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ON A RELATION BETWEEN POTENTIALS FOR PLURIHARMONIC
MAPS AND PARA-PLURIHARMONIC MAPS

NOBUTAKA BOUMUKI AND JOSEF F. DORFMEISTER

ABSTRACT. In this paper, we show that one can interrelate pluriharmonic maps with
para-pluriharmonic maps by means of the loop group method. As an appendix, we
give examples for the interrelation between pluriharmonic maps and para-pluriharmonic

maps. Moreover, we investigate the relation among CMC-surfaces by use of such maps.

1. INTRODUCTION

Let fi : (M, J) — G1/H; be a pluriharmonic map from a complex manifold (M, J),
and let fy : (My, 1) — G2/ Hs be a para-pluriharmonic map from a para-complex man-
ifold (Ms, I), where G;/H; are affine symmetric spaces. Then, the loop group method
enables us to obtain a pluriharmonic potential (1), 7)) and a para-pluriharmonic potential
(ng, 7o) from f1 and fs, respectively; and furthermore, the method enables us to construct
pluriharmonic maps and para-pluriharmonic maps from their potentials, respectively (see

Section [3)).

Plurharmonic maps Para-plurharmonic maps
fli(Ml,J)—)Gl/Hl fg:(Mg,[)—)Gg/Hg
) )
Pluriharmonic potentials Para-pluriharmonic potentials
(7, 72) (0, 70)

The goal of this paper is to interrelate fi : (M, J) — G1/H; with fy : (M, I) — G2/ H,
by interrelating (1, 7\) with (ng,79). In this paper, we demonstrate that one can indeed
locally interrelate a pluriharmonic map with a para-pluriharmonic map in the case where
its potential satisfies the morphing condition (M) (see Theorem [.3.T]).

The notions of a pluriharmonic map and a para-pluriharmonic map are generalized
notions of a harmonic map from a Riemann surface ¥2 and a Lorentz harmonic map from
a Lorentz surface .2, respectively. Consequently, Theorem 3.1 enables us to interrelate
harmonic maps from X? with Lorentz harmonic maps from ¥%. Harmonic maps f; from
32 or Lorentz harmonic maps fo from %2 into S?, H? or S? give rise to constant mean
curvature surfaces (CMC-surfaces, for short) in R3, spacelike CMC-surfaces in R? or
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timelike CMC-surfaces in R?; and vice versa. For this reason, one can interrelate CMC-
surfaces in R? or R? with other CMC-surfaces in R? or R? by means of Theorem 3.1l In
the appendix, we present concrete examples of the method developed in this paper; and
moreover, we investigate the relation among CMC-surfaces by use of such maps.

This paper is organized as follows: In Section [2] we recall the basic definitions and
results concerning para-complex manifolds, para-pluriharmonic maps and pluriharmonic
maps. In Section [l we review elementary facts and results about the loop group method;
and we study the relation between para-pluriharmonic or pluriharmonic maps and loop
groups. In Section @] we prove the main Theorem 3.1l Finally, in Section Bl we actually
interrelate some pluriharmonic maps with para-pluriharmonic maps by means of Theorem

4.3.11
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2. PLURIHARMONIC MAPS AND PARA-PLURIHARMONIC MAPS

2.1. Para-complex manifolds. We first recall the notion of a para-complex manifold,
in order to introduce the notion of a para-pluriharmonic map.

DEFINITION 2.1.1 (cf. Libermann [20], [21} p. 82, p. 83]).

(i) Let M be a 2n-dimensional real smooth manifold, and let XM denote the Lie algebra
of smooth vector fields on M. Then M is called a para-complex manifold, if there exists
a smooth (1, 1)-tensor field 7 on M such that

(1) I? = id;

(2) dimg 7,7 M = n = dimg T,; M for each p € M;

(3) UX,IY]|—-I[IX,Y]—-I[X,IY]+[X,Y] =0 for any X,Y € XM,
where T5°M denotes the f-eigenspace of I, (= the value of I at p) in T, M.

(ii) Let (M,I) and (M’,I') be two para-complex manifolds. Then a smooth map f :
(M,I) — (M',I') is called para-holomorphic (resp. para-antiholomorphic), if it satisfies
df ol =1 odf (resp. df o I = —1' o df).

Every para-complex manifold can be endowed with a set of special, local coordinates
(xl, - a2 yl - y") which are called para-holomorphic coordinates:

(o2

ProprosSITION 2.1.2 (cf. Kaneyuki-Kozai [16, p. 83]). Let (M,I) be a para-complex
manifold with dimg M = 2n. Then, M has an atlas {(Us, @) }aca with U, open and
0o = (xL, -+ 2 yl -+ y") a coordinate map satisfying

(1) 1(0/0z%) = 0/0x% and I(0/0y2) = —0/0ys for all 1 < a < n;
(2) dyh/0xt = 0 = 0z /Ays on Uy N Uz # 0 for all 1 < a,b <n.
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A Lorentz surface and a one sheeted hyperboloid are one of the examples of para-
complex manifold.

2.2. Para-pluriharmonic maps.
2.2.1. Now, let us recall the notion of a para-pluriharmonic map:

DEFINITION 2.2.1 (cf. Schéfer [25, p. 72]). Let (M, I) be a para-complex manifold with
dimg M = 2n, and let N be a smooth manifold with a torsion-free affine connection V*.
Then a smooth map f: (M, I) — (N, V¥) is called para-pluriharmonic, if it satisfies

(P) (Vdf)(aiya,%) =0 foralll<a,b<n,
for any local para-holomorphic coordinate (x!,--- 2"y, ---,9y") on (M,I). Here V

denotes the connection on End(T'M, f~'TN) which is induced from D and V¥, where D
is any para-complex (i.e., DI = 0) torsion-free affine connection on (M, I).

REMARK 2.2.2. Every para-complex manifold admits a para-complex torsion-free affine
connection (cf. [25 p. 64]).

The following lemma implies that the equation ([P) in Definition 2:2.1] is independent
of the choice of para-complex torsion-free affine connections on (M, I):

LEMMA 2.2.3. Let (M,I) be a para-complex manifold with dimg M = 2n, and let D
be any para-complex torsion-free affine connection on (M,I). Then, every local para-
holomorphic coordinate (x*,--- ,x",y*,--- y") on (M, ) satisfies Dga " = 0 = Dga 0",
for all1 < a,b <n. Here, 0% := 0/0x" and 0* := 0/0y".

Proor. It follows from DI = 0 that for any 1 < a,b < n,
by _ b bo_ by _ b
I(Dog 02) = Dge 1(92) — (Dog 1)02 = Dy 1(02) = —Das 0_..
This yields Dge 0" € T~ M. Similarly one has Dy 0% € TTM. Therefore we conclude
T™M 3 Dpad® = D 0% +[01,0"] = Dy 01 € T*M
because the torsion of D is free. Thus Daiﬁf =0= Dy 01. O]

2.2.2.  Our goal in this subsection is to show Proposition 2.2.4] (below) which will play an

important role in SectionBl First, let us fix the setting and the notation of the proposition.
Let G be a connected matrix group, and let ¢ be an involution of G. We denote by H

the fixed point set of ¢ in G, and get an affine symmetric space (G/H, o). Let (M, I) be

a para-complex manifold of dimension 2n, and let F' be a smooth map from (M, I) into

G. Then we consider:

(2.2.1) m: the projection from G onto G/H,

(2.2.2) V!: the canonical affine connection on (G/H, o) (see 22, p. 54] for the definition

of the canonical affine connection),
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(2.2.3) a:= F~! . dF: the pullback of the left-invariant Maurer-Cartan form on G along
F,

(2.2.4) g:=LieG, b:=Fix(g,do), m:=Fix(g, —do),

(2.2.5) ay (resp. am): the h-component (resp. the m-component) of o with respect to
g=bom,

(2.2.6) ozhi = (1/2) - (ap £ (), oE :=(1/2) - (m £ (am)),

(2.2.7) O_af + [ A ajf] = 0 as an abbreviation for 0% (am(9%)) + [0 (%), am(0%)] = 0
for all 1 < a,b < n, where (z!,---, 2"y, .-+ ,9") is any local para-holomorphic
coordinate system on (M, I),

(2.2.8) T*M: the subbundle of the tangent bundle 7'M determined by the 41-eigenspace
of I in TM,

(2.2.9) [af A af] = 0 as an abbreviation of: [y A ay] = 0 on TTM x TTM and on
T-M xT—M,

(2.2.10) C*:=C\ {0}.

Now, we are in a position to state

PROPOSITION 2.2.4. With the above setting and notation, the following statements (a)
and (b) are equivalent:

() A map f := o F : (M,I) — (G/H,V") is para-pluriharmonic and satisfies
[ A a] =0 = o A ag];
(b) dat + (1/2) - [a" A '] = 0 for any p € C*, where o := oy + p~ - af + p-ay,.

In order to prove the above proposition, we first show

LEMMA 2.2.5. f =mo F : (M,I) = (G/H,V") is a para-pluriharmonic map if and
only if O_ag +[ay Aol =0 (cf. (2.2.7)).

PROOF. LemmaR.2.3 allows us to reduce the equation (P) in Definition 2.2.T] as follows:
(Vdf)(0*,8%) = Vi (df (8%)). This implies that

f = mo F is para-pluriharmonic if and only if 3(V}. (df(0%))) =0

because 5 : T(G/H) — G/H x g is injective (see [5] or [15, p. 403] for 3). Accordingly,
it suffices to show that

(2.2.11) B(Vha (df(0%))) = 0 if and only if d_af; + [ay A af] =0.

