM FOR M =1

From now on we shall limit ourselves to the case M = 1. The quadratic form ®} (see ([2.34))
reads

®,(8) = Nallg]* + N®g(€) + Ny () (4.1)

2

®&) =b [ dadp, Viulap) FA @RI hlab)= B (42)

€(m5t by ) (725 12)
PNE) = (N—1 / dpndk ,
1(6) = ( ) | dpy S
The regular part F of the quadratic form is written as in (Z.33) where the potential G*¢ is now
given by

1
ho(p. k)= p?ﬁakz (4.3)

GHe(py. k Z i ( ) (4.4)
ho (Pn, k) + A
With the above notation we have
Fo(u) = Fu) + @3(€) (4.5)

In the next proposition we show that the form (5] is unbounded from below under a suitable
condition on the parameters m, V.

Proposition 4.1. If A(m,N) > 1 then there ezists a sequence u,, € D(F,), inf, ||u,| > 0,
such that F,(u,) — —oo for n — co.

Proof
We fix A > 0 and consider a sequence of trial functions of the form

u, = G&, (4.6)

and therefore F,(u,) = ®X(£,) — M|u,||>. The chosen sequence takes a much simpler expression
if we use the function 7, defined by (G.12]), instead of . In fact we choose

ne.p) = 1 (%) olin) (@7
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where g € S(R*73), |lg|l = 1 and f is a smooth function which will be specified later. Ex-
ploiting the estimate (6.30), one can easily check that the sequence u, satisfies the condition
inf,, ||u,|| > 0. Using the same change of variables of proposition [6.2] we obtain

0y(e) = 2 [, \/ ot DB EBIEN g
(4.8)

N L L ) 0la(py)

B(6) = n(N - DI /azjolam@zw+ Ty )

Let us compute the leading terms of ®}(&,) and ®}(&,) for n — oco. Using the inequality

m(m+2)x2+ (m—l)p§+fﬁ+)\_ m(m + 2)
(m+1)2 n? m+1

1 B
o] < =/ (m—1)p3 + B+

it follows
o 2m2m® (m + 2)?
(m+1)%

B(6) = [ dzlel @) + 00 (4.10)

Now we prove that

B}(6,) = w(V — 1)t 2 / drdy — DY)

O 4.11
(m +1)3 x2+y2+mi+1x'y+ (n) (4.11)

We have

e —ni(y - )2 [, T

(m+1)3 2?4y 4 ey
m®2(m+2)%2% [ — X
= - )" S [ipato) [ty T Tty (112
where we have defined
prt+A 1

(@ e y) (@ 4y ey (P V)

For any n, p;, A, the integral kernel (ZI3]) defines a Hilbert-Schmidt operator and therefore its
norm can be estimated as follows

IL@E NP < /dxdy|Tn<x,y;@%+A>|2
p (ﬁ%+A)2(m+1)4/d J 1
ntm? (22 +) @4y + 255 (0] +0)°

¢ (PPN (m+1)>
= o (4.14)
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where ¢ is a numerical constant. Using this estimate in (£12), we obtain (£I1). Moreover we
notice that
Nall&|* = O(n) (4.15)

Therefore, from ({I0), (£IT)), (AI5), we have

225 22~
Fulutn) = B(6,) — Allug |2 = n2N 2 M £2)

G+ om) (4.16)

where
N—-1 m+1 dedy f(@)f(y)

272\ /m(m + 2) 22y gy
Thus the problem is reduced to find f such that &D( f) < 0. We introduce polar coordinates

(p,0,¢) in R? and denote the standard measure on S? by dz. We further specialize our choice
of the trial function by

B(f) = [ delal s + (4.7

f(p.0,0) = al(p) coso (4.18)
where the radial part a will be specified later. Then we have

~ A [0 N—-1 m+1 +oo _
¢m=—A dp*la(p)” + dprdps 22 a(pr)alpn)

3 212 /m(m +2) Jo

0 0
/ le d22 5 2COS 12608 2 (419)
52 Pi+ p3 + 557 p1p2 cos Oz

where 6,5 is the angle between x and y. With the change of variable e* = p we arrive at

~ 47 N-—-1 m+1
d = — [ dxl|e*®a(e®)|? + dridrs e*1a(e®)e® 2 q(e”?
()= [[arlemate ) + o [ ey et alery

