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RESULTS ON COUPLED RICCI AND HARMONIC MAP FLOWS

MICHAEL BRADFORD WILLIAMS

ABSTRACT. We explore Ricci flow coupled with harmonic map flow, both as
it arises naturally in certain bundle constructions related to Ricci flow and
as a geometric flow in its own right. In the first case, we generalize a theo-
rem of Knopf that demonstrates convergence and stability of certain locally
RN -invariant Ricci flow solutions. In the second case, we prove a version of
Hamilton’s compactness theorem for the coupled flow, and then generalize it
to the category of étale Riemannian groupoids. We also provide a detailed
example of solutions to the flow on the Lie group Nil®.
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1. INTRODUCTION

BIEEEEEEREEs=smem=

The harmonic map flow for maps between Riemannian manifolds, introduced by
Eells and Sampson [5], was one of the first geometric flows and pioneered the use of
parabolic PDE in solving geometric problems. Given (M, g) and (N, h) and a map
¢o between them, it is

(1.1)

0
EQZ) = Tg,h¢a
#(0) = ¢o,
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where 74 ¢ is the tension field of ¢. The Ricci flow, though weakly parabolic,
is similar in spirit: both flows attempt to improve certain objects via a heat-type
flow. These flows are also related beyond formal similarities. For example, the
DeTurck trick, which modifies Ricci flow by diffeomorphisms to make it strictly
parabolic, was used to prove short-time existence and uniqueness of Ricci flow on
closed manifolds in [4]. Hamilton subsequently observed that these diffeomorphisms
actually solve a harmonic map flow [§].

In [I4], Lott studied Ricci flow on manifolds that are twisted principal bundles
and where the solutions are locally invariant under the action of the structure
group. This construction is used to obtain information on collapse under Ricci flow
of three-dimensional manifolds. A special case of this construction appears in [13],
where the manifolds have the structure of a flat RY-vector bundle and their study
is motivated by structure that appears in examples of expanding Ricci solitons. It
turns out that solitons in this context naturally involve harmonic maps, and the
Ricci flow can be interpreted as a coupling of Ricci flow and harmonic map flow
(see Proposition below). This observation is a new phenomenon, distinct from
the DeTurck trick.

Of course, one can also study the coupling of these two flows as a subject of
independent interest. The case where the target manifold for the harmonic map
flow is a subset of the real line was considered by List in [I2]. This coupling has
relevance to general relativity and solutions of the Einstein equations. The case
of arbitrary target manifolds was subsequently studied by Miiller in [I7] under the
name (RH), flow (although we will replace a with ¢). This flow has a number of
nice properties and can be better behaved than the Ricci or harmonic map flow
taken separately.

1.1. Summary of results. In [I0], Knopf proved convergence and stability of
certain Ricci flow solutions in Lott’s twisted principal bundle context, where the
dimension of the total space is three. In Section 2] we review the necessary con-
structions and extend the result to arbitrary dimension in some cases. See Equation
(Z2) for the locally R¥-invariant Ricci flow system.

Theorem 1.2. Let g = (g, A, G) be a locally RN -invariant metric on a product
RN x B, where B is compact and orientable. Suppose that A vanishes and G is
constant, and that either

(i) g has constant sectional curvature —1/2(n — 1), or
(ii) B = 8?% and g has constant positive sectional curvature.

Then for any p € (0,1), there exists 0 € (p,1) such that the following holds.

There exists a (1 + 0) little-Holder neighborhood U of g such that for all initial
data g(0) € U, the unique solution g(t) of rescaled locally RYN -invariant Ricci flow
exists for all t > 0 and converges exponentially fast in the (2 4+ p)-Holder norm to
a limit metric 8 = (Joo, Ao, Goo) such that As vanishes, G is constant, and

in case (i), goo 18 hyperbolic, and
in case (ii), goo has constant positive sectional curvature.

In Section [B] we consider the general coupling of Ricci and harmonic map flows,
and prove a version of Hamilton’s compactness theorem in this context. We also
prove a version of the theorem for étale Riemannian groupoids, a setting which
is well-suited for discussion of convergence of solutions under the flow, especially
when collapse is involved. See Equation ([B.2]) for the (RH). flow.
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Theorem 1.3. Let {(M7},gx(t), ox(t),Or)} be a sequence of complete, pointed
(RH). flow solutions, with 0,t € (a,w), c(t) non-increasing, and ¢ (t) mapping
My, into a closed Riemannian manifold (N, h), such that
(a) the geometry is uniformly bounded: for all k,
sup |[Rmyg | < Ch
(z,t)eM % (a,w)

for some C1 independent of k;
(b) the initial injectivity radii are uniformly bounded below: for all k,

injgk(o) (Ok) Z Lo > O,
for some 1y independent of k.

Then there is a subsequence such that

(MIm gk(t)a ¢k (t)a Ok) — (Mooa goo(t)a d)oo (t)a Ooo)v

where the limit is also a pointed, complete, (RH). flow solution.
If we do not assume any injectivity radius bound, then we have convergence to

(gooagoo(t)a Qboo(t)a Ooo)a

a complete, pointed, n-dimensional, étale Riemannian groupoid with map ¢oo on
the base.

We conclude with a detailed example of (RH), solutions on the Lie group Nil®,
where the metrics are left-invariant and the map is a harmonic real-valued function.
The behavior of these solutions depends strongly on the coupling function, although
it is similar to that of Ricci flow solutions if the function decays fast enough as
t — oo.

2. LocALLy RN-INVARIANT RICCI FLOW

2.1. Setup. The manifolds that we will consider in this section have a special
bundle structure. Let B be a connected, oriented, compact manifold, and let £ LB
be a flat R¥-vector bundle. We consider M to be a principal RV-bundle over B,
twisted by £. That is, there exists a smooth map

ExgM= ] & x My — M
beB
that, over each point b € B, gives a free and transitive action that is consistent
with the flat connection on £. This means that if &/ C B is such that &; — U is
trivializiable, then 7~!(1/) has a free RV action. Let M have a connection A such
that A|;-1(y) is an RN-valued connection. If we assume that M also has a flat
connection itself, then A is an RV-valued 1-form.

We will use this bundle structure to describe local coordinates for M. Let
U C B be an open set such that &; — U is trivializable and has a local section
o: U — 71 (U). Additonally, let p: R™ — U be a parametrization of U, with coor-
dinates x*, and let e; be a basis for RY. Then we obtain coordinates (z%,z%) on
7L (U) via

R™ x RN — 771 (WU)
(2%, 2") > (2'e;) - o (p(a®))

where - denotes the free R¥-action described above.
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Let g be a Riemannian metric on M such that the R¥-action is a local isometry.
With respect to the coordinates above, one may write

n N
g = Z Jop dz® dz® + Z Gij(da’ + Y 0| AL da®) (da? + Y25 AL, da)
a,f=1 i,j=1
(2.1)
= gop dz® da’ + Gij(da’ + Al da®)(da? + Aé ,da?).

We will write this informally as g = (g, 4, G), where g(b) = gas(b) dz® dz” is locally
a Riemannian metric on U C B, A(b) = A% (b) dz® is locally the pullback by o of a
connection on 7~ H(U) — U, and G(b) = G;;(b) dz’ da? is an inner product on the
fiber Mb.