To prove this we note first that it is known that V' coincides with the canonical affine
connection of the second kind (cf. [22, p. 53]). Therefore, Proposition 1.4 and Lemma 1.1
in [I5, p. 404, p. 403] assure that

B(Voe (df(91))) = 02 (B(df(02))) — [B(df(02)), B(df(22))].
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Let us compute each term on the right-hand side of the above equation. We note that
[*6=AdF - ay (cf. [I5 p. 409]) implies

o0* (ﬁ(df(@ﬂ’r))) = 8“_((f*5)(8i)) =0 (F- am(02) - F‘l)
=(0°F) - an(0}) - F '+ F-0"(am(8})) - F ' = F - au(d}) - F - (0°F) - F
=AdF - {0 (am(0})) + [F~" (0“F),om(8%)] }
= AdF - {0 (am(3)) + [(0%), am(@)] }
Moreover, f*6 = Ad F - ay, yields

[8(df(0)), B(df (95))] = [(F*B)(02), (f*B)(D})] = AdF - [om(D2), o (85)].

Therefore we obtain

B(Vor (df(91))) = AdF - {0 (am(D)) + [y (02), ()]}
Hence we have shown (2.2.17]). O

Proof of Proposition 224 First we rewrite the expression da* + (1/2) - [a* A a*]. Since
a = F~'.dF we have da+ (1/2) - [« Aa] = 0. From [h,h] C h, [h,m] C m and [m,m] C h
we obtain dag + (1/2) - ([ag A ] + [ A m]) = 0 = dovg + [y A ). Thus we can assert
that

1 1
d _ + 1= _Z . (In* + - -
(2.2.12) ay + 5 - [ag Aew] + g Aag] = =5 - ([am Aag] + lan A agl)

dow + [y A o] = 0.

By a direct computation we obtain

1 1
do* + 3 [a* A a*] =day, + 5 (g A ap) + [ A o

+ e (dagt + [ag Aogf]) + - (dog + [ag A o))

1 1
+5ou lag Aag] 4 5 i [ag Aag].
Consequently, by virtue of ([2.2.12) one can rewrite do* + (1/2) - [ A o] as follows:

1

dat + 3 [ Aok =p~" - (dag + [y A agt]) + p- (dag, + [ A o)
(2.2.13) ' )
b2 =) 0 Al 1 (0= 1) [og Aag]
(a)—(b): Suppose that f = 7 o F' is para-pluriharmonic and satisfies [of A af] =0 =

[ag A ay]. Then, ([2.2.13) yields
1
dot + 5 [ Aat] = pt - (dogt + [ Aagt]) + - (dag, + oy Aag))
So it suffices to show

dot + oy A af] = 0 =day, + [an A o]
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Equation (P)) in Definition 2Z.2.1] is symmetric with respect to the variables y* and x®.
This and Lemma [2.2.5] imply that

f = mo I'is para-pluriharmonic if and only if 0_o;; + [a A ] =0
if and only if 0;ap, + [af A ag] = 0.

Therefore it follows from daw, + [y A ] = 0 (cf. (2:212)) that dogf + [ay A at] =0 =
dog, + [og A ag|.

(b)—(a): Suppose that da* + (1/2) - [a* A a*] = 0 for any p € C*. We obtain
dof + [y AN o] = 0 and o A ojt] = 0 = [a, A ay] from (2.213). So Lemma
allows us to obtain the conclusion, if one has d_a; + [ay A o] = 0. But, this equation
is immediate from doyf + [o A oif ] = 0. O

2.2.3.  We recall the notion of the extended framing of a para-pluriharmonic map (cf.
Definition Z2:6]). One will see that the framing is an element of the loop group AG, in
Section [3l

Let G be a simply connected, simple, complex linear algebraic subgroup of SL(m, C),
let o be a holomorphic involution of G€, and let v be an antiholomorphic involution of
G such that [o,v] =0 (i.e., cov =voc). Define H®, G and H by

(2.2.14) H® :=Fix(G% o), G:=Fix(G% v), H:=TFix(G,o)=Fix(HE v).

Note that (G/H,ol|g) is an affine symmetric space. Now, let p, be a base point in a
simply connected para-complex manifold (M, ). Then, Proposition 2.2.4] assures that
for any para-pluriharmonic map f = 7o F : (M,I) — (G/H,V"') with F(p,) = id and
[ Aa] =0, the g&-valued 1-form o = oy + =" - i + - oy on (M, I), parameterized
by u € C*, is integrable; and furthermore, one can obtain a smooth map

F:MxC*—= G (p,u)— Fup),

from the integrability condition do# + (1/2) - [ A o] = 0 and F' - dF, = o* with
F,.(p,) =id. The above map F = F, : C* — GT satisfies

(2.2.15) o(F,) = F_, for all p € C*,

(2.2.16) Fy := F|g1 : ST — G, where S* := {\ € C*||\| = 1},

(2.2.17) Fy:= Flg+ : RT — G = Fix(G%,v) (C G%), where Rt := {# € R| 0 > 0}.
Indeed, (2.2.15) follows from do(a#) = a~* and o(F,(p,)) = F_,.(po); (2.2.16) is obvious;
and (2.2.17) follows from a? being g-valued for any # € R*.

DEFINITION 2.2.6. The map Fy is called the extended framing of the para-pluriharmonic

map f=moF : (M,I) — (G/H,V"); and {fy}ger+ is called an associated family of f,

where fy := 7o F,. Here, we remark that f; = f and F}; = F are immediate from o! = «

and Fi(p,) = F(po)-
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REMARK 2.2.7. Throughout this paper we consider that for the extended framing Fj of

a para-pluriharmonic map, its variable 6 varies in the whole C* which contains not only
R* but also S*.

2.3. Pluriharmonic maps.

2.3.1. In this subsection we will survey some basic facts and results about pluriharmonic
maps. First, let us recall the notion of a pluriharmonic map:

DEFINITION 2.3.1. Let (M, J) be a real 2n-dimensional complex manifold, and let N

be a smooth manifold with a torsion-free affine connection V. Then a smooth map
f:(M,J)— (N,V) is called pluriharmonic, if it satisfies

(H) (Vdf)(ﬁaa 881)) =0 foralll<a,b<n,
for any local holomorphic coordinate (z*,---, 2" 2, -+, 2") on (M, J). Here V denotes

the connection on End(TM, f~'T'N) which is induced from D and V¥ where D is any
complex torsion-free affine connection on (M, J).

)

REMARK 2.3.2. (i) We utilize the terminology “pluriharmonic map,” in a sense that is
more general than the one originally given by Siu [26].

(ii) Any complex manifold admits a complex torsion-free affine connection (cf. [18 p.
145]).

(iii) The equation (HJ) in Definition 2:3.Tlis independent of the choice of complex torsion-

free affine connections D on (M, J) (ref. the proof of Lemma 2.2.3)).

2.3.2. In Section [3 we will study the relation between pluriharmonic maps and the loop
group method. For this we will use a result of Ohnita [23] about pluriharmonic maps (see
Proposition 2.33)). First, let us fix the setting for Proposition 3.3

Let (G/H, o) denote the affine symmetric space defined in Subsection [2.2.2] and let F’
be a smooth map from a real 2n-dimensional complex manifold (M, J) into G. Then, we
consider:

(2.3.1) m: the same as in (2.2.1),

(2.3.2) V!: the same as in (2.2.2),

(2.3.3) a: the same as in (2.2.3),

(2.3.4) g, h, m: the same as in (2.2.4),

(2. ap, am: the same as in (2.2.5),

(23.6) oy = (=i/2) - (iax +"J(ax)), ok = (=i/2) - (iax — J(ax)) for X = b, m,

( Doy, + [ A o] = 0 as an abbreviation for 3" (am(0")) + [0 (D), am(9?)] = 0 for
all 1 <a,b <n, where (2%,--- 2" 2! .- 2") is any local holomorphic coordinate
system on (M, .J), and where " := 9/02" and 8" := 9/0z*,

(2.3.8) [a/ Adl] = 0 as an abbreviation for [y (0%), an(0°)] = 0 for all 1 < a,b < n, where
(24, --+ 2" 2zt ... [ 2") is any local holomorphic coordinate system on (M, J).

2.3.6
2.3.7

Do
OO
)
—_ — D D o
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PROPOSITION 2.3.3 (cf. Ohnita [23]). With the above notation, a map f = wo I :
(M, J) = (G/H,V") is pluriharmonic if and only if aj, + [og A afy] = 0. Moreover, the
following statements (a) and (b) are equivalent:

(a) f =moF is pluriharmonic and satisfies [, N o] = 0;
(b) dat + (1/2) - [a" A '] = 0 for any p € C*, where o := oy + p~ - aly + 1+ Q.

2.3.3. We will first recall the notion of the extended framing of a pluriharmonic map
(cf. Definition 2:34)), and afterwards point out a crucial difference between the extended
framings of pluriharmonic maps and para-pluriharmonic maps in view of the loop group
method (cf. Remark 2.3.7)).

The arguments below will be similar to those in Subsection .23 Let G¢, H®, G and
H denote the same Lie groups as in (22214). Fix a base point p, in a simply connected
complex manifold (M, J). For a pluriharmonic map f = 7o F : (M,J) — (G/H,V?)
with F(p,) = id and [, A af,] = 0, Proposition shows that the g&-valued 1-form
' =y +ptaly + - alh on (M, J) parameterized by u € C* is integrable. Then there
exists a unique map

F:MxC* —G% (p,p) = Fup),
such that F ' dF, = o" and F,(p,) = id, by virtue of the integrability condition
da* + (1/2) - [a" A a#] = 0. Here we remark that F' = F}, : C* — G satisfies
(2.3.9) o(F,) = F_, for all p e C*,
(2.3.10) Fy := F|s1 : S* = G = Fix(G%,v) (C G%).
Indeed, (2.3.10) follows from a* being g-valued for any \ € S*.

DEFINITION 2.3.4. The map F) is called the extended framing of the pluriharmonic
map f =m0 F: (M,J) — (G/H,V*"); and {f\}xres: is called an associated family of f,
where f\(p) := 7o F)\(p) for (p,\) € M x S'.

REMARK 2.3.5. The map F = F, : C* — G® defined above becomes G-valued if its
variable u varies in S'; and F) = F|g is the extended framing of a pluriharmonic map.
By contrast, the map F = F, : C* — G® in Subsection becomes G-valued if its
variable u varies in R*; and Fy = F|g+ is the extended framing of a para-pluriharmonic
map.