/ dond cos 6, cos 0y
21dz
g2 e cosh(z, — x3) + === cos Oy,

m—+41

(4.20)

Both terms appearing in (£.20) can be diagonalized by Fourier transform, see e.g. [6], and we
get

B(f) = / dic |d(R)2S(k) (k) = \/% / d e~ 2 g 7 (4.21)

where S(k) is the continuous and even function given by

4 N -1 1 inh vk
T mt dz1dz9 cos 01 cos Oy — PIT

3 * 2T /m(m + 2) Js2 siny sinh 7k

cos 012

S(k) = (4.22)

and vy = arccos ( . Now we study the sign of S(0) and in particular we show that if
A(m, N) > 1, see (L3)), then S(0) < 0. We have

4 N -1 1
i m dz1dzy cos B cos 0

~
—+ :
3 2r2 /m(m +2) Js2 sin 7y

5(0) = (4.23)
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The angular integral can be computed introducing @15 = ¢1 — o and performing the change
of variables (1, 01, 2, 02) — (¢1, 01, P12, 012). Then we have

/ dz1dzy cos 01 cos Oy —
S2 S 7y

= /led,Zlg cos 01 (cos 07 cos b2 +sin 0y sin 015 cos(p1 —p12)) —
52 sin 7y

Yy
m—+1

Y
3 J_1 ~ sinarccos i3

:8_7*/161 y (5 — arcsin 47)

3 Yy
3 1 cos arcsin ;-4

B 1672 /1 J Y arcsin mLH
0

Yy -
3 cos arcsin —4—
m+1

{2 1 Y arccos

16 2 arcsin ——
= — 37T (m + 1)2/ " dz x sing (4.24)
0

where we have used the trigonometric identity arccos z = 7/2 — arcsin z and used the change
of variables y = (m + 1) sinz. From ([£23)) and ([@24) we have

1

50 - 4_7T< _v_p 2mt Dy’ B sinx> AT ANy (429)

3 m/m(m +2) Jo 3

which is negative for A(m, N) > 1. The last step is to fix the radial function a such that d(k)
is, roughly speaking, supported around k& = 0. We choose

VB
p? cosh (M)

a(p) =c B>0 (4.26)

A straightforward calculation gives

c ~(k 1
d(k) = ﬁ h (B) , h(z) = m (4.27)

We fix ¢ such that ||d|| = ||h|| = 1. For 3 sufficientely small ®(f) < 0 and the proof is complete.

O
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5. ON THE TER-MARTIROSYAN-SKORNYAKOV EXTENSION FOR M =1

In this section we prove that for M = 1 and A(m, N) > 1 the Ter-Martirosyan-Skornyakov
extension defined by ([B.3]) and (34 does not define a self-adjoint and bounded below operator
in L2(R3WV+),

First we recall some facts from Birman-Krein theory of positive extensions of a given symmetric
and positive operator on a Hilbert space ([10], [3], [7]). Proofs can also be found in [I8] where
a detailed discussion of the original Russian literature is given.

Let Sy be a symmetric and positive operator on an Hilbert space H and let N be the kernel of
S;. We shall denote the Friedrichs extension of Sy by Sr. Notice that since Sy is positive then
SF is positive and has a bounded inverse.

The main result of the Birman-Krein theory is that the positive self-adjoint extensions of Sy are
in a one-to-one correspondence with positive operators on A'. More precisely, if S is a positive
self-adjoint extension of Sy then there exists a positive operator B : D(B) C N'— N such that

DS)={ucH|u=¢+ S (Bf+9)+ f, 6 € D(Sy), f € D(B), gc NNnD(B)*} (5.1)
and
Su = Sj|psu=5S0p+Bf +g (5.2)

Notice that the closure of D(B) may be a proper subspace of N.
Let us specialize this general result to our concrete case. We have H = L2(R*V*V) and
So = Ho+ A\, A > 0, where Hj is the free Hamiltonian restricted to

D(Hy) = {u € LZR* W) |y € HAR¥™D) | ufp, =0, i=1,...,N} (5.3)

where T; = {(zy,y) € R3V+Y | 2, = y}. Moreover (see e.g. [7], [13])
N={ue L2R3WVDY |y = Gy, € H_I/Q(R?’N)} (5.4)
The Friedrichs extension of Hy + \ is Hp + A, where Hp is the free Laplacian with domain
D(Hp) = {u € L2(R¥V) |y € AR+ (5.5)