2.2. The rescaled flow. In [I4], Lott considered metrics of the form (1) that
evolve under Ricci flow, which are called locally RY -invariant solutions. He showed
that the Ricci flow equation for (M, g) becomes three equations: one for each of g, A,
and G (see [14, Equation (4.10)]). To study the asymptotic stabilty of this system,
Knopf transformed it into an equivalent one that has legitimate fixed points (see
[10, Equation (1.3)]). Let s(t) be a function and ¢ a constant. Then the transformed
system is

(2.2a)

3} I , 4

57908 = —2Ras + 5G““Gﬂfvac;ijvﬁcu +97°Gij(dA),, (dA)YSs — sgas,
(2.2b)

o . . g

oA = —(0dA), + 9P GINI Gy (dA)E, —
(2.2¢)

d

« 1 «
5;Gis = AGi; — g PGHY (G VP Gy — 59 797 GiGie(dA)k 5 (dA). s + csGij.

1+

c .
Al
g

We call this system a rescaled locally RN -invariant Ricci flow.

The case where the bundle connection is flat (i.e., A vanishes) was studied in
[13], in the context of structures that arise from certain expanding Ricci solitons
on low-dimensional manifolds. There and in the more general setting, certain Ricci
flow solutions give rise to a (twisted) harmonic map G: B — SL(N,R)/SO(N)
(the target being the space of symmetric positive-definite bilinear forms of fixed
determinant) together with a “soliton-like” equation relating the metrics g and G.
These are the harmonic-Finstein equations.

We will need a byproduct of this fact. Write Sy = SL(N,R)/SO(N). The
tangent space T¢Sy at G € Sy consists of symmetric bilinear forms with no trace.
There is a Riemannian metric on TSy defined by

(2.3) T(X,Y) =tr(G'XGTY) = G X, G*Yy;.

Here Vo = 3%, (dA),, = VaAl — VAL, (8dA),, = —gP 1V (dA)},, and AGy; =

gO‘BVaV[;Gij = gaﬁ(ﬁGij - Fzﬁ %Gij), where I' represents the Christoffel symbols of g.
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The tension field of G: B — Sy, with respect to the metrics g and g, has compo-
nents

(2.4) 793(@)ij = AGy; + g*P Z SN o )Y

p<q
r<s

VaGpgVaGrs.

pq,rs

The reader is invited to compare this definition to the general formulation in ([B1])
below.

Proposition 2.5. The evolution equation for G from 22) is a modified harmonic
map flow for G: B — Sny. More precisely,

0 1,

5:Gii = Ta03(G)ij — 59 797 GirGie(dA)L 5 (dA). 5 + csGj.
Proof. What we are really claiming is that
(2.6) AGij - g“ﬁGMVQGikVBng = Tg,E(G)ij-

The map G has energy
1
E(G) = 3 / P tr(G7IVL,GTIVG) dV.
B
In [I3] Proposition 4.17] it is shown that the variational equation of this energy is
precisely
AGZ'J' — g“ﬁG’dVQGingsz =0.

It follows from general harmonic map theory that, as it came from the variation of
the energy of a map, the quantity on the left must be the tension field 7, 4(G)

from (24]). O

Remark 2.7. Tt is possible to verify equation ([2.6]) directly with a (lengthy) com-
putation.

Now, we want to describe the fixed points of ([2:2)), with the proper choices of s
and c. There are two cases that we will consider.

Lemma 2.8. Let (RN x B,g(t)) be a Riemannian product that solves [Z.2), such
that (B, g) is nonflat and Einstein. Choose coordinates so that G is constant,
A =0, and g(t) = —Ktg(—K), where K = +£1 is the Einstein constant such that
2Rc[g(—K)] = Kg(—K). (Note that g(t) exists fort <0 if K =1 and fort > 0
if K = —1.) The choices s = —K and ¢ = 0 make g(0) a stationary solution for

(Z2).

With these choices, we call [Z.2)) the K -rescaled locally RY -invariant Ricci flow
system.
Next, given any smooth function f: B — R, we define

j{f fod“

Let V() denote the volume of (B, g(¢)) and deﬁne

Lo Liap
=R ;|VG] ~ - |dA
r=R—<|VGI -3 dAP,

where everything is computed with respect to g. Because

dv n
= rdp— sVt
7 /BTM A
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it follows that V' is fixed if and only if

(2.9) s= _274 rdu.

nJB
Lemma 2.10. Let (RN x B,g(t)) be a Riemannian product that solves [2.2), such
that (B, g) is Einstein. Choose coordinates such that G is constant and A = 0.
For any to in its time domain of existence, taking ¢ = 0 and s as in (Z9) makes
g(0) = (67 (t0)g(t0),0,G) into a stationary solution of (Z3) for any choice of
positive antiderivative o(t) of s.

With these choices, we call (Z2) the volume-rescaled locally RY -invariant Ricci
flow system.

In this section, we prove the following results that imply convergence in the
little-Holder spaces as defined in [10]. It is a generalization of [I0, Theorems 1 &
2].

Theorem 2.11. Let g = (g9, A,G) be a locally RN -invariant metric of the form
(1) on a product RN x B, where B is compact and orientable. Suppose that A
vanishes and G is constant, and that either

(i) g has constant sectional curvature —1/2(n — 1), or
(ii) B = 8?% and g has constant positive sectional curvature.

Then for any p € (0,1), there exists 0 € (p,1) such that the following holds.

There exists a (1 + 0) little-Hoélder neighborhood U of g such that for all initial
data g(0) € U, the unique solution g(7) of (22) exists for all t > 0 and converges
exponentially fast in the (24 p)-Hélder norm to a limit metric 8oo = (Joo, Acos Goo)
such that As vanishes, G, is constant, and

in case (i), with choices of ¢ and s as in LemmalZ8, g is hyperbolic, and
in case (ii), with choices of ¢ and s as in Lemma 210, goo has constant
positive sectional curvature.

2.3. Linearization at a stationary solution of rescaled flow. Consider a fixed
point of the flow (Z.2) on a Riemannian product (RY x B,g). From Lemmas ([2.8)
and (2I0), we can assume that g is Einstein with 2Rc(g) = Kg, A is identically
zero, and G is constant. Also, ¢ =0 and s is a (known) function.

To analyze the stability near a fixed point, we must compute the linearization
of the flow. Write go = (go, 0, Go) for such a fixed point. Let

(212) g(e) = (g(e)v A(E)v é(e))
be a variation of g such that

9
Oe
Let Ay denote the Lichnerowicz Laplacian acting on symmetric (2, 0)-tensor fields.
In coordinates,

(2.13) g(0) = go,

g=h=(h,B,F).
e=0

(2.14) Aghij = Ahij + 2Ripg; kP! — RYhy; — R .
Also, let H =try h and Hy = try, h.
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Lemma 2.15. The linearization of (Z2) at a fized point gy = (90,0, Go) with
2Rc = Kgo and Go constant acts on h = (h, B, F) by

0
(2.16a) Ehaﬁ = Avhog + Va(dh)g + Vg(0h)a + Vo VsHo + X,
(2.16b) %Bg = —(ddB), + kB.,
(2.16¢) %Fij = AFy;,
where
) Khap in case (i)
2K (hap — L(90)ap $5 Hodp) in case (ii)
and

ko — £ in case (i) '
K in case (ii)
Proof. With a variation of g as in (Z12)) and (ZI3]), we must compute
0 0 .
Belemo (ag“)) :
Here and in the next lemma, we will use standard variational formulas for geometric

objects like g=%, T, Re, R, du, and § Rdu. See [3, Section 3.1], for example.
Considering the first equation, we have

2ha,@ = Aphap + Va(oh)g + V(0h)e + Vo VgHy — 2 (sGap) -
ot ¢ le=0
In case (i),
0 -
Bel o (*Fes) = Khes,

and in case (ii),

0 _ 0 2. N
e l—o (sGap) = Delzo (;gaﬂ]irdﬂ>

1
= 2K <h,aﬁ — ﬁ(go)aﬁéHo d,uo) .