3. THE LOOP GROUP METHOD

First, we introduce three kinds of loop groups AGY, AG, and KGU, and review their
decomposition theorems. Next, we explain the relation between para-pluriharmonic maps
and the loop group method, and interrelate para-pluriharmonic maps with para-pluriharmonic
potentials. Finally, we treat the pluriharmonic case.

3.1. Decomposition theorems of loop groups.
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3.1.1. Let G°® be a simply connected, simple, complex linear algebraic subgroup of
SL(m,C), and let o be a holomorphic involution of G®. In this case the twisted loop
group AGY is defined as follows:

AGC — A)\ : Sl — G(C A)\ = ZkGZ Ak>\k, Z HAICH < 00,
7 o(Ay) =A_\forall \e S [’
where || - || denotes some matrix norm satisfying ||A - B|| < ||A]| - ||B]] and |[id]|| = 1.

Then AGE, with this norm ||Ay]| = Y || Akl], is a complex Banach Lie group (see [1], [12]
and [24] for more details). Here, the Lie algebra AgS of AGS is given by

{XA L1 g | Xy = Ty X, T ||X]| < o0, }

3.1.1 AgS =
( ) g dO'(X)\):X—)\ for all)\GSI

o

Define four subgroups A*GY and AFGE of AGE by

A*GE := {A, € AGE | A, has a holomorphic extension A, : Dy — GC},
AFGE = {A, € ATGE | Ay =id}, A;GE:={A4, e A GE|A, =id},

where D} = {z € C||z| < 1} and D_ := {z € C||2| > 1} U {co}. With this notation,
we can state the following two Theorems [3.1.1] and [3.1.2] which are called the [wasawa

decomposition of AGS x AGS and the Birkhoff decomposition of AGS, respectively (see
[, [12], [24]):

THEOREM 3.1.1 (Iwasawa decomposition of AGE x AGS). The multiplication maps

A(AGE x AGS) x (A7 GE x ATGS) — AGE x AGE,
A(AGE x AGT) x (ATGE x A-GS) = AGE x AGE

are holomorphic diffeomorphisms onto open subsets of AGS x AGS, respectively. Here
AN(AGE x AGE) denotes the diagonal subgroup of AGS x AGE.

THEOREM 3.1.2 (Birkhoff decomposition of AGS). The multiplication maps
AZGE x ATGE — AGS, AFGE x A-GS — AGE

are holomorphic diffeomorphisms onto the open subsets Bg = AFGE - A*GE of AGE,

respectively. In particular, each element Ay € B := BE N BS can be uniquely factorized:
Ay = A -Bf = Al - By, Af € AfGS, Bf € A*GE.

3.1.2. Almost split real forms of AGS. Now, let v be an antiholomorphic involution of
G such that [o,v] = 0 (i.e.,, cov = voo). Then one can define an antiholomorphic
involution vg of AGE by setting

(3.1.2) vs(Ay) = v(Ax) for Ay € AGE.
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This involution vg is said to be of the first kind, and its fixed point set AG, := Fix(AGS, vg)
is called an almost split real form of AGE. Note that vg satisfies vg(ATGS) = A*GE and
vs(AEGS) = AZGE. That allows us to define four subgroups A*G, and ALG,, as follows:

NG, = Fix(A*GE vs), AFG, = Fix(ALGE, vg).
With this notation, one can state the following theorems (see [2], [3]):

THEOREM 3.1.3 (Iwasawa decomposition of AG, x AG,). The multiplication maps

N(AG, x AG,) x (A, G, x ATG,) = AG, x AG,,,
A(AG, x AG,) x (AfG, x A~G,) = AG, x AG,

are holomorphic diffeomorphisms onto open subsets of AG, x AG,, respectively.
THEOREM 3.1.4 (Birkhoff decomposition of AG,). The multiplication maps
A G, x ATG, = AG,, AfG, x A~G, = AG,

are holomorphic diffeomorphisms onto the open subsets B+ := AFG, - A*G, of AG,,
respectively. In particular, each element Ay € B := B_ N B, can be uniquely factorized:

Ay = Ay - Bf = Af - By, Af € A*G,, BE € A*G,.

3.1.3.  For a general element Ay € AGE, its variable \ only varies in S*. However, for the
framing F), of a para-pluriharmonic map, the variable A of F)\ can vary in the whole C*
(cf. Subsection 2.2.3]). Toda [27] has addressed this relevant point, since in her work A is
for all geometric purposes a positive real number. She proposed to consider the following
subgroup KGJ of AG,:

(3.1.3) AG, = {A\ € AG, | Ay has an analytic extension AV“ :C* — G}

One equips AG,, with the induced topology from AG,, where AG, is considered as a loop
group with A € S'; and in a similar way, one defines four subgroups A*G, and AT*G, of
A*G, and AFG,,, respectively. Then, the following two decomposition theorems hold (cf.

[21, [9], [27]):
THEOREM 3.1.5 (Iwasawa decomposition of KGU X KGU). The multiplication maps

AAG, x AG,) x (AL Gy x ATG,) = AG, x AG,,
AAG, x AG,) x (AFG, x A=G,) — AG, x AG,

are real analytic diffeomorphisms onto open subsets of AG, x KGU, respectively.

THEOREM 3.1.6 (Birkhoff decomposition of KGJ). The multiplication maps

AZG, x A*G, = AG,, AFG, x A-G, — AG,
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are real analytic diffeomorphisms onto the open subsets l?qc = KIGU CAEG, of KGU,
respectively. In particular, each element Ay € B := B_ N B, can be uniquely factorized:

Ay = Ay -Bf = Af - By, Af € A*G,, B € A*G,.

REMARK 3.1.7. Throughout this paper, we consider that for A, € KGU, its variable A
varies not only in S! but also in R* (or more generally in C*).

We end this subsection with showing the following lemma:
LEMMA 3.1.8. Each element Cy € AG, satisfies Cy € G := Fix(G®,v) for all § € R*.

PROOF. Since Cy € AG, C AG, = Fix(AGS, vg), it satisfies v(Cyx) = vs(Cy) = Cy for
all A € S'. Hence, one has v(C;) = C,, for all p € C*; and therefore v(Cy) = Cy for all
§ € R, O

3.2. Para-pluriharmonic maps and the loop group method. In this subsection, we
will study the relation between para-pluriharmonic maps and the loop group method.

3.2.1. Let G® be a simply connected, simple, complex linear algebraic subgroup of
SL(m,C), let o be a holomorphic involution of G¢, and let v be an antiholomorphic
involution of G® such that [o,7] = 0. Define subgroups H® G and H by the same
conditions as in Subsection [2.2.3] respectively—that is,

H® :=Fix(G% o), G:=Fix(G% v), H :=TFix(G,o)=Fix(HC v).

We will conclude that the extended framing Fj of a para-pluriharmonic map belongs
to the loop group AG, (see (B.I13) for KGJ). Let (M, I) be a simply connected para-
complex manifold, and let Fy be the extended framing of a para-pluriharmonic map
f=moF : (MI)— (G/H, V") with F(p,) = id and [af A o] = 0, where p, is a
base point in (M, ). Then it follows from (2.2.15) and (2.2.16) that F belongs to AGE.
Moreover, the variable A of Fy can vary in all of C* (cf. Subsection [2.2.3]). Accordingly
one can assert that the framing I\ belongs to KGJ, if it satisfies

(3.2.1) vs(F\) = F)

(see (BI12) for vg). Let us show (B2.1)). From (2.2.17) we know v(Fy) = F, for any
6 € RT. This yields that vg(Fy) = v(Fy) = F) for any A € S because v(Fy;) = F), for
any p € C* follows from v(Fy) = Fy for any § € RT. Hence, we have shown (B.21]).
Consequently the framing F) belongs to AG,.

3.2.2. Para-pluriharmonic potentials. We have just shown that F belongs to KGJ, where
F), is the extended framing of a para-pluriharmonic map f = 7o F : (M,I) — (G/H, V")
with F(p,) = id and [aE A aE] = 0. To F) € AG,, one can apply the Birkhoff decompo-
sition theorem (cf. Theorem B.1.6]). We will obtain a pair of m-valued 1-forms 7, and 7
on (M, I) parameterized 6 € RT, from the framing Fj.
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Since Fy(p,) = id € B, one can perform a Birkhoff decomposition of the framing
F)\ - AGUZ
F\=Fy-Lf =F-Ly, FfeA*G,, LieA*aG,,
on an open neighborhood U of M at p, (cf. Theorem B.1.0). Define ny and 7y by

respectively. Then for any § € R*, both 7y and 79 become m-valued 1-forms on the
para-complex manifold (U, I); and furthermore, 7y is para-holomorphic and 74 is para-
antiholomorphic. Indeed, it is immediate from FQ_1 -dFy = of that

ay+07 ok +0-an =a’ = (L) ((Fy) 7 - dFy) - Ly + (Ly) ™ - dLy
= (Lg)™ - (FN) " dES) - Ly + (Ly) ™" - dLy,

and that ny = 07! - Ad(L{ )y and 75 = 0 - Ad(Ly )ag,, where Ly = >, LEAF. Here,
we remark that L € H by Lemma B8 B

From the extended framing Fp, we have obtained the pair (1, 79) of an m-valued para-
holomorphic 1-form and an m-valued para-antiholomorphic 1-form on (U, I') parameterized

by # € RT. In the next subsection, we will see that the pair (1, 79) is a para-pluriharmonic
potential (cf. Definition B2.T]).

3.2.3.  We are going to introduce the notion of a para-pluriharmonic potential. Consider
two linear subspaces A 10000 and A_oO 18, of Agg

A 1ol = {X) € AgJ|X>\ =30 X\,
Ao = {Vr€Ag, |Ya=31 YN},

j=—o0 L7
where Ago denotes the Lie algebra of AG, (see FI3) for AG,). Let 77+ — P.(g) and
P =P (g) denote the sets of all A, co¥o-valued para-holomorphic and A_OO 19s-valued
para-antiholomorphic 1-forms on a simply connected para-complex manifold (M, I), re-
spectively.