We shall denote G* = (Hp + A)~!. Notice that G* : L2(R3WV+D) — H2(R3N*D) while G* :
H72(R3N) — L2(R3WV+1) even if they act in the same way as multiplication operators in
Fourier space. By the Birman-Krein theory we have that any self-adjoint positive extension of
Hy + X is given by Hp + A, where

D(Hp) = {u € L2(R*V* ) |y = p* + GNBGu + G*v) + G, ©* € D(Hy),
p,v € H2RWN), G*ue D(B), G*'v e NN D(B)*} (5.6)
(Hp + Nu = (Hy+ \)¢* + BG '+ G*v (5.7)

where B : D(B) C N — N is a positive operator. Exploiting this fact we can prove the
following result.
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Proposition 5.1. If M = 1 and A(m, N) > 1 then the Ter-Martirosyan-Skornyakov exten-
sion H,, defined by (F3) and (37), is not a self-adjoint and bounded from below operator in
Lz(Rg(N+1)).

Proof

We shall prove the proposition by contradiction, i.e. we assume that H, + A is a positive, self-
adjoint operator for a sufficiently large A > 0 and then we show that this leads to a contradiction
with the result of the previous section. By definition we have

D(Ha) _ {u c Lz(RES(N—H)) ‘ u = w)\ + G)\é-’ w)\ c H2(R3(N+1)), 5 = H3/2(R3N),

802 (V2g. ) = (b + 3T €l><q,n>} (5.8)
l

where .
7;,)2 gl(q?pz) = 3/2 /)\\ ~ . (59)
—87%2 GG |r, (V2¢, ;) i # 1
Let us assume that H, + \ is a positive, self-adjoint extension of Hy + A. Then there exists a
positive operator B in N such that D(H,) = D(Hg). In particular for any u = w* + G*¢ €
D(H,) there exist ¢* € D(Hy) and pu,v € H™V/2(R*N), with G*u € D(B) and G*v € N' N
D(B)*, such that the following identity holds
u= w4+ G = "+ GNBG u + GM) + G (5.10)

From (5.10) we have G*¢ = G* i and therefore, by (6.30), it follows & = p and p € H3/?(R3V).
Moreover, from propositions [3.1] and we also obtain

lim (u(flfzv, y) — 2ymm (V2 @i))

|zi—y|—0 (m + ]_)|1»Z _ y|
B (2733/2 &(V2u,, @) = (GNBGE + GW)) (@n,y)le, — Y (F T Th&) (x, @4) (5.11)

l

where . ! denotes the inverse Fourier transform. Formula (5.I1]) holds in particular for £ = 0
and this means that v = 0. Then in the Fourier space formula (5.11]) reads

(& + 3 ThE) (@) = (BG4, ) (5.12)
[

From (5.12) we obtain
2= (6 ab+ Y TAE) =Y (6, 9*BGY
I

(2

r;) (5.13)

)

By a direct computation one sees that the r.h.s. of (BI3) equals (87%2)~1(G ¢, B GA¢) and

then we conclude .
871‘3 /2

®a(6) = (G, BGY) >0 (5.14)
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On the other hand we know from the previous section that the form ®2(¢) can be made neg-
ative for a suitably chosen &. Therefore we obtain a contradiction and the proposition is proved.

O
6. APPENDIX
In this appendix we collect some technical results used in the paper.
Lemma 6.1. Let us consider following integral operator in L*(R?)
u(x')
u)(z) = [da’ 6.1
R A [ RN o
Then @ is bounded and
QI < 272 (6.2)

Proof
Introducing spherical coordinates x = (r, z) and using the Schwartz inequality we have

|(u, Qu)| < 47 /Oodr u(r) /Ooodr'n(r’) Q(r,r") (6.3)

0
where we have denoted

u(r) = r( /dz\u(r, Z)E)”,Q o(r) = r /dz|v(r, z)\2)1/ i (6.4)

and Q is the integral operator in L?(R*) with integral kernel

~ vror!