For the second equation, we have

ﬁB; = —(0dB), + =

9 1o
—o (§SAQ> .

ot Oe
In case (i),
0 1 - K .
Bele=o (58“‘&) =3 B
and in case (ii),
) 1\ d 1L [
Bele=o <55Aa> = Belezo (ﬁAa fB’”d“)

=KB..

Here, we use that » = nK when gg is Einstein.
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For the third equation, we use Proposition [Z5] to write

0 1.
7.-Cii = Ty(05(G)is — 59 1970 GinGje(dA)E 5 (dA) s,
where the first term is the tension field from (24). Then it is easy to see that
0
Oele=0 J I
as desired. 0

As in [I0], we use the DeTurck trick to make the linear ([Z2]) system strictly
parabolic. That is, to each equation in (2.2)) we add a term consisting of the Lie
derivative of the metric with respect to a carefully chosen family of vector fields
W (t). To this end, fix a background connection I' and define

(2.17a) W7 = g*¥ (0, —T0,), y=1,...,n
(2.17b) (Wy)r = (6A), k=1,...,N.

Let v, be diffeomorphisms generated by W (t), with initial condition ¢y = id.
The one-parameter family of metrics ¥} g(t) is the solution of the rescaled RY -
invariant Ricci-DeTurck flow. We now take I' to be the Levi-Civita connection
of the stationary solution around which we linearize. Observe that a stationary
solution gg = (go, 0, Go) of [22) with 2Rec = Kgo and G constant is then also a
stationary solution of the rescaled Ricci-DeTurck flow.

Lemma 2.18. The linearization of (Z2) at a fized point gy = (go,0,Go) with
2Rc = Ky is the autonomous, self-adjoint, strictly parabolic system

o (" h Lsh
a— B|l|=L|B]|=|LB ,
v F LoH
where
(2.19) Lo = A,
(2.20) [ JAi+gid incase (i)
' ' A+ Kid  in case (i)
(2.21) ) A+ Kid  in case (i)
' T Ag+ @ in case (i)

Here —A1 = dd 4 dd denotes the Hodge—de Rham Laplacian acting on 1-forms, and

®(h) = 2K (h - %gojiﬂodu> .

Proof. The normalized Ricci-DeTurck flow is obtained by subtracting a Lie deriv-
ative from the right side of (2Z2)):

0
&= —2Rele] - Lu,

so we must compute the linearization of this Lie derivative, as in Lemma [2.15]
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First, since W7 is defined the same way as it was in [10, Equations (3.6), (4.4)],
the components of the form (Lwg)qs are unchanged from that paper. This means
that when computing its e-derivative, we get

0

e EZO(EWg)aB = Aphap + Va(5h) s + Va(6h)a + Va Vs Ho.

Subtracting this from ([216al) gives (Z21]).

Next, we have _
(Lwg)ai = (d0A)q,
and so

9 5 i
a ezo(ﬁwg)ai - (déB)a

Subtracting this from (2.I6D) gives (2:20).

Finally, we have

(Lwg)ij =0,
and so
9 (Lwg)ij =0
Bele—o VBT T
Subtracting this from (ZI6d) gives [219)). O

Now assume that go = (go,0,Go) is a fixed point of the rescaled R -invariant
Ricci—-DeTurck flow with Gy constant and gg a metric of constant sectional curva-
ture. In case (i), sect[go] = —1/2(n—1) < 0, and in case (ii), sect[go] = (n—1)k > 0.
In case (ii), by passing to a covering space if necessary, we may assume that B"™ is
the round n-sphere of radius y/1/k.

Recall that a linear operator L is weakly (strictly) stable if its spectrum is confined
to the half plane Re z < 0 (and is uniformly bounded away from the imaginary axis).

Because L is diagonal, we can determine its stability by examining its component
operators. The conclusions we obtain here will hold below when we extend L to a
complex-valued operator on a larger domain in which smooth representatives are
dense.

Lemma 2.22. Let gg = (go,0,Go) be a metric of the form (211) such that Gg is
constant and go has constant sectional curvature. Then the linear system Z19)-
@21)) has the following stability properties:

The operator Ly is weakly stable.

The operator Ly s strictly stable.

If n = 2, then the operator Loy is weakly stable.

Letn > 3. In case (i), the operator L is strictly stable. In case (ii), the operator
Lo is unstable.

Proof. Tt is well-known that Ly = A, the Laplacian acting on (2, 0)-forms, is weakly
stable. The statements about Lo and L3 carry over directly from Lemmas 5 and 7
in [1I0]. O

We now turn to the proof of the the main theorem. See [I0, Section 2] for
summary of the machinery that is used in the proof.

Proof of Theorem [211l Following [10], the proof consists of four step. First, one
must show that the complexified operator is sectorial. This depends only on Lemma
2:22] which has the same conclusion as [10, Lemmas 5 & 7]. Therefore, there is no
modification to this step.
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Second, one applies Simonett’s theorem from [19]. This is valid by Step 1, and
[10, Lemma 2]. Since that Lemma was stated in the full generality of our context,
there is no modification to this step.

Third, one proves the uniqueness of a smooth center manifold consisting of fixed
points of the flow ([22)). Since fixed points of this flow still coincide with those of
the rescaled Ricci-DeTurck flow, there is no modification.

Fourth, one proves convergence of the metric. In both cases (i) and (ii), the

arguments involved do not depend on the dimension N, so there is no modification.
O

3. A COMPACTNESS THEOREM

In this section, we consider the Ricci flow coupled with the harmonic map flow,
or the (RH). flow. We prove a version of Hamilton’s Compactness Theorem for a
class of such flows. This is first done in the category of smooth manifolds, where
we assume uniform bounds on the curvatures and injectivity radii. We also prove
a version in the category of étale Riemannian groupoids, where no information
about the injectivity radii is needed. The compactness theorems presented here
(like Hamilton’s) provide subsequential convergence in general; in cases where sta-
bility theorems like those above apply, this can be improved to genuine asymptotic
convergence. Let us recall the setup for the coupled flow in question.

3.1. Definitions. Let (M,g) be a closed Riemannian manifold, with (M, h) a
closed target manifold. Let ¢: M — N be a smooth map. The Levi-Civita co-
variant derivative VTM of the metric g on M induces a covariant derivative V7 M
on the cotangent bundle, which satisfies

VEMWw(Y) = X (w(Y)) —w (VEMY).

By requiring a product rule and compatibility with the metric, we also have con-
variant derivatives on all tensor bundles

TP(M) = (TM)®P & (T* M),

The Levi-Civita covariant derivative VIV of the metric h on N induces a covariant
derivative VTN on the pull-back bundle ¢*TN — M, given by

Ve = (V).
for X € T(M) and Y € T(N). As before, we get a covariant derivative on all
tensor bundles over M of the form
TP(M) R TL(¢*N) = (TM)®P @ (T*M)® @ (¢*TN)®" @ (¢*T*N)®*.
We refer to them simply as V. In local coordinates,
Vo = ¢ = 0;¢™ dz' @ 05|y € T(T*M @ ¢*TN).
Similarly, if we write NV for VIV we have
V2¢ = (0;0;0" — TE.00™ + (T 0 ¢)7,0:¢"¢%) do' @ da? @ Oz,
eET(TMRT* M@ P*TN).

Additionally
Vo @V = hydi¢*0;¢" da’ @ da?
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and is a symmetric (2, 0)-tensor on M, and we define
S=Rc—cVp® Vo

where ¢ = ¢(t) > 0 is a coupling function. Finally, the tension field of ¢ with
respect to g and h was defined in (24]), but the general description is

(3.1) Ton = try V2o
Now, the flow for initial data (M, go, ) is the system
%g =—-25=—-2Rc+2cVop® Vo
3.2 9
( ) §¢ = Tg,h¢

(9(0),¢(0)) = (g0, ¢0)

For short, call this the (RH). flow. We will assume that c(¢) is non-increasing.
As written here, this flow was introduced in [I7] and is a generalization of one
studied in [I2]. Indeed, the latter considers the case when ¢ is a real-valued function.