DEFINITION 3.2.1. An element (ny, 7)) € ﬁJr x P_ is called a para-pluriharmonic po-
tential (or a potential, for short) on (M, I).

REMARK 3.2.2. (1) For each potential (1, 7:) € Py x P_, one may assume that the
variable A of 1, (resp. 7)) varies in R* by virtue of ) € Kgg (resp. Ty € Kgg).

(2) Note that we has just obtained a para-pluriharmonic potential (1, 75) from the
extended framing Fy of a para-pluriharmonic map f : (M, I) — (G/H, V') with F(p,) =
id and [af A o] = 0.

(3) Tt is unfortunate that the condition [a: A o] = 0 for the applicability of the loop
group method is necessary, but not always satisfied as shown by Krahe [I9]. The condition
is always true for surfaces and if the pseudo metric of the target space is positive definite.
Other natural conditions for the existence of [a A o] = 0 are not known.
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We has just obtained a para-pluriharmonic potential (7, 79) from the extended framing
Fy of a para-pluriharmonic map f : (M, 1) — (G/H, V") with F(p,) = id and [aZ AaZ] =
0. The converse statement is also true—that is, one can obtain a para-pluriharmonic map
and its extended framing from any para-pluriharmonic potential and this framing satisfies
[af A o] =0:

PROPOSITION 3.2.3. Let (19, 7) € Py(g) X P_(g) be a para-pluriharmonic potential
on the para-complex manifold (M,I). Then, the following steps provide an RT-family
{fo}toer+ of para-pluriharmonic maps:

(S1) Solve the two initial value problems: (Ay)~'-dA,; = ny and (Af)~-dAS = 79 with
Az (p,) = id, where p, is a base point in (M, ).

(S2) Factorize (A, , Af) € AG, X AG, in the Twasawa decomposition (cf. Theorem
BIR) : (A, ,A}) = (Co,Cy) - (B, By), where Cy € AG,, Bf € AfG, and
B, € AG,.

(S3) Then, fo =m0 Cy: (W,I) — (G/H,V*') becomes a para-pluriharmonic map for
every 0 € RT. Here, W is any open neighborhood of M at p, such that both (S1)
and (S2) are solved on W.

In particular, Cy(p,) = id and Cy is the extended framing of the para-pluriharmonic map
fi=moCy: (W, I)— (G/H, V).

PROOF. (S1), (S2): The solution (A, , A;) to (S1) satisfies 4] € AG, and Af (po) =1id.
Therefore, it belongs to the open subset of AG, x AG, locally. Hence, one can factorize
(A, , Af) by means of (S2).

(S3): Let W be any open neighborhood of M at p, such that both (S1) and (S2)
are solved on W. First, let us show Cy(p,) = id. Since AJ(p,) = id we have AFG, 3
B;f (o) = Co(po) ™" = By (po) € A=G,. Hence, Cy(p,) € (AFG,NA~G,) = {id}. Now, let
pr = C,'-dC, for p € C*. Lemma B8 implies that 5 is a g-valued 1-form on W for
any 6 € RT. Therefore, one can express it as 8 = (8%), + (8%)m = (8%)y + (B)) + (6%)s
by taking g = h @&m into consideration (see (2.2.5) and (2.2.6) for (5%), and (8%)%). Then
we obtain the conclusion, if one has

(3.2.2) Bl = (B + 07" (B)n +0- (B4

because 3% = Cy'-dCy satisfies d3+(1/2)-[8°AB%] = 0 for any § € R*, and thus the proof
of Proposition ZZZ 4 and (B:22) allow us to conclude that fp = moCy : (W, 1) — (G/H, V")
is a para-pluriharmonic map for every § € R*. Hence, it suffices to prove (B:22). Direct
computation, together with Cy = Ay - (Bf )™t = A; - (B, )™, gives us
(8°,8%) = (C; ' - dCy, Cy' - dCy)
= (By o (BY) ™+ By - d(Bf)™, By -1+ (By) ™+ By - d(By) ).
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Therefore, the Fourier series f* = ez BrAF has actually the simple form:

(a) Br=N"1Boi+ Bo+ A B

because the n-th and m-th Fourier coefficients of By - ny - (BY)™' + BY - d(BY)™! and
By -7y (BY)™'+ By - d(By) ! are zero for all n < —2 and 2 < m, respectively. Let us
denote by (8;)" and (8;)~ the para-holomorphic component and the para-antiholomorphic
component of 3;, respectively (i.e., (8;)% := (1/2) - (8; £'1(B;))) for j = +1, and rewrite
the above (@) as

(&) B =21 ((B) T+ (Ba) )+ B+ A ((Br) ™+ (Br) ).
Then, (/) simplifies to
(a”) Pr=X"" (o)t Bo+ A (Ba)”

because the —1st and +1st Fourier coefficients of By -ny- (B )™t + BY -d(By)~! and Bj -
v+ (By)~ '+ By -d(By)~! are para-holomorphic and para-antiholomorphic, respectively.
From (&) and 8* € Ag, we see that (8Y)y = Bo and (8)m = (B_1)* + (B41)~. This
implies (8% = (81)*, (85 = (B1)~ and B = A~ - (B)% + (8 + A~ (5)5: and
B:22) follows. O

3.3. Pluriharmonic maps and the loop group method. We have explained the
relation between para-pluriharmonic maps and the loop group method in Subsection
In this subsection, we will explain the relation between pluriharmonic maps and the loop
group method. The arguments below will be similar to those in Subsection

3.3.1. In Subsection B.2.T] we have learned that the extended framing Fj of a para-
pluriharmonic map belongs to the almost split real form AG,—that is, it satisfies vg(F}) =
F{ for the involution vg of the first kind (cf. (B1.2) for vg). In this subsection, we will
first confirm that the extended framing F of a pluriharmonic map satisfies v (Fy) = F
for the involution v¢ of the second kind defined below.

Let G be a simply connected, simple, complex linear algebraic subgroup of SL(m, C),
let o be a holomorphic involution of G, and let v be an antiholomorphic involution of
G such that [o,v] = 0. Denote by H®, G and H, the subgroups defined in Subsection
2.2.3] respectively (cf. (Z2I4)). Now, let us define an antiholomorphic involution v of
AGS by

(3.3.1) ve(Ay) =v(4,5) for Ay € AGE.
This involution v is said to be of the second kind, and satisfies the following:
(3.3.2) vo(AEGE) = ATGE, vo(AEGY) = ATGE.

Let p, be a base point in a simply connected complex manifold (M, J), and let F) be
the extended framing of a pluriharmonic map f = wo F : (M,J) — (G/H,V*') with
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F(p,) = id and [a], A o] = 0. From (2.3.9) it follows that F\ € AGS. In particular,
(2.3.10) implies that F) satisfies

(333) Vc(F)\) = F)\.

3.3.2. Pluriharmonic potentials. Since Fy(p,) = id we perform a Birkhoff decomposition
of the framing F\. Therefore we obtain a pair of m®-valued 1-forms 1, and 7, on (M, J)
parameterized by A € S'. Here m® := Fix(g", —do). We will see later that the pair
(ma, T») is a pluriharmonic potential (cf. Definition B3.).

Since F)\(p,) = id € B®, we factorize the framing F, € AGS in the Birkhoff decompo-
sition:

F\=Fy - Lt =F Ly, FfeAGS, Lfe A*GE,
on an open neighborhood U of M at p, (cf. Theorem B.1.2). Define 1, and 7, by
= (Fy) 7 dFy, o= (FY) 7 dEY,

respectively. Then for any A € S*, both 7, and 7, become m®-valued 1-forms on the com-
plex manifold (U, J). In addition, 7, is holomorphic and 7, is antiholomorphic. Indeed,
F;l -dFy = o yields
ay + AT A ag =t = (L) ((FY) 7 dFY) - LY+ (Lg) 7 dLy
= (L)™' (FN)7-dFY) - Ly + (Ly) ™" - dLy,
and ny = A7 Ad(L)a), and 7\ = X - Ad(Lg)aly, where Ly = 37,50 Ly AF. Now, it

mo
follows from (3.3.2) and (3.3.3)) that vo(Fy ) = Fy. This implies that ny is related with
7x by the formula dvc(ny) = 7n. Consequently we obtain from the extended framing
F) of a pluriharmonic map the pair (1, 7)) of an m®-valued holomorphic 1-form and an

mC-valued antiholomorphic 1-form on (U, J) satisfying dva(ny) = 7.

3.3.3. Let us introduce the following subspaces A_j g5 and A_., 1S of AgS, in order
to recall the notion of a pluriharmonic potential:

At ooy = {Xn € Agy | Xo =202, Xil'},
A1l = {Vi € AgS VA=, YN}

j=—00 ~J
(cf. BII) for AgS). Let P' = P'(gt) and P” = P"(g%) denote the set of all A_; ,g5-
valued holomorphic and A_ ., ;g5-valued antiholomorphic 1-forms on a simply connected
complex manifold (M, J), respectively.

DEFINITION 3.3.1. An element (ny,7,) € P’ x P” is called a pluriharmonic potential
(or a potential, for short) on (M, J), if it satisfies dve(ny) = 7 (cf. B3T) for ve).

In Subsection one has obtained a pluriharmonic potential (ny,7y) from the ex-
tended framing F\ of a pluriharmonic map f = wo F : (M,J) — (G/H,V"') with
F(p,) = id and [aj, A aj] = 0. Next we recall from [7] that one can obtain a plurihar-

monic map and its extended framing from a pluriharmonic potential:
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PROPOSITION 3.3.2. Let (nx, 7y) = (nx, dve(ny)) € P'(g%) x P"(g%) be any plurihar-
monic potential on the complexr manifold (M, J). Then, the following steps provide an
St-family { fx}rest of pluriharmonic maps:

(S1) Solve the two initial value problems: A;l ~dAy =y, B;l ~dBy = 1y with Ax(p,) =

id = By (p,), where p, is a base point in (M, J).
(S2) Factorize (Ayx, By) € AGS x AGS in the Iwasawa decomposition (cf. Theorem
[210) : (Ax, By) = (C\,Cy\) - (B, By), where Cy € AGS, BY € AFGE and
By € A=GS.
(S3) Take an open neighborhood V- of M at p, and a smooth map h® = h®(p) : V. — HC
such that
(1) Ci(p) € G for all (p,\) € V x St,
(2) C4(p,) = id, where C := Cy - hC.