Q(r,1") = 24 (6.5)
The operator Q can be explicitly diagonalized. It is sufficient to introduce the unitary operator
D : L*(RY) = L*(R), (Df)(y) = e f(e") (6.6)
and to observe that
. 1 9(y)
DD =~ [dy —>"— .
DGD0)0) = 5 [y (6.7

Taking the Fourier transform, the above operator is reduced to the multiplication operator (see
e.g.[0])

™

(DQD1g)(k) = 5——— (k)

(6.8)
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and therefore the norm of @ is 5. Using this fact in (6.3]) we conclude the proof.

O
Exploiting (6.2)) we can now estimate ®7, for i = 1,2, 3.
Proposition 6.2. There ezist positive constants C; = C;(N, M, m, \) such that
MO < Cidp(¢)  i=1,2,3 (6.9)

Proof
Let us first consider ®} defined in ([Z36]). We introduce the change of the integration variables

(p1,p2, k1) — (2,9, 2) given by

1/2
r = (m(znnﬁ_ép) (lﬁ +p1— (m+ 1)p2)
1/2
y= <m(Tn—:—12)2> (k14 p2 — (m+1)p) (6.10)
. 1/2
= (m(m+2)> (kl + p1 +p2)
with inverse given by
_( m \1/2 m \1/2
p1 = (m—+2 12 — s "
p2= (i) - (i) T (6.11)

m \1/2 m3 ) /2
kl:(m——l—l) (:L’+y)—|—<m+2) <

Moreover we define

oo o Im(m+1)? [ m [ m [ 'm .
k)= _ —— k 12
n(zapla 1) 5 ( 2(m+2) P2 + 2(m+1)$7 m+2p2 m+lzap3a y PN 1) (6 )

Then we have

k p., k
B9 = (V= VIA| [ dpydis [ dnay—— ORI PR (6.13)
x? + y? +m+1x Y+ pt+ Lki+ A

where
I(p1, p2; k1) m*2/m + 2\’
|| = = (6.14)
d(z,y, 2) m+1
is the jacobian of the transformation of coordinates (6.10). Taking into account
’%2
2, .2 c2 m 2, .2

: —_> 6.15
R S R A R e L CH ) (6.15)
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we have the following estimate

A - m+1 A g7 \/mm(xaﬁlaicl”\/W“](yai)la’%lﬂ
OO < (NI [y fanay S BETEIBPRL (6.1)

Exploiting the estimate (6.2]) we obtain
m+ 1

BE)| < 20 (N —1)| /m@&/@wmmLmﬁmz

(6.17)

Let us rewrite also @3 () in terms of 1 defined by ([6.I2)). It is convenient to introduce a further
change of coordinates (¢, ps) — (7, ¢q2) given by

T =\ it (V2q = (m 4 1)ps) (618

o = m(\/_QﬂLpz)

[L’ + m(m+1)2 ’
=/ 2(m+1 \/ 2(m+2) 42 (6.19)
=~ Vara? t Vs

with inverse given by

The diagonal term now reads

N m(m + 2 . .7
D) (&) = bl /dpldkldx\/%ﬂ +mp}+p3+ ..+ 0k + DT+ A In(z, by, k1))

+1)2
(6.20)
where
3/2
3 m+2
= = 21
] = (5 (6:21)
is the jacobian of the transformation of coordinates (6.18). By the trivial estimate
m(m+2) 5 . o o .2 m(m + 2)
A—— o A> | — 6.22
\/(m+1)2x +mp; +pz+...+py +PI A2 (m+ 172 || (6.22)
and (617), (6:20) we conclude
2m3(N — 1)|Jy| ekt
PO < BdE) O =Max {1, 2 DA, (6.23)
m m+2)
b|J2| (m+1)2
Proceeding exactly in the same way we also have
2m2(M — 1)]J;| et
DO < Came) o= Max{ 1, T, (6.21)

oo\ T
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Let us consider ®3 defined in (Z:38). Introducing the coordinates
p1+ ki ik P2tk _ pa— ko

Y B Y, B Y/

and exploiting the fact that ho(py, kar) > m™(2? + y?), we have

(6.25)

|D3(&)] < (N—1)(M—1)m /dpg..dedkg..dkMdvdz

é( 7p37'7pN7 7k 3 kM)H£< 7p37'7pN7U 7k37’7k )‘
./dg;dy V2 v ) V2 v2 (6.26)
2 4+ y?