Definition 3.3. A family {(M™,g(t), ¢(t),0)} of complete, pointed Riemannian
manifolds with maps

d(t): M — N
that solves the system ([B.2]) with coupling function c(t), for ¢ € (o, w), is a complete,
pointed (RH). flow solution.

Example 3.4. Consider the special case of the twisted bundle construction, seen
n [13]. Let M be an R¥-vector bundle with flat connection, flat metric G on the
fibers, and Riemannian base (B, g). In the notion of Section 2l write the metric on
M as g = (g,0,G). Then the fiber metrics constitute a map

G: B — SL(N,R)/SO(N).
From [13, Equation (4.10)], Ricci flow on M becomes the pair of equations

0 1 ..
57908 = ~2Rag + EGZJvankafngm

0
&Gij = g“5VQV5Gij — gaﬁvaGikalVQGgi.

But with the metric g on SL(N,R)/SO(N) as in [23), we see that
1 .. 1
§G”VankGMVgGh = 7 (VG®VG)ag,

and Proposition says that

9°PV V3G — g°PV oG, GFV 3Gy = 74 5G.

This means Ricci flow on M is precisely (RH). flow on B, with target manifold
(SL(N,R)/SO(N),7), maps G, and ¢ = 1/4.

This gives many examples of (RH). flow solutions. For instance, the homo-
geneous spaces in [I3] that admit expanding Ricci solitons all have the bundle
structure just described, so those Ricci flow solutions are (RH ), solutions.

Definition 3.5. A sequence { M}, gi(t), ¢x(t), Or)} of complete, pointed (RH).
flow solutions converges to (M, goo(t), Poo (t), Oco) for t € (v, w) if there exists
e an exhaustion {Uy} of M, by open sets with Oy € U, for all k, and



12 M. B. WILLIAMS

e a family of diffeomorphisms {Uy: Uy — Vi C My} with U, (O ) = O
such that
(U x (o, w), Wk (gr(t) v, + dt?) , Widrlv,)

converges uniformly in C°° on compact sets to
(ML X (,w), goo(t) + dt?, Poo(t)) -
Here, dt? is the standard metric on (a,w) C R.

We mention that we will use abbreviated notation for geometric objects asso-
ciated with metric gx(t). For example, Rey(¢) means Re[gg(t)], and Vj, refers to
the Levi-Civita covariant derivative corresponding to the metric gx(t). Also, an
undecorated V will refer to the Levi-Civita covariant derivative corresponding to a
background metric.

3.2. Statement of the theorem. The original version of this theorem appears
in [7] in the context Ricci flow, and was generalized to the groupoid setting in
[13]. Such theorems are crucial in the study of geometric flows, especially regarding
singularity models. For example, one often wishes to construct sequences of rescaled
solutions to investigate the behavior at a singular time (possibly T' = 400), and it
is helpful to be able to extract convergent subsequences.

Theorem 3.6. Let {(M7,gx(t),or(t),Or)} be a sequence of complete, pointed
(RH). flow solutions, with 0,t € (a,w) and c(t) non-increasing, such that
(a) the geometry is uniformly bounded: for all k,

sup |[Rmy | < Ch
(z,t)EM X (ar,w)
for some C1 independent of k;
(b) the initial injectivity radii are uniformly bounded below: for all k,

injgk(o) (Ok) 2 Lo > 0,

for some 1y independent of k.

Then there is a subsequence such that

(MIm gk(t)a ¢k (t>a Ok) — (Mooa goo(t>a ¢oo (t>a Ooo)v

where the limit is also a pointed, complete, (RH). flow solution.
If we do not assume a bound on he injectivity radius bound, then we have con-
vergence to

(gooagoo(t)a ¢m(t)7 Ooo)a

a complete, pointed, n-dimensional, étale Riemannian groupoid with map ¢oo on
the base.

The idea of the proof is the same as in [7], and subsequently [12], although we
follow the exposition found in [2, Chapter 3]. Briefly, the main ingredients are
derivative estimates to bound the curvature and the derivatives of the map ¢, a
general compactness theorem of Hamilton, a technical lemma, and corollary of the
Arzela-Ascoli theorem. Of course, many facts about the (RH). flow, found in [I7],
are used along the way.
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Example 3.7. Here is a way to obtain sequences of (RH). flow solutions like
those considered in the compactness theorem. To be clear about the dependence
on the coupling constant, let us write a solution of the (RH). flow as a triple
(9(t),6(t), c(t)). We can obtain a family of (RH). flow solutions by performing a
blowdown, a technique used extensively in [13] and [I4]. For s € (0, c0), define

(gs(t),(bs(t),cs(t)) = (%g(st), égb(st),s%(st)) .

Now we see that

%gs(t): <%g> (st) and %gbs(t): <%¢) (st),

and
S[gs(t), ¢s(t), cs(t)] = —2Re[gs (t)] + 2¢5(t) Vs (t) ® Vs (t)
= —2Rc[g(st)] + 2¢(st)Vo(st) @ Vp(st)
= S[g(st), (st), c(st)],

Ta.(0).n s () = trg, (1) V205 (¢)
= try(sr) V2¢(st)
= Ty(st),nP(s1).
Therefore, for each s, the blowdown gives another (RH). solution. It is common

to replace the continuous parameter s with a sequence {s;} converging to infinity.

3.3. Two lemmas. In this section we prove two lemmas that will be used in the
proof of Theorem 3.6 The first is an analogue of [7, Lemma 2.4], [2] Lemma 3.11],
and [I2, Lemma 7.6].

Lemma 3.8. Let (M™,g) be a Riemannian manifold, with I C M compact. Let
{(gx(t), dr(t))} be a sequence of solutions to the (RH). flow, defined on K x [B, ],
where to € [B,¥]. Suppose the following hold.

The metrics gi(to) are uniformly equivalent to g on K. That is, for all
r e, VeT, M, and k, there is C < oo such that

(3.9) C7lg(V, V) < gi(to)(V, V) < Cg(V, V).

The covariant deriwvatives of gi(to) and ¢y with respect to g are uniformly
bounded on K. That is, for all p > 0, there exist Cy, Cl'j such that

(3.10) max VP g1 (to)| < Cp < 00,
(3.11) ?Q%W%k(toﬂ < (), < 0.

The covariant derivatives of Rmy, and ¢y, with respect to gi(t) are uniformly
bounded on K x [B,%]. That is, for all p >0, there exist C,,C," such that

1
(3.12) max |V Rmy, [, < € < oo,
"
(3.13) r;lgéc|vz¢k|k <0 < oo

Then the following hold.
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The metrics gi(t) are uniformly equivalent to g on I x [38,1]. That is, for
allx e K,V e T,M, k, there exists B > 0 such that

(3.14) B7lg(V,V) < ge()(V,V) < Bg(V, V).

The time and covariant derivatives with respect to g of gi(t) and ¢ (t)
are uniformly bounded on KC x [B,1]. That is, for all p and q, there exist

Cp.qs Dp,q such that

91 .

(3.15) max @Vpgk(t)‘ < Cpg <00,
94 .
___\JP

(3.16) max | 52V ¢k(t)‘ < Dpq <00

Proof. First, note that throughout the proof we will follow standard practice in
not indexing constants, and will often use the same symbol (e.g., C) for different
constants within a sequence of inequalities.