(S4) Then, fr:=moC,: (V,J) = (G/H,V") becomes an S'-family of pluriharmonic

maps.

PROOF. (S1), (S2): For the solutions Ay and B to (S1), we deduce that they satisfy
(334) Vc(A)\) = B)\

in terms of dva(ny) = 7a. Since Ay(p,) = id = Bi(p,) and (Ax(po), Ba(po)) belongs to a
suitable open subset of AGE x AGS, one can factorize (Ay, By) by means of (S2).

(S3): Let us assume that both (S1) and (S2) hold on an open neighborhood W of M
at p,. We will confirm that there exist an open neighborhood V' (C W) of M at p, and
a smooth map h® = h®(p) : V. — HC such that

(1) Ci(p) - hS(p) € G = Fix(G, v) for all (p, ) € V x S1;
(2) Calpo) - HE(p) = id
—that is, we want to assert that (S3) holds. First, let us verify

C)\(po) =id.

By Ax(p,) = id = By(p,) we conclude AfGE 2 B (p,) = Ci(po) ™! = By (p,) € AGE; so
that Cy(p,) € (AfGE N A~GS) = {id}, and C\(p,) = id. Next, we will deduce that
(3.3.5) (Cx(¢))7' - v(Cx(q)) € HE for any point (¢, \) € W x S™.
Since (834), B32) and Cy = A, - (BY)™ = B, - (By)™', we obtain

(O3 ve(C) = (Br (BY) ) oAy (BD) ™) = By -ve(BY) ™) € A°GF
The above also leads to (Cy) ™ ve(C) = ve ({(C))7Hve(Ch)} ) € ve(A~GS) = ATGE.
Therefore we have (Cy)~! - ve(Cy) € (AGENATGE) = HE, and so (B3.3) follows. It
remains to show that there exist an open neighborhood V of M at p, and a smooth

map h® = h®(p) : V. — HC satisfying the equations (1) and (2) above. Let Uy and Oy
denote open neighborhoods of H® at id and of h® at 0 such that exp : Oy — Uy is a
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diffeomorphism and v(Uy) C Ug. Since [3:3.35) and (Cy(p,))~' - v(C(p,)) = id € Uy,
there exists an open neighborhood V' (C W) of p, in M such that (C\(p))~'-v(Cx(p)) € Uy
for all p € V. Hence,

(3.3.6) (Cx(p))~t - v(Cx(p)) = exp X(p) on V,

where X = X(p) : V. — Oy is a smooth map with X(p,) = 0. This yields
exp dv(X (p)) = v((Ca(p) ™" - v(Ca(p))) = v(Ca(p)) ™" - (Ca(p)) = exp(—X(p))

Ca(p)-h"(p)

and dv(X (p)) = —X(p). Accordingly we conclude that (1) v(Cy(p)-h%(p)) =
) == exp((1/2) - X(p))

for all (p, \) € V x S* and (2) Cx(po) - h€(p,) = id, by setting h®(p
(cf. (33.4)).

(S4): The arguments below will be similar to those of the proof of (S3) in Proposition
3.23 Define a g-valued 1-form $* on (V,J) by p* := (C{)~! - dC}, and express it as

B = (BYg + (B )m = (BY)y + (B + (B, where g = b @ m (see (2.3.6) for (4*);, and
(8M)7). Then, it suffices to verify ([3.3.7):

(3.3.7) Br= (B + A7 (B + A - (BN

Indeed, 8* = (C})~! - dC} satisfies dB* + (1/2) - [8* A 8] = 0 for any A\ € S!, and so
Proposition 2.3.3 and ([3.3.7) allow us to conclude that f\ = 1o C% : (V,J) = (G/H,V")
is a pluriharmonic map for every A € S!. Direct computation, together with C\ =
Ay (BH)™' =B, - (By) ! and Cf = Cy - h€, gives us

(8%,8%) = ((Cy)~1-dCy, (C}) - dCy)
= (D o (D)™ 4 DY -d(D) ™, Dy - (DY) 7+ Dy - d(D3) ™),
where (DF)™! := (Bf)™!- hC. It follows from h® € HC that D € A*GE. Therefore, the
Fourier series 8 = 5 ez BrAF is actually a Laurent polynomial of the form
(a) AP =A"Ba+Bo+Xr Bra=A"((B-0) + (B-0)") + Bo+ A ((B11) + (B+1)")

because the n-th and m-th Fourier coefficients of DY -7, - (D)™ + D} - d(Dy)~! and
Dy -7y (DY) '+ Dy -d(Dy )" are zero for all n < —2 and 2 < m, respectively. Moreover,
(@) simplifies to

(a') Br= X" (Bo1) + Bo+ A (B)”

because the —1st and +1st Fourier coefficients of DY -7, - (DY)~' + DY - d(Dy)~" and
Dy -7y (DY)t + Dy - d(Dy)" are holomorphic and antiholomorphic, respectively. In
view of (&) and 8* € AgC it turns out that (8')y, = By and (BY)m = (B1) + (B+1)".
Therefore (3.3.7) follows from (B'),, = (8_1) and (8Y)! = (B11)". O
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4. Relation between pluriharmonic maps and para-pluriharmonic maps

In this section, by utilizing the loop group method, we interrelate pluriharmonic maps
with para-pluriharmonic maps. We consider two real subspaces A?" and B?" of C?"
(cf. Subsection 1), and two symmetric closed subspaces G1/H;, and Gy/H, of G¢/H®
(cf. Subsection [4.2]), and we investigate the relation between certain pluriharmonic maps
f1: A*™ — G1/H, and certain para-pluriharmonic maps f, : B> — G4/ H, (cf. Subsection
4.3).

fi: A* — G4/H, pluriharmonic
N N
C2n G(C / H(C
U U
f2 : B*® — (Gi9/ H,, para-pluriharmonic

4.1. The real subspaces A?" and B?" of C?". Let A?" and B*" be the real subspaces
of C?" given by

A= {2 2wt Jw™) € Ct x CM 2t = w? for all 1 < a < n}
={(z,w) e C" x C"|w = z},
B* .= {(z',--, 2" w -, w") €C" x C"| 2% = 2% and w* = w° for all 1 < a < n}
=R" x R".
Let (zt, -+, 2" 9% -+ ,y") denote the global coordinate system on B*" defined by 2% :=
Re(z%) and y* : (w“) for 1 < a < n. Define smooth (1,1)-tensor fields J on A?" and
I on B*" by

J(aia) = i%’ J<82a> = _Za% and I(aia) = aia’ I(aia) = _aia'

Then (A?",J) and (B*,I) are simply connected complex and para-complex manifolds,
respectively. Henceforth, for the natural coordinate systems (z',---, 2" 2, ---,2") on
AP (xl oo gyt - y™) on BP and (2Y - 2% w!t - w™) on € we will use the

notation (z,z), (x,y) and (z, w), respectively.

4.2. The symmetric subspaces G,/H; and G5/H, of G®/HC. In this subsection, we
introduce two symmetric subspaces G1/H; and Ga/Hy of GE/H®. Let G© be a simply
connected, simple, complex linear algebraic subgroup of SL(m, C), let o be a holomorphic
involution of G, and let v; and v be antiholomorphic involutions of G© satisfying [0, 1] =
[0, 1] = [v1, 5] = 0. Then we define H, G;, H;, m; (i = 1,2) and g as follows:

(4.2.1) H® := Fix(G®, o),

(4.2.2) G; = Fix(G®, 1),

(4.2.3) H; := Fix(Gy,0) = Fix(H®, v;),

(4.2.4) m;: the projection from G; onto G;/H;,

(4.2.5) gy := Lie Gs.
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Clearly, (G®/HC, o) is an affine symmetric space, and both G| /H; and G5/ H, are sym-
metric closed subspaces of (G€/H®, o) (ref. [I8, p. 227] for the definition of symmetric
closed subspace). In particular, (G;/H;, o

G;), © = 1,2, are affine symmetric spaces.

4.3. The main result. With the notation in Subsections 4.1l and we assert the fol-

lowing (see ([B.3.1]) for (v1)c):

THEOREM 4.3.1. Let (ng, 79) = (n6(x), 70(y)) € Py(g2) xP_(g2) be a real analytic, para-
pluriharmonic potential on (B2", 1), and let (f3)g = T 0 Co(x,y) : (W, I) — (Go/H,, V1)
denote the R -family of para-pluriharmonic maps constructed from (ng, 1) in the neighbor-
hood W of B*" at (0,0) in Proposition[3.2.3. Suppose that (ne, 79) satisfies the morphing
condition

(M) d(r1)c(A(2)) = 7a(2).

Then, there exist an open neighborhood V of A" at (0,0) and a smooth map h®(z,Z) :
V — HC such that
(1) Ci(z,z) € Gy for all (z,z;\) € V x S,
(2) (fi)a := m 0Ci(2,Z) : (V,J) = (G1/Hy,V?') is an S*-family of pluriharmonic
maps with C4(0,0) = id, where C}(z,7) := C\(z,Z) - h®(z,Z).

REMARK 4.3.2. (i) Since both 7y(x) and 74(y) are analytic on B** and B?" is a totally
real submanifold of C*" one can uniquely extend them as holomorphic 1-forms 7y(z) and
To(W) to an open subset W of C2" such that B2"  W. For this reason, the notation a(z)
and 7(z) in Theorem 3.7l makes sense.

(ii) Similarly, one can verify that the notation C)(z,2), used in Theorem 3.1, makes

sense.