Using the estimate (6.2)) we also obtain

|D3(6)| < (N —1)(M—1)27%*m [dps..dpndks..dkydvdz

2

. el P v

/d.flf T2+ g(’zu \/5 yP3, -3 PN, \/§ 7k37"7kM)

= (N=1)(M—1) 2n°m [dzdp,dky\/p3 + K3 |£(=, by, o) |?

2712m

< (N=D)(M—1)== ®5(&) = C305(¢) (6.27)

and the proof of ([6.9) is concluded.
0]

In the next proposition we collect some useful properties of the potential produced by the
surface charges §;;.

Proposition 6.3. For &;€ L*(R*W+M=1) the corresponding potential Gy (zy,y,,) satisfies
[(Ho+X) GA&ij) (v yag) = 87°°6;(V2 i, 24,9) (i — ) (6.28)

in distributional sense. For &; € HY(R3WN+HM=1) the singularity for |z;—y;| — 0 is characterized
as follows

1 2ymm

|z, —yj| m+1

/dqdpzdk (VA E PR (g.p, k) + X (g Dikes) + o(1) (6.29)

(GA) (@, yy) = & (V2w &, ;)

- (27T)§(N+M



24 ALESSANDRO TETA AND DOMENICO FINCO
Moreover for &; € H‘1/2(]R3(N+M_1)) one has

|£(q7p7,7 )‘

@ +D; +5 +)\

where ¢; = T min{m, 1}, co = 7> max{m, 1}.

‘é(Q7f)zv A ) |2

V@ +D; + +>\

o / dqdﬁidicj < G511 < e / dqdpzdk:

(6.30)

Proof
Let us fix a test function ¢ and let us consider the definition (Z28) of G*¢;;. Then, exploiting
Fourier transform, we have

_ . k. .
/dCUNdyM (TN, Yaur) [(HO +A)G 5w} (®N, Yur) /dedkM ¢(PN7 k)i (plj/—i , Di k’y)

8m3/? . A = B O P
Effmﬁr/@mmmw&A%hmmwQﬁmmmM¢@mkaZW*W%WW*%%”
T
= 83/ /dil?id@z’d@j fij(\/ﬁxi,@i>@j)5(@i>$i>@j>$i) (6.31)

and this proves (6.28). From (2.28) we also have

Pl‘Hi‘J k)
31 /dedk U @NPNFYur-Far) §U< V2 Pi
(2m) 2 (N+M) ho(Py, Kar) + A

_ 1 ) Loqtayp+y;k .7
= W /dqdpidkje [ v ]glj(qvpzvk ) L(xi—y;, ¢, Pi, kj)  (6.32)

G)fij(wNa Yur) =

where
L TiTYg
£ . i) /d G ML itk (639
Ti—Y5,4, P, Kj) = z ! - '
Yj» 4, P, Fj m+122+m71q.z_|_7 T om
For |z; — y;| — O the last integral is given by
Ty Y4
. o2m e v 2m SR A
L(wi—y;, 0, By k) = d - d 5 !
(%i—yj, ¢ Pi, kj) ma1 YT 2 m+1 Zz2(";—;fz2+%lq-z+7)+0()
4V272m 1
_ 42 —b\/hl (g, By kj) + A+ 0(1) (6.34)

m+1 |z;—vy

where we have used the exphc1t integration (2.22)). Using (6.34) in (6.32) we obtain (G.29).
Finally for the proof of (6.30]) we observe that

gpri-k . ’% 2
||G>\£ij’|2:/dedkM < 2 - (6.35)
(Ro(pxs Far) +2)




Introducing the coordinates ¢ =

25

P i:/r;j, v="1 \;;J and using the elementary inequality —31(v? +

) <v-q< %(vz + ¢*) we have

¢ /dqdzaidicj E(q, Dy, ki) PM < ||GAe5)1% < s / dqdp,dk; |£(q, by, kj)|*M
(6.36)

where

M 1/dv( L (6.37)

m V24Pl )

m

By an explicit computation of the above integral we obtain (6.30]).

O

Remark 6.4. We notice that, due to the singularity for |z; — y;| — 0, the potential G &;; does

not belong to H'(R3W+M)) and therefore the decomposition u = w + G ¢ for a generic element
of the form domain (see (2.39)) is meaningful.

1]
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