To prove (a), we have

£ 0u(t) = ~284(1) = ~2Ren(1) + 2e(0)Vaou(1) © Veon ),

so that for Ve T M,

%gk(t)(v, v)‘ = | = 2Rex ()(V, V) + 2¢(t) Vi (t) @ Viop(t)(V, V)]
< 2[Rep(W)|[VI3 + 2]e(t)||Vidr ()2 V2
<V}
=C'gu(t)(V,V).

This implies
Aegr(H)(V, V)

|0¢ log gx (t)(V, V)| = gV, V)

’ <,
and thus for any t; € [3,v], we have

t1
/ 104 log gu(H)(V, V)| dt < C'lt1 — tol.

to

This gives

ty
Cltr — to] = / 10, log g (H)(V, V)| dt

to
t1
> / O log gi(t)(V, V) dt‘
to

gr(t)(V, V) ‘
gr(to)(V, V)|

= ‘1og

Expanding this gives

’ gx(t)(V,V)
- |t1 — t0| S logm

)

S C'/|tl - t0|7

and exponentiating gives

exp(=C'[ty = to])gr(to)(V, V) < gr(t1) < exp(C’[t1 — tol)gr(to)(V, V).
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Combining this with the original hypotheses, we get
Clexp(=C'ty = to)g(V. V) < gi(tr) < Cexp(C'|t1 — to])g(V, V).
Since t; was arbitrary, and since Cexp(C’[t; — to]) < Cexp(C’'|¢ — 5|) = B, this

completes the proof of (a).
Next, we prove (B.15) and (BI6). Observe that

1, , 01710 p 077}
(317) ath gk( ) ‘ ot Nra—1 atgk( )‘ 2’V Wsk(t)’u
, 07 0 01!
19 |Fvran)| = [v s o] = [V g

Recall that V is the Levi-Civita covariant derivative corresponding to the back-
ground metric g. In general,

Sij = Rij — cVi9V 9,
(rg.00)* = g9ViV;6%,
and we have the following evolution equations for S and 7, 1, ¢:

B
ot
0 3
57T = 9" " S (ViV;¢) + g7 (A(V%Wj ¢) —2VpVigV, V¢

— RipyVpoV;6 — RipV,poVid + 2 (VRm(V6, V,0) Vo, V;6) )

To bound BIT) and (BI]), we need to consider the evolution equations for all
quantities involved, which appear in [17]:

Sij = A[Sij + 2CTg7h¢ Vzngf) — cVZgbVJqﬁ

e Christoffel symbols:
0

El—‘p = g”q(Viqu + VjRiq — VqRij — QCVquSquS)

e Riemann:

0

&szke =ViViRjr = ViViRj, — ViV Rip + ViViRip, — Rijge Riqg — RijrgReg
+2¢(ViVidV; Vi — ViVidpV;Vip — (NRim(Vig, V;0) Vi, Vio) ).

e Ricci:

0

&Rij = AzRij — 2Riquq + 2R1‘ququ + 2CTg7h¢VZ‘Vj¢ — ZCVpVi(prngb
+20Ri5qV 0V g + 2¢ (NRm(V;0, V)V, 6, V1 6) -

In these equations, we used

<NRID(VZ¢7 Vj¢)v]‘¢, vz¢> = NRW,\VV@”V]‘QS”VM’\quS”,
and k was a coordinate index, not a sequence index.

The types of terms that will appear in the expansions of (8I7) and [B.I8]) there-
fore involve factors containing

(3.19) Sk,RCk,Rmk,mG,Tgk,h¢k7NRm7

as well as time and covariant derivatives, whose norms we must show are bounded.
Note that we can ingore the geometric factors coming from the manifold N, since
those quantities are bounded by compactness of N" and by the chain rule.
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Now, let us consider the case p =1,¢ = 0 for 3I5]) and [BI0). As in the proof
of Lemma 3.11 in [2], we have

1 3
(3.20) §|ng(t)|k < =T < §|ng(t)|k.

That is, up to lowering /raising indices, the tensors Vg (t) and I'y, —T" are equivalent.
Using the evolution of the Christoffel symbols, an estimation in normal coodinates
gives

2

0
—(Fk—F) < 12|Vchk|ﬁ+8€|vﬁ¢k|i|vk¢k|ﬁ <C.
k

ot

We can show that |T'y, — T'| is bounded by integrating the above inequality:

t1
cmr4az/ 00T (t) — )| dt
t
Ot1
>

0, (Tw(t) — T) dt
to k
> |Tk(t1) = Tl — [Tk (to) — L'l

Since t; is arbitrary, we see that
Tk(t) =T < CJt —to| + [Tk (to) — Tk
3
< Clt — to] + 5 Vgn(to)l

3
< Clt — to] + 5 Bl Vgu(to)
<C.

From this and (.14 it follows that

[Var(t)| < C|Vgr(t)|k
< CIT(t) = T
<C,

and we also have

[Vor(t)] < CIVer(t)k

< C((V=Vi)oe®)|e + [Vidr(t)]k)

< C(I0x(t) = Tlrlor ()] + [Vion ()]k)

<C.
This completes the case for p =1, ¢ = 0.

The general case will follow once we bound the norms of the quantities listed in

BI9) and their deriviatives. For this we need several preliminary bounds:
(3.21) IVPSk(t)] < C|VPgr(t)| + C7,
(3.22) |VPor(t)] < C”,
(3.23) VP (t)] < C™.
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We prove these by induction. Consider 21I)). Since S = Rc —cV¢ ® V¢, we have
ISklk = | Rex —eVigy @ Vidk |k
< |Re |+ Vil
<,
and
IViSklk = [Vi Rek —=Vi(cVigr @ Viedr )|k
= |V Rep =¢Vior @ Vg — cVi(Vidr © Vidr)|k
< Vi Reg |k + ¢l Vior © Vil + 26 Vidr @ Vigrlx
< O+ |l Vigl§ + 28I VEDk |k Vidr]k
<C.
Now, we can use this to see that
[VSk| < CIVSklk
< CU(V = Vi)Sklk + B¥?|V 1Skl
< OO0y = T|1|Sklx + B?|ViSkls
<C,

so the base case is complete.
Assume that (321I)) holds for all p < N, and then consider p = N, for N > 2.
Using the difference of powers formula, we have

N
(VNS = > VNV = Vi) Vi 'Sk + Vi'Sk
=1

N
< VNV = V)V Sk + VR Sk
=1

The goal now is to show that we can bound |[VN=(V — V)V 'S;|. Recall that
V =V, =T —T% is a sum of terms of the form Vgi. In what follows, we will
informally write this as > Vg.

Now, suppose @ = 1. Then using the product rule repeatedly, we have

VNV = Vi)Sk| = VYD Vi) Skl

Y (N N 1>VN—H’<Z Vo)V S

=0 N J

N-1 N_-1 _ _
= Z( i )ZlvNﬂngWSkL
j=0

Each term here is bounded by inductive hypothsis.
Similarly, for 2 < ¢ < N, we have

N—i

) o N —1 il i
VNIV = Vi)V 1Sk| < Z ( i )ZIVN I g VIV 1Sy
7=0
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We need to estimate the last factor. In general we have

IVIViSkl = [[(V = Vi) + Vil Vi.Sk|

j .
3 <;) (V — Vi)Y'V vis,

=0

J .
J j— i
<Y ()=
=0
J .
J j— i
<X <z) DIVl Vi Sl

=0

This is also bounded by inductive hypothesis. Putting it all together (the assump-
tions of the lemma, the inductive hypotheses, equivalence of the norms) we have
the desired bounds.

The same method can be used to verify (3:22).

For (B:23]), we have

d d
gVNgk(t) = VNagk(t) = —2VIVS(t).