Proof of Theorem 31l Let (Ax(x), BA(y)) = (CA(x,Yy), Ci\(x,y)) - (BY (x,¥), By (x,y))
denote the Iwasawa decomposition in (S2) of Proposition B.223l Note that A,(x) and
Bi\(y) satisfy

(Ay - dAN(x) =m(x), (B -dBy)(y) = 7a(y), Ax(0) =id = B,(0).

Since (nx(x), 7a(y)) is analytic, we deduce that Ay(x), By(y), Ci(x,y) and By (x,y) are
analytic with respect to the variables x and y. Therefore these matrices have unique
analytic extensions Ay (z), Ba(w), Cx(z, w) and By (z, w) to an open neighborhood W
of C?" at (0, 0), respectively, because B*" is a totally real submanifold of C**. Then on
the neighborhood W N A2 of A2 at (0,0), we confirm that Ay(z) and By(Z) satisfy
(A" - dAy)(z) = na(z), (BY' - dB))(Z) = 7\(Z) and A,(0) = id = B,(0); and further-
more, (A)(z), B\(Z)) = (C\(2,2),C\(2,2)) - (B)(2,%), B) (z,Z)) becomes the Iwasawa
decomposition in (S2) of Proposition B.3.2] where we remark that (n\(z),7\(z)) satisfy
(nA(z), 7A(Z)) € P'(g%) x P"(g%) and d(v1)c(na(z)) = 7.(Z). Consequently, the proof of



20 N. BOUMUKI AND J. F. DORFMEISTER

Proposition [3.3.2] assures that there exist an open neighborhood V' C W N A2 of A2 at
(0,0) and a smooth map h®(z,z) : V — HC satisfying the conditions (1) and (2). O

5. APPENDIX

We will interrelate concretely some pluriharmonic maps with para-pluriharmonic maps
by means of Theorem [4.3.1l In Subsection 5.2 we will focus on harmonic maps and Lorentz
harmonic maps. This will yield a relation between CMC-surfaces in R3 and CMC-surface
in R3.

5.1. A relation between certain pluriharmonic maps and certain para-pluriharmonic
maps.

51.1. f1: A* = Gryy(C) < fy: B* = Gry4(C'). Following the main result of this pa-
per, we construct in this subsection a pluriharmonic map fi (2!, 2%, 2!, 22) : A* = Gry4(C)
and a para-pluriharmonic map fo(z!, 22, y',4%) : B* — Grqos(C') from one potential
(E.II0) below, where Gry4(C) (resp. Gra4(C’)) denotes a complex (resp. para-complex)
Grassmann manifold. In this subsection, we will use the following notation:
(5.1.1) G = SL(4,C),
(5.1.2) 0(A) =I5+ A- I for A € GY, where Iy, := diag(—1,—1,1,1),
(5.1.3) v (A) :=={(A)~! for A € G,
(5.1.4) vy(A) := A for A € G,
(5.1.5) G*/H® = SL(4 C)/S(GL(2,C) x GL(2,C)),
(5.1.6) G1/Hy, = SU(4)/S(U(2) x U(2)) ~ Grz4(C),
(5.1.7) Go/Hy = SL(4,R)/S(GL(2,R) x GL(2,R)) =~ Grq4(C'),
(5.1.8) m;: the projection from G; onto G;/H; (i = 1,2),
(5.1.9) g := Lie Gy = s[(4, R).

First, we define a A_y oo (gs)o-valued, real analytic para-holomorphic 1-form ng(z!, 22)
on (B*, I) by

0 00 1 000 0
0 000 0010

5.1.10 La?) =071 de't + 671 dz?.

(5.1.10) mo(@, 77 0 00o0|™T 0100
100 0 0000

Taking the morphing condition (M) of Theorem 31l into consideration, we define a
A_.1(g2),-valued, real analytic para-antiholomorphic 1-form 74(y*, y?) on (B*, I) by set-

ting
0 00 1 00 0 0
0 00 0 00 -10
Ly?):=0 dy' + 6 dy?.
o(y", y°) 00 ol®™ 0y 1 o ol
~100 0 00 0 0



PLURIHARMONIC MAPS AND PARA-PLURIHARMONIC MAPS 21

Hence we obtain the real analytic, para-pluriharmonic potential (ny(zt, %), 7o(y!, ).
From Proposition B.2.3 we obtain a para-pluriharmonic map fy : (B*, 1) — Gy/Hy ~

GT274((C/).

(S1): Solve the two initial value problems:

(Ag)7t-dAy =ng, (A7) 1-dAS =79, Ay(0,0)=id.

The solutions are

Ae_(xl,x2) =

Af(yty?) =

cos(z'/0)
0
0
—sin(x'/0)
cos(Oyt)
0
0
—sin(Oy*)

0 0
cosh(x?/0) sinh(x?/0)
sinh(z%/6) cosh(x?/0)

0 0

0 0
cosh(—0y?) sinh(—0y?)
sinh(—6y?) cosh(—0y?)

0 0

sin(z'/0)

0

0 :
cos(z'/0)
sin(Oy)

0

0
cos(Oyt)

(S2): Factorize (4, , AF) € A7 (Ga)s x AF(Gy), in the Iwasawa decomposition Theorem

0. 1.0k

(A, Ag)

= (C9709) ’ (B;_a BG_)>

where Cy € K(G2)o, B € K:(Gg)o and B, € K_(Gg)o. Here, B;t and Cy are given by

Bf = (A7)7! and

C@(Il,l’2,y1,y2)

cos(x' /0 + Oy*) 0 0 sin(z'/6 + 0y")
_ 0 cosh(z?/60 — Qy?) sinh(2?/6 — 6y?) 0
B 0 sinh(2?/0 — 0y?) cosh(x?/0 — 0y?) 0
—sin(x' /0 + 0y") 0 0 cos(x' /6 + Oy*)

(S3): The last step of Proposition B.2.3] assures

(fa)g := ma 0 Cy(zt, 22, y', y?) : (B*,I) = Gry4s(C') is para-pluriharmonic

for every 6 € RT.

We will construct a pluriharmonic map f; : (A*,J) — Gi/H; ~ Gry4(C) from
Co(zt, 2%y, %) given above. Substituting A, z* and z° for 6, x' and y’, respectively

(1 =1,2) we obtain

C’A(zl, 22,7, 22)

cos(2t /A + A\zh)

0
0

0 0 sin(z' /XA + Azh)
cosh(z2/X — A\z?) sinh(z?/\ — \Z?) 0
sinh(22 /X — Az?) cosh(z2/\ — \%?) 0

0 0 cos(z' /A + Azt

—sin(z' /A + \z')
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for Cy(x', 22, 9%, y?). Then Cy(z', 22,24, 2%) € Gy = SU(4) for all (21,2221, 2% )\) €
A* x S because z!/)\ + A\z! is a real number and 2%/\ — A\z? is a purely imaginary
number. Hence, we conclude that

(fi)a =m0 Ox(24, 22,21, 2%) : (A%, J) — Gre4(C) is a pluriharmonic map
for every A € S'. Consequently, we have constructed a pluriharmonic map f; : A* —
Gry4(C) and a para-pluriharmonic map f, : B* — Gry4(C’) from the potential (5II0).
(fi)a = m o Cy\(21, 22,21, 22) : (A1, J) — Gro4(C) is pluriharmonic

0

(f2)g = ma 0 Cy(xt, 2%, 4", %) : (B, I) = Gras(C') is para-pluriharmonic

5.1.2. f1: A* = S§* < f, : B* — H*. In this subsection, we will construct a plurihar-
monic map fi(z!,22% 2!, 2%) : A — S? and a para-pluriharmonic map fo(x!, 22, yt, 4?) :
B* — H* by arguments similar to those in Subsection [.I.1. Here S* and H* denote a
sphere and a upper half space of dimension 4, respectively. Henceforth, we will use the

following notation:

(5.1.11) G~ = Sp(2,C) (see [14, p. 445] for Sp(2,C)),

(5.1.12) 0(A) := Ky, - A- Ky for A € G%, where K, ; := diag(—1,1,—1,1),
(5.1.13) 1y (A) :=1(A)~! for A € G,

(5.1.14) vy(A) := Ky, - H(A)~! - K, for A € G,

(5.1.15) G*/H" = SP(2 C)/(5p(1,C) x Sp(1,C)),

(5.116) G1/Hy = Sp(2)/(Sp(1) x Sp(1)) ~ S

(5.1.17) Go/Hy = Sp(1,1)/(Sp(1) x Sp(1)) ~ H*,

(5.1.18) m;: the projection from G; onto G;/H; (i = 1,2),

(5.1.19) go := Lie Gy = sp(1,1).