This implies

0 0
EWNQHQ =2 <&VNgk, ngk>
2

0
< |5 V()| + VY gi(®)?

= 1ot
=4|VVSL ) + [V gi(t)]?
<COIVNg|*+ D

We can integrate this differential inequality to get
IV¥gr(t)* < C,

as desired.
Using the arguments above, one can show that

VPV Rex |, [VPVE Ry |, [VPVE Ry, [VPVIS,|, [VPVY gy

are bounded, independent of k.

Finally, we note that 7, » ¢ and its derivatives have bounded norm. This follows
from 7456 = g9 V;V;¢.

All terms are thus bounded, and we conclude that BI7) and BI8) are as
well. O

The second lemma, which is a corollary of the Arzela-Ascoli theorem is a modi-
fication of [2] Corollary 3.15].

Lemma 3.24. Let (M™,g) be a Riemannian manifold, with K C M compact and
p € Z=°. Suppose {(gx, px)} is a sequence of Riemannian metrics on K and maps
K — N, where N is some fizved target manifold, such that

sup max |Vl < C1 < o0,
0<a<p+1 #€K
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sup max |V| < Cy < 0.
0<a<pt1 z€K

Addionally, suppose that there exists 6 > 0 such that |V > 6|V| for all V € TM.
Then there exists a subsequence {(gr; ®r;)}, a Riemannian metric goo on KC, and a
smooth map ¢oc: K — N such that (gr,, dx;) = (Joo, Poo) in CP as k — oo.

Proof. The existence of the subsequence will follow from the Arzela-Ascoli theorem,
so we need to show that the collection of component functions {(gk)as} U {(¢x)*}
is an equibounded and equicontinuous family. Equiboundedness follows from the
hypotheses.

Now, in a fixed coordinate chart, by writing

Va(gr)be = 9a(gr)oc — T (gr)dc — Te(gr)ba

we see that bounds on |Vgy| give bounds on |9, (g )sc|- Similarly,

IVa(or)*] = |0a(er)*|

is assumed to be bounded. Now, the mean value theorem for functions of several
variables implies that

[(98)be(y) — (gr)be(z)| < C1 diam(K),

for all z,y € K and all indices b, ¢, and similarly for components of ¢;. This means
the family {(gx)as} U {(¢%)?} is equicontinuous in the chart. Since K is compact,
we can take finitely many charts to see that there is a finite uniform bound. Now
apply the Arzela-Ascoli theorem to obtain the limits g., and ¢.,. The bounds on
the metrics imply that g, is also a metric, and clearly ¢, is smooth.

We have only demonstrated subsequential convergence in C°. For CP conver-
gence, repeat the same arguments starting with covariant derivatives of g and ¢y,
obtaining bounds on the higher partial derivatives. ([l

3.4. The proof of the theorem. We will need a result of Hamilton, Theorem 2.3
in [7], which he used to prove the original compactness theorem for Ricci flow.

Theorem 3.25. Let {(M7, g, Or)} be a sequence of pointed, complete, Riemann-
ian manifolds such that
(a) the geometry is uniformly bounded:
|Vz Rmy, | < Cp

on My, for allp > 0, all k, for C, independent of k;
(b) the injectivity radii are uniformly bounded below:

inj, (Ok) > 19 0,
for some 1y independent of k.
Then there is a subsequence such that
(M, g, Or) — (Moo, goo, Oso),
where the limit is also a pointed, complete, Riemannian manifold.

We will also need the derivative estimate for the curvature and the map, Theorem
6.10 in [I7]. This is a version of the Bernstein-Bando-Shi estimates for Ricci flow
(see [3, Section 7.1] for exposition).
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Theorem 3.26. Let (M™,g(t), ¢(t)) solve the (RH). flow for t € [0,w) and c(t)
non-increasing. Assume 0 < ¢ < ¢(t) < ¢ < 0o for all t, and that w < co. Suppose
that the curvature is uniformly bounded:

sup |Rm| < Rp.
Mx[0,w)

Then there exists a constant C = C(c, ¢, Ro, T,m, N) < 0o such that

C
sup |v¢|2 S )
Mx(0,w) t
02
sup (|Rm|2 + |V2¢|2> < —.
Mx(0,w) 3

Moreover, there exist constants Cp, depending on p,¢, m and N such that

c\"*
sup (197 Rm P+ (97%0) < 6, (£)
Mx(0,w) 3

Now we prove the theorem, in the presense of a bound on the injectivity radius.
The proof of the groupoid statement will appear in the next subsection.

Proof of Theorem[3.8. First, note that we may use a diagonalization argument, as
in [7, Section 2], to show that we can assume that the interval of existence of the
solutions is finite in length, that is,

—o<a<w<00.

Since we are assuming that the curvatures are uniformly bounded, Theorem
applies to give uniform bounds on the derivatives of the curvatures and on the
derivatives of the maps ¢5. With the former, and with the injectivity radius bound,
we can use Theorem to get pointed subsequential convergence of the metrics
at a single time, say 0 € (o, w):

(Mkagk(o)v Ok) — (Moo;goov Ooo)

The limit is a complete, pointed Riemannian manifold.
Unpacking this convergence, we have the existence of

e an exhaustion {U;} of M by open sets with O, € U, for all k, and
e a family of diffeomorphisms {Uy: Uy — Vi C My} with U,(Os) = O

such that
(Ui, Y59k (0)|v,) — (ML, goo)

uniformly in C'*° on compact sets.

The metrics and maps we are now interested in are gi(t) = W;gx(t) and ¢y (t) =
Ui ok(t).

Now we see that the hypotheses of the Lemma B.8] are satisfied. For any com-
pact K C My and [3,1] C [, w] containing 0, the collection {(gx(t), ¢r(t))} is a
sequence of (RH ). solutions on K x [3,1]. Let goo be the background metric and
to = 0.

The uniform convergence implies that the gi(0) are uniformly equivalent to geo,
and that the needed bounds hold. For example, using the equivalence of metrics
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and convergence at one time, we see that

V2, 61(0)] 0o < CIVE 0k (0)]5, (0
< C|v§k(0)¢k (O)
<C,

9k (0)

|
lgx (0)

for large enough k.

By the lemma, we conclude that gi(t) are uniformly equivalent to goo on K x
[3,1], and that the time and space derivatives of gi(t) and ¢y (t) are uniformly
bounded with respect to goo.

Now, the conditions of Lemma are exactly satisfied by the implications of
Lemma B8 so we have the desired subsequential convergence. Our limit solution
is defined by

Goolt) = M Gi(t), doo(t) = lim Oi(t).

Finally, since all derivatives of the metric and the of map converge, the appro-
priate tensors converge, so that the limit is a metric/smooth map solving (RH),
flow. (|

3.5. The flow on groupoids. In [I3] and [14], Lott initiated the use of Riemann-
ian groupoids in understanding the convergence of Ricci flow solutions, especially
in the presense of collapsing. This idea has also been used in [6]. We will not review
groupoid theory, as the souces above do this well. We will, however, mention two
other general references. A comprehensive guide to the subject, with an emphasis
on differential geometry, is a book by Mackenzie [I5]. A more concise introduction,
with an emphasis on foliation theory, is a book by Moerdijk and Mréun [16].

A Lie groupoid G = B is Riemannian if the base B has a G-invariant metric
g. That is, if Y C B is open, o: U — G is any local bisection, and t: G — B is the
target map, then (too)*g = g. From this, we can construct the Ricci tensor Relg],
which is a symmetric (2, 0)-tensor on B, and which is G-invariant in the same sense
as g. Therefore it makes sense to consider the Ricci flow on this groupoid:

% g=—2Rec.

Let (A, h) be another Riemannian manifold, thought of as a trivial groupoid,
and consider ¢: B — N such that V¢ ® V¢ is a G-invariant (2,0)-tensor on 5.
Additionally, the tension field 7, ¢ of ¢ is well-defined in the usual Riemannian
manifold sense. Therefore, we have a well-defined coupling of Ricci flow and har-
monic map flow:

%g = —2Rc+2cVop R Vo

0
&(b = 7-g,h(b

where ¢(t) is a non-negative coupling function.

To use this approach to understand limits and convergence of (RH ). flow on Rie-
mannian manifolds, we show how this groupoid setting can arise from the manifold
setting. Let (M, g) and (N, h) be complete Riemannian manifolds, and ¢: M — N
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a smooth map. Select {p;};er C M such that % = {U;};cr is an open cover of M,
where the U; are such that exp,, (0) = p; € U;, and

epri |Bm' (0)* B” (0) — Ui

is a diffeomorphism, for some sufficiently small r; > 0. Put the metric (exp,,)*g on
each B, (0). Call Z an open exponential cover of M.

As in [13| Example 5.7], from this we form a Riemannian groupoid G% = B%
which is isometrically equivalent to the trivial groupoid (M, g). Set

B =| | B..(0) ={(i,v) | i € I,v € B, (0)},
i€l
6% = || {(vivy) € Br,(0) x B, (0) | expy, (v1) = expy, (v7)}-
i,j€l
We will write elements of B% as v; = (i,v) and arrows as (v;,v;). Note that we
always have v; = exp;_1 (x) for some z € U;.
The structure maps of this groupoid are defined as follows:

source: s(v;,v;) = v;
target: t(v;,v;) = v;
unit: u(v;) = (vi, v;)
inverse: (v;,v;)™' = (vj,v;)
composition: (vj;,vk) - (vi, v5) = (v, vk)

Call the étale Riemannian groupoid G# = B% the Riemannian exponential
groupoid with respect to the open cover % of M.

Proposition 3.27. The (RH). flow on a manifold (M, g,¢) and target manifold
(N, h) becomes (RH). flow on the n-dimensional Riemannian exponential groupoid
(G% = B¥ ,g,$) associated to an open exponential cover % of M.

Proof. The map ¢: M — N induces a Lie groupoid morphism ¢ = (¢g, ¢1) from
G?% = B% to the trivial groupoid N' = N. It is defined by

Po(vi) = ¢(exp,, (vi)),
¢1 (Uiu U]) = ¢(exppi (Ui)) = (b(exppj (UJ))
Thus we can write ¢g = ¢1 = exp* ¢ for these induced maps. Note also that we
could have defined them as

¢o(vi) = dolexp, ' (z)) = ¢(x),
¢1(vi,v5) = d1(exp,,, (z), exp,  (x)) = ¢(x).
It is easy to check that these maps are compatible with the structure maps of
both groupoids. That is, the following diagram is commutative.

G N

uTJ/s,t uTJ(s,t
o, %o
BY —N
The main question is the G-invariance of V¢g ® V¢g. Let U; C M have co-

ordinates (z'), and let a neighborhood V; of ¢(p;) have coordinates (y). Then
B,,(0) C B% has coordinates (%), where

i_ * o4 o
Z° = exp,, T =T 0exp,,,
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and a coframe on T Bg, (0) is dz?, where
dz' = expy, dx' = d(z o exp,, )-

To understand invariance, we must understand bisections of G% = B% . Let o be
a bisection, say

o: B,,(0) — g%
v; — (01(vi), o2(v;))

Since it is a bisection, we have soo = idgz , and this implies o1 = idgz . Therefore
we write
o(v;) = (Ui,f}(vi)),
where & (v;) satisfies
exp,, 6(v;) = exp,, (v;).
Now we see that
(too)(vi) =t(vi,6(vs)) = &(vi),
ortooc =oao.

Now, the induced map ¢o: B — N has pushforward
(¢0)« € D(T*BY @ (¢0)"TN),

09 i (22 —gee e (2o
((b())*— Oz dx" ® <6ya)¢0—d¢0 ® <6yo‘>¢0.

In any B,,(0), we have

SO

(too)"deg = d(¢f otoo)
= d(¢* o exp,, oF)
= d(¢” oexp,,)
— dgg.
If fo: By, (0) = R is smooth, locally it is of the form fo = f o exp, for some
f:U; = R. Then

From this, we conclude that Vo (¢p)« is a G p-invariant tensor.

In general, a metric h on TN induces a metric hy on the pull-back bundle ¢* TN/,
given by
for all ¢, € TM. In this way, we get a metric on (¢o)*TN, and it is G# -invariant:

(t ° U)*h¢0 (5) 77) = h¢0 (57 77)'
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Thus Vo ® Vo is a (2,0)-tensor on B%:
Vo @ Voo = (hey)aui é‘aj Ndzt @ d.
It is therefore G¥ -invariant, and the (RH). flow makes sense on G¥ = B%. O

This proposition shows that this framework is at least non-vacuous. Before
completing the proof of Theorem 3.6, we need a definition and a result of Lott.

Definition 3.28. Let {(Gr = Bk, gk, ¢r, Oz, )} be a sequence of pointed, n-di-
mensional Riemannian groupoids with maps into some fixed Riemannian manifold
(N, h). Let {(Goo = Boo, goo, Poo, Oz )} be a pointed Riemannian groupoid with
map ¢oo: Boo — N. Let Ji be the groupoid of 1-jets of local diffeomorphisms of
Bso. We say that

(gk = Bk;gkv (bk; Omk) — (gOO = Boovgoo; ¢OO) Omao)
in the pointed smooth topology if for all R > 0, the following hold.

e There are pointed diffeomorphisms ¥y r: Br(Oy. ) — Br(Oy, ), defined
for large k, so that

V. ROk BR(O,.) = 9ol Br(0,.)-

U ROk Br(0.,) — Pool Br(0..)-
o After conjugating by ¥y g, the images of

s (Bry2(02,)) Nt (Bry2(0s,))

converge in Jp in the Hausdorff sense to the image of
Sgol (BR/2 (me)) N t;ol (BR/2 (me))
in Jl.
The following is [I3] Proposition 5.8].

Theorem 3.29. Let {(My, gr,Or)} be a sequence of pointed complete n-dimen-
sional Riemannian manifolds. Suppose that for each p > 0 and r > 0, there is some
Cp,r < 00 such that for all k,

max |V Rmyg |0 < Cpr.

Br(0:)
Then there is a subsequence of {(My, O)} that converges to some pointed n-dimen-
sional Riemannian groupoid (Geo = Boo, §oo, Oz, ) in the pointed smooth topology.

T oo

Now we can complete the proof.

Proof of Theorem[3.4. As Lott mentions, there is very little difference between the
proofs of Hamilton’s original theorem and [I3], Theorem 5.12]. The same is true
here. Namely, using Theorem B.26] we obtain uniform bounds on the derivatives of
the curvatures, which allow us to use Theorem This is a version of Theorem
for groupoids, and gives subsequential convergence at one time to a pointed
Riemannian groupoid.

To extend this to the whole time interval, we apply Lemma [3.8 and a version of
B.24] which gives another convergent subsequence. Hence we get a limiting metric
and map, which together solve (RH). flow on M. O
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Remark 3.30. As in [13] Section 5], Theorem[B.6limplies that the space of pointed n-
dimensional (RH). flow solutions with sup, ¢{| Rm[g(t)]|s < C' is relatively compact
among all (RH),. solutions on étale Riemannian groupoids. Let ., ¢ be the closure
of this space. It is easy to see that the blowdown procedure from Example[3.7ldefines
an R*-action on the compact space .7, ¢.