Define a A_j o (g2)o-valued para-holomorphic 1-form (2%, 22) on (B*, 1) by

01 0 O 0 -1 0 0
1 —1

ne(zt, x?) = 071 0 8 8 01 dz' + 0 8 (1) da?.
00 -1 O 0 0 10

In view of the morphing condition (M), it is natural that one defines a K_oo,l(gg)g—valued
para-antiholomorphic 1-form 7(y, y?) as follows:

0 -1 0 0 01 0 0
1.0 00 10 0 0
L2y =g dyt + 671 4.
oy y7) o o0 o 1|®T oo o -1
0 0 10 00 -1 0

Let us solve the two initial value problems: (A, )~'-dA; = ny and (A})~'-dAS = 75 with
AF(0,0) = id, and factorize (A4, , AJ) € A(Gy)s x A(G2), in the Iwasawa decomposition



PLURIHARMONIC MAPS AND PARA-PLURIHARMONIC MAPS 23

(cf. Theorem BIH): (A, , AJ) = (Cy,Cy) - (By, By ), where Cy € A(Gs)., By € AF(Gs),
and B, € A~ (G3),. Then, it follows that

cosh(ml_g%Q) sinh(ml_g2m2) 0 0
. 2l 2:22 rl— 2:22
A (2 2?) = sinh(Z=-%)  cosh(*=0-) 0 2 0 »
o\ 0 0 cosh( ) —sinh(f—=) |’
0 O . Slnh(xl_gQZ.Q) Cosh( 02 2)
cosh(=-) — smh( Y v ) 0 0
— sinh( yz) cosh(? v _y ) 0 0
At ! sin ’
o (YY) 0 0 COSh(ezyle_y2> Sll’lh(ezyle_y2>
0 0 sinh( 923’19_1“’2 ) cosh( 92y19_y2 )
By (z*,y")
cosh(f(z* —y')) —sinh(0(z? —y')) 0 0
|- sinh(0(z* —y'))  cosh(f(z* — y1)) 0 0
- 0 0 cosh(f(z* — y')) sinh(6(z* —y')) |’
0 0 sinh(0(2? — y')) cosh(f(z? — y'))
1_ 2 o xl_yz
cosh(—x 2 smhi—l_z ) 0 0
B (2. y) = —sinh(*5%)  cosh(*5%) 0 ; 0 p
o \L 0 0 cosh( N L) Slnh(x 7 )|
0 0 sinh(% g ) cosh(Z g )
cosh( ) sinh( 992 0 0 0
inh(Z="4)  cosh(Z=04") 0 0
Co(z', 22,y %) = S 0 9
o(z7, 2%y, y7) 0 0 cosh(%) —Sinh(xl_i‘ﬂyl)
0 0 — sinh(xl_g2yl) cosh(m)
Substitute A, z* and z* for 6, x* and y* (i = 1,2), respectively:
cosh(2=2)  sinh(222°2) 0 0
. S 221 1 221
C)\(Zl 22 Zl 22) Slnh( )>\\ ) COSh( )>‘\ ) (1] 2-1 01 21
0 0 cosh(*=5-)  —sinh(*57)
0 0 — sinh(izl_le) cosh(izl_i‘%l)

for Cp(zt, z2,y1 y?). Since (2! — A\?z')/) is a purely imaginary number, one sees that
Ci(24, 22,2, 2%) € G = Sp(2) for all (21, 22,21, 2%, \) € A* x S'. Accordingly, we obtain
a pluriharmonic map f; and a para-pluriharmonic map fs,

(fl))\ =Tm OCA(21,22,21,22) : (A4 J) — Gl/Hl ~ S4 AE Sl,
(fo)o = a0 Cy(at, 22,y y?) : (BY, 1) — Gy/Hy ~ H*, 6 € RT

(ref. Subsection B.1.1]).
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(fi)x = m o Oy(21, 22,24, 2%) : (A%, J) — S? is pluriharmonic

0

(fo)g = ma 0 Cy(at, 2%,y  y?) : (B, I) — H* is para-pluriharmonic

5.2. Harmonic maps, Lorentz harmonic maps and CMC-surfaces. In this sub-
section we will interrelate some harmonic maps fi(z,z) : A> — G;/H; with Lorentz
harmonic maps fo(x,y) : B> — Go/H, by means of Theorem 3.1} and in addition, we
will interrelate CMC-surfaces with other CMC-surfaces in R? or R?, by use of fi(z,z) and
fo(x,y). More precisely, we interrelate a cylinder in R® with a hyperbolic cylinder in R?
(cf. Subsection E.2.0]), a two sheeted hyperboloid in R? with a one sheeted hyperboloid in
R3 (cf. Subsection [5.2.2)), a sphere in R? with a one sheeted hyperboloid in R? (cf. Sub-
section [£.2.3)), a Smyth surface in R* with a timelike Smyth surface in R? (cf. Subsection
5.2.4), and a Delaunay surface in R® with a K-surface of revolution in R? (cf. Subsection

6.2.5).

5.2.1. Cylinder in R® < Hyperbolic cylinder in R3. In this subsection we will use the
following notation:

(5.2.1) G~ = SL(2,C),

(5.2.2) o(A):=11-A-I, for A€ G®, where I ; := diag(—1,1),

(5.2.3) v1(A) :=t(A)~! for A € GC,

(5.2.4) vy(A) := A for A € G,

(5.2.5) G¢/H® = SL(2 C)/S(GL(1,C) x GL(1,C)),
(5.2.6) G1/Hy = SU(2)/S(U(1) x U(1)) = 52,

(5.2.7) Go/Hs = SL(2,R)/S(GL(1,R) x GL(1,R)) ~ S?,
(5.2.8) m;: the projection from G; onto G;/H; (i = 1,2),

(52.9) g

5.2.9 do2 —LleGg—ﬁ[(Q ]R)

We will construct a harmonic map f; : (A% J) — S? and a Lorentz harmonic map
f2 : (B2, I) — S? by means of Theorem 3T} and moreover, a cylinder in R?® and a
hyperbolic cylinder in R? from f; and f,, respectively.

In the first place, we define a K_Loo(g2)o—valued, real analytic para-holomorphic 1-form
ne(x) on (B2, I) by

{01
(5.2.10) ne(x) := 06 <1 0) dzx.

In the second place, we define a K_Oql(gg)a-valued para-antiholomorphic 1-form 74(y) on
(B2, I) by taking the morphing condition (M]) in Theorem E31linto consideration, i.e.,

To(y) =0 <_01 _01) dy.
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In the third place, let us solve the two initial value problems: A,*-dAy = ny(z), B, *-dBy =
To(y) and Ay(0) = id = By(0). In this case, one can obtain

_ [cosh(07'x) sinh(6'x) [ cosh(—0y) sinh(—0y)
Aole) = (sinh(@‘lx) cosh(@‘%c))’ Baly) = (sinh(—@y) cosh(—@y))

and the Iwasawa decomposition: (Ag(z), Ba(y)) = (Co(x,y), Co(x,y))-(By (z,v), By (z,y)),
where By (z,y) := Bp(y)™' € AF(G2), and By (z,y) := Ap(x)™! € A (G2),. Here
Cy(z,y) is given as follows:

cosh(6~tz — fy) sinh(0~1x — 9y)>

5.2.11 C =
( ) 6($a y) (sinh(e_lft o ey) COSh(e_ll' — Hy)

This Cy(x,y) provides us with an RT-family of Lorentz harmonic maps
(fa)o =m0 Cy(w,y) : (B*, 1) — Ga/Hy = S, 0 € R*

(cf. Proposition B.2:3)). In the fourth place, we substitute A, z and z for #, = and vy,
respectively:

~ cosh(A™'z — Az) sinh(A7'z — \2)
5.2.12 C =
( ) A(22) (sinh()\_lz —Az) cosh(A™1z — \z2)

for Cy(z,y). Remark that C\(z,z) € Gy = SU(2) for all (z,z;\) € A% x S! because
(A™'2—)\2) is a purely imaginary number. As a consequence, one can construct a harmonic
map f; and a Lorentz harmonic map fs,

(fi)x=moC\(z,2): (A% J) — Gy/H, ~ 5% e S,
(f2)9:7T2OC€(I7y): (]827]) —>G2/H225127 9€R+7

from the potential (5.2.10) ny(x).
(fi)x =m 0C\(z,2): (A% J) — S? is harmonic
i

(fo)g = ma 0 Cy(x,y) : (B I) — S? is Lorentz harmonic
Here C)\(z, 2) and Cy(z,y) are given by (.212) and (5.2.T1]), respectively.

Note that we have constructed the extended framing C\(z, z) : A — S? of a harmonic

map and the extended framing Cy(z,y) : B> — S} of a Lorentz harmonic map. For this
reason, the Sym-Bobenko formula will enable us to obtain a CMC-surface ¢;(z, z) : A? —
R? and a timelike CMC-surface ¢o(z,y) : B> — R} from them.
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For C\(z, ), the Sym-Bobenko formula in [11, p. 30] yields

_ 0C) _ 1 1 0
61(z,2): = — { A o Cit+ 5 Ad(CA)~<O —z)}

i cosh2(z — z) —2(z 4+ z) —sinh 2(z — 2)
2 \—2(2+2) +sinh2(z — %) —cosh2(z — 2)

~ (=2(z+ 2),i-sinh2(z — 2), —cosh 2(z — 2)).

This CMC-surface ¢(z,2) : A? — R?® is a cylinder. For Cy(z,y), the Sym-Bobenko
formula in | H is given as follows:

bo(z,y) : = — { 9. % c;t +— Ad(Cy) - (‘()1 2)}

_ cosh 2(x — y) —2(z +y) — sinh 2(z — y)
—2(z +y) + sinh 2(z — y) —cosh2(z — y)

~ (sinh 2(z — y), —2(x + y), — cosh 2(x — y)).

This timelike CMC-surface ¢o(x,y) : B> — R? is a hyperbolic cylinder, because —(sinh 2(z—
Y)? + (—2(x +y))* + (—cosh2(z — y))? = 4(x + y)* + 1 (see Section 1.1 in [9] for the
metric on RY).

CMC-surface in R?: Cylinder
$1(2,2) = (—2(2+2),i-sinh 2(z — 2), — cosh 2(z — 2))

0

Timelike CMC-surface in R3: Hyperbolic cylinder
¢2(x,y) = (sinh2(z — y), =2(z + y), — cosh2(z — y))

5.2.2. Two sheeted hyperboloid in R} < One sheeted hyperboloid in R3. In this subsection
we will use the following notation:

(5.2.13) G®: the same notation (5.2.1) as in Subsection B.2.1]
(5.2.14) o: the same notation (5.2.2) as in Subsection £.2.1]
(5.2.15) vy (A) :== I, - Y(A)~™ - I, for A € G,

(5.2.16) vo(A) =1, - A I, for A € G,

(5.2.17) GE/HE: the same notation (5.2.5) as in Subsection F.2.1]
(5.2.18) Gi/H, = SU(1,1)/S(U(1) x U(1)) ~ H?,

(5.2.19) Gy/Hy = SL.(2,R)/S(GL(1,R) x GL(1,R)) ~ S?,
(5.2.20) m;: the projection from G; onto G;/H; (i = 1,2),

(5.2.21) go := Lie Gy = s, (2, R).