4. A DETAILED EXAMPLE OF (RH). FLOW

We conclude with an example of (RH), flow on the three-dimensional nilpotent
Lie group Nil®, and compare the asympotics of the solutions with those for Ricci
flow.

Consider

Nil® & z,y,z€ R Y C SL3R.

S O =
o = &
=@ W

The obvious diffeomorphism with R? provides global coordinates (%, z) in which
the group multiplication is

(517,2/72) ! (Z/,y/,Z/) = (.I + I/ay + y/,z + -4 + Iy/)

There is a frame of left-invariant vector fields,

0 0 0 0
YT o T Oy e 0z T 9z
and the only nontrivial Lie bracket relation is
[F1, Fy] = F5.

The dual coframe is
' =dzx, 0*=dy, 6°=dz—zdy.

A family of left-invariant metrics on Nil® is given by

(4.1) gt) =At)0' 0"+ B(1) 0> @ 0> + C(t) 0° ® 6,
and the corresponding Ricci (2, 0)-tensors satisfy
_Ca 1, Cp o C s s
2Rc(g(t))—B6‘ ® 0 —|—A9 ® 0 ABe ® 0°.

Proposition 4.2. Solutions of Ricci flow on Nil® of the form 1) have the fol-
lowing asympototics:

A(t) ~ AgIK~/3¢1/3,
(4.3) B(t) ~ BoK~Y/31/3,

C(t) ~ CoK /37173,
for the constant K = AyBy/3Cy.

Ricci flow on Nil® been studied extensively. See, for example, [9], [I1], [, [13],
[6], [18], [20]. We want to study (RH). flow on Nil®. Consider a function

¢: (NIl g(t)) — (R, gean)

and let ¢ = ¢(t) > 0 be a non-increasing function. For the resulting (RH). flow
system to remain a system of ordinary differential equations for the metric, we need
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¢ to be harmonic and V¢ ® V¢ = d¢p ® d¢ to be a diagonal left-invariant tensor.
It is not hard to see that the latter condition requires that

¢(x,y,2) = ax + by,
for some a,b € R. Note that such a function is also a group homomorphism, and
that N
Tg.gean® = 9" (0i0;6 = Ti;000) = 0,
so it is harmonic. Then
do @ dp = a* dx @ dx + ab(dx @ dy + dy @ dz) + b* dy @ dy.

To keep the system diagonal, take b = 0, so that d¢ @ d¢ = a? ' @ §*. The (RH).
flow system is

C 2
EA_ E —|—2a C,
d C
4.4 “pn_ -
(4.4) “B =
d C?
=" aB

Let us first make a few general observations about the long-time behavior of
A, B, and C. Set f(t) = 2a’c(t) for simplicity. Note that ® = BC = By(j is
conserved, A and B are increasing, and C' is decreasing. This implies

C? 1
r_ _ = > _ 2
¢ AB — AOBOC ’
and integrating tells us that
AoBoCy
0< ————<C@) <C
= AoBy + Cot — (t) < Go,
for t > 0. We conclude that C(t) — C € [0,Cp) as t — oco. Similarly, we see that
c3 1
[ o
¢ PA — @AOC ’
which implies
AgBoC? 9 9
0< ——————= < C(t)” < C§.
< AogBy +2C3t — ()7 = Co
This gives
(4.5) /tC(s)2ds> tAOBiOngS—M)o
' 0 —Jo AgBg +2Cys
as t — oo.
Next we use ® to see that
Cc? )
4. A== =
(46) St =gt

which we integrate to obtain

(4.7) Alt) = Ao + é /0 C(s)*ds —|—/O f(s)ds.

By (@A), we have A(t) — oo as t — oo, and we have a bound on the growth of A:

CQ t t OO
(4.8) A(t)SAo+—0/ds+fo/ ds§A0+(—+f0>t.
® Jo 0 By



RICCI AND HARMONIC MAP FLOWS 27

This implies

b d K d
(4.9) [z : o
o Als) 0A0+(g—8+f0)s
as t — o0.
Finally,
29
B2 r_ 2=
(B2 ==,
which implies
(4.10) B(t)? = B +2® Fds
' Y 0 A(s)’

so, by @9), B(t) — oo and C(t) = ®/B(t) — 0 as t — co.
4.1. Constant coupling function. Let us now consider the case when ¢ (and
therefore f, which we write as fy) is a constant. From (6] we compute that
At Al(t 2
limﬁL:Hhm ():lim —+1) =1,
t—o0 fot t—o0 fo t—o0 fo(b
so A(t) ~ fot. Using [@I0) and A ~ fot ~ fo(t + 1), we have

t t
32~2q>/ _ds N@/ A5 2%
o A(s)  fo Jo s+1 0

This gives the following.
Proposition 4.11. Solutions of (RH). flow on Nil* of the form @I) with map

d(z,y,z) = ax and ¢ > 0 constant have the following asympototics:
A(t) ~ 2a%ct,

B, Cy
B(t) ~
(t) o

}GQCB()CO

Note that if we attempt to take a limit of these solutions as fy — 0, they do
not converge in a naive sense to the solutions of Ricci flow from ([3]). To explain
this, we examine certain coupling functions that decay as ¢ — oo, and which yield
behavior similar to that for Ricci flow.

logt

3

(4.12)

4.2. Nonconstant coupling function. Now consider a coupling function such

that
1
t) ~ —
oft) ~

where r > 1. We make the ansatz that A(t) ~ at?, for some a,p > 0 to be
determined. From (LJ)), it is consistent to assume that 0 < p < 1. Then using

m’
(4.13) lim A0 28y, AW L ((I) 2“2>.

= l1m
t—oo «itP t— o0 patp—l t—o00 patp—l

V2R
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Finding this limit comes down to analyzing two limits:

. 1
(4.14) A et

. 1
(4.15) A T

Since r > 1 implies that ([@I5) is zero for any p > 0, we need that

B~ ﬁtkTp
for some 8 > 0. To find [, consider
t t
B2 2% ds N g/ ds N 29 A-p
o A(s)  a Jo (s+1)P  a(l-p)
This now implies
: 1 a(l—p)
M BT T T e
and so
2 . A o 1 ®a(l—-p) 1-p
1= lim —% = — lim =— = :
t—oo atP  pat—oo B2tP—l  pa 20 2p

For A(t) ~ at? we therefore need p = 1/3. From here, we obtain the asymptotic
behavior. Modulo constants, it is that of the Ricci flow solutions (A.3)).

Proposition 4.16. Solutions of (RH). flow on Nil® of the form @I) with map
o(z,y,2z) = ax and ¢ ~ 1/t", r > 1, have the following asympototics:
A~ at'/?,

/30

B~ | —t'/3

(4.17) PR
ad

C o~ —t7Y3

3 )

for some constant o depending on r and the initial data.

The reason that the limit as fo — 0 of the solutions ([@.I12) is not the Ricci flow
solutions ([{3)) lies in the integrability of the coupling function. Informally, the lack
of such a limit results from

0= lim lim/
t—o00 fo—0

t
0
To be more precise, consider A(¢) as given in (L7)). When r > 1, f(¢) is integrable,

allowing
t
/ C(s)*ds
0

to dominate and produce growth like /3. When 7 < 1, f(t) is not integrable, and

[ sty

dominates to produce linear growth.

In numerical simulations, 0 < r < 1 appears to be a transitionary region where
solutions have properties of both ({12 and [{I7). We were unable to obtain the
precise asymptotics, but we expect that letting » — 0 should recover (£I12]) and
letting r — oo should recover ([@.3)).

t
fods # lim lim/ fods = oo.
0

fo—0t—00
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