1 We must change (®/dt) into —(d®/t) in the Sym-Bobenko formula [9, Proposition 5.1] because

the parameter \ in this paper corresponds to the parameter A=! in [9].
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where the above notation SL.(2,R) and sl.(2,R) are the same as those in [17].
The arguments below are similar to those in Subsection E.2ZIl Define a A_1 »(g2),-
valued analytic para-holomorphic 1-form 7 (x) on (B?, I) by

{0 i
(5.2.22) ne(z) =0 <O 0) dx.

We want 75(y) € P~(g2) to satisfy the morphing condition (M) in Theorem E3.1t and
therefore we define 75(y) as follows:

To(y) := 0 (Ez 8) dy.

Solve the two initial value problems: A;'-dAy = ny(z), B,' - dBy = 15(y) and Ay(0) =
id = By(0). Then one has

wio= (3 ) mo= (0

Let us factorize (Ag, By) € A(Ga)s X A(Gs), in the Iwasawa decomposition around (0, 0):
(AQ,BQ) = (Cg,Cg) . (B;,Be_), Cy € A(Gg)g and B;t c Ai(Gg)U (Cf Theorem m)
Here Bgt and Cy are given as follows:

1 1 0 _ 1 1—azy —i0'w
B - B -
0 (@:y) m(zey 1—xy>’ o (@) m( 0 1 )

1 1 'z
5.2.23 C = — .

From Cy(z,y) one obtains an R-family of Lorentz harmonic maps
(fo)o = ma 0 Cy(x,y) : (W, 1) — G/ Ha =~ SF,

where W := {(z,y) € B?|zy # 1}. Substituting A, z and z for 6, = and y, respectively,
we have

1 1L iz
5.2.24 Cr(e3) = 1
5224 52 = T <—i>\2 1 )
for Cp(x,y). It is obvious that Cy\(z,2) € Gy = SU(1,1) for all (z,z;\) € V x S, where

V .= A?\ S'. Consequently, one can get a harmonic map fi(z, ) and a Lorentz harmonic
map fa(z,y),

(fi)a=moC\(z,2): (V,J) — Gi/H, ~ H?, e S,

(fo)g =m0 Cy(x,y): (W, 1) — Go/Hy =~ S%, 60 €RT,

from the potential (5.2.22)).
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(fi)x=m0C\(z2): (V,J) — H? is harmonic
0

(fa)g =m0 Cy(x,y) : (W, I) — S? is Lorentz harmonic
Here Cy\(2, z) and Cy(z, y) are given by (5.2.24) and (5.2.23)), respectively; and V = A%\ 5!
and W = {(z,y) € B? |2y # 1}.

Now, let us obtain a spacelike CMC-surface ¢1(z,2) : V. — R} and a timelike CMC-
surface ¢o(z,y) : W — R? from the above f(z, z) and fy(z,y), respectively.

On the one hand, the Sym-Bobenko formula in [4], together with (5.2.24]), gives us

I RN To i 0
$1(2,2) 1 = {z A o O +2 Ad(CYy) (0 —z)} -

_ <—z’<1 FP)21 - ) 22/ - [a?) ) |

—2z/(1— |2?) i(1+3212)/2(1 — |2?)

Thus we have a spacelike CMC-surface in R3,

24z i(z—2) 1—|—3|z|2>

VR, (59> (-
¢1 — 1 (Z?Z) = 1 . |Z|2’ 1 . |Z|2’ 2(1 I |Z|2)

(cf. Subsection 3.2.1 in [4]). This ¢i(z,2) is a two sheeted hyperboloid centered at
(0,0,1/2) because

( z+z>2+<i(z—z))2 ( 1+ 3z 1)2_ .

1— |z 1|22 20— 1) 2/

(see Subsection 3.2.1 in [4] for the metric on R$). One the other hand, the Sym-Bobenko
formula in [17], combined with (5.2.23)), gives us

oC
ool y) = — {9 O - Ad(Cy) (3 _01> }

_ —(1 4+ 3xy)/4(1 — zy) iz/(1 — zy)
iy/(1 — zy) (1+ 3zy)/4(1 — xy)

(ref. Proof of Corollary 3.4 in [17]). Then it turns out that

=1

1—ay 1—ay’ 2(1 — zy)

(cf. Subsection 3.1 in [I7]). This ¢o(z,y) is a one sheeted hyperboloid centered at
(0,0,1/2). Indeed, we deduce

(_Hy)z_(_u)l(_ﬂ_l)l_l
1—xy 1—2xy 2(1 —xy) 2/

by a direct computation (see Remark 3.2 in [17] for the metric on R?).
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Spacelike CMC-surface in R?: Two sheeted hyperboloid

N 24z i(z=2) 143|2|>
(bl(z, Z) = (_1—|z|2’ 1—[z2» _2(1—|z|2)>

Timelike CMC-surface in R$: One sheeted hyperboloid

¢2(x7 y) = (_ 1w_tvyy> - 1x__wyya - gl(ji%Z))

5.2.3. Sphere in R? < One sheeted hyperboloid in R}. In this subsection, we utilize the
same potential as in Subsection [£.2.2] but we will obtain other CMC-surfaces. For this
we will use the following notation:

(5.2.25) G®: the same notation (5.2.1) as in Subsection B.2.T]
(5.2.26) o: the same notation (5.2.2) as in Subsection [5.2.1]
(5.2.27) v1: the same notation (5.2.3) as in Subsection [5.2.1],
(5.2.28) vy: the same notation (5.2.16) as in Subsection [5.2.2]
(5.2.29) GE/HE: the same notation (5.2.5) as in Subsection F.2.1]
(5.2.30) G1/H;: the same notation (5.2.6) as in Subsection [5.2.1]
(5.2.31) Go/Hs: the same notation (5.2.19) as in Subsection [5.2.2]
(5.2.32) m;: the projection from G; onto G;/H; (i = 1,2),

(5.2.33) go: the same notation (5.2.21) as in Subsection [5.2.2

Let 7(x) denote the potential (5.2.22). Define 75(y) € P~ (gs) by

To(y) := 0 (? g) dy.

Here we remark that (ng(x),79(y)) is a real analytic para-pluriharmonic potential on
(B2, I) satisfying the morphing condition (M]). Solve the two initial value problems:
Ayt - dAy = my(x), By - dBy = 19(y) and Ay(0) = id = By(0); and factorize (Ay, By) €
A(Gs)s x A(G3), in the Iwasawa decomposition (cf. Theorem BI5): (Ag, By) = (Cp, Cp) -
(Bj, By ), Cs € AN(Ga), and Bf € AE(G,),. In this case it follows that

Aw) = (é " “’) Buly) = (;y ‘f)

1 1 0 _ 1 1+ay —if 'z
B - B - :
o (@) I +ay (—zﬂy 1+xy> By (@) I+uzy ( 0 1 ) ’

Colay) = 1 1 0 '
Y= ATy iy 1)
It is easy to see that Cy(z,z) € G; = SU(2) for all (z,z;\) € A? x S1. Accordingly, we
obtain a harmonic map f; and a Lorentz harmonic map fo,

(fi)x=moC\(z2): (A2>J) — G/H, ~ 52> A€ Sl>
(f2)9:ﬂ-2009(x7y): (Wvl) —>G2/H2ZS%7 9€R+7
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from (5.2.22)). Here W := {(z,y) € B? | zy # —1}. The above maps will provide us with a
CMC-surface ¢; : A2 — R3 and a timelike CMC-surface ¢, : W — R3. The Sym-Bobenko
formula in [11], combined with C\(z, z), gives

_ oC) 1 0
$1(z,2) : = — { A o Ccyt +— Ad(CYy) - (0 _Z>} .

:—_z'<<1—3|z|2>/<1+|z|2> —4iz/(1+ |2]?) )
2

L4iz/(1+ 2 (1 =32/ (1 + 2%

N (—Qi(z—z) —2(z+2) —1+3|z|2>
N I -1 B P R I P

This CMC-surface ¢1(z,2) : A?> — R? is a sphere centered at (0,0,1). By the above
Cy(x,y) and the Sym-Bobenko formula in [17], we obtain

_ 1 0Cy 1 0
ooz, y) = 2{9 20 C’ +— Ad(Cy) - (0 _1>} -

_ (—(1 — 3zy)/4(1 + zy) ix/(1+ zy) )

—1y/ (1 + zy) (1= 3zy)/4(1 + zy)

N(_:):—y Tty 1—3:):3/)
SN 14wy 14azy 2(0+ay)/

This timelike CMC-surface ¢o(z,y) : W — R} is a one sheeted hyperboloid centered at
(0,0,1/2) because

(_:)s—y>2_ (_:)s+y)2_ (_ 1 —3zy _1)2__1
14y 14y 2(1+xy) 2/
(see Remark 3.2 in [17] for the metric on R}).

CMC-surface in R?: Sphere

N\ (—2i(2—2) —2(z+2) —1+3|z?
¢1(2, %) —( TH22 0 1422 0 14122 )

Timelike CMC-surface in R3: One sheeted hyperboloid

o — + 1-3
P27, y) = (_ 1x+xz/7 o fixip —2<1+§Z>)

5.2.4. Smyth surface in R? < Timelike Smyth surface in R3. In this subsection we con-
struct a timelike CMC-surface, ¢o(z,y) : W — R3, from the potential of Smyth sur-
face in R® (cf. (BZ34)); and we study the relation between the GauB equation for
¢a(x,y) : W — R? and the Painlevé equation of type (III). Henceforth we will use the
same notation as in Subsection [£.2.11

Define a A_j o (g2)o-valued, real analytic para-holomorphic 1-form () on (B2, 1) by

(5.2.34) ne(z) := 671 ( 0 1) dr,

™ 0
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where m € N. Taking the morphing condition (M) into consideration, we define 74(y) as

To(z) := 0 (_01 _gm> dy.

Solve the two initial value problems: A;'-dAg = ng(z), B, '-dBg = 15(y) and A(0) = id =

By(0). In terms of Theorem we factorize (Ag, By) € Ay (Ga)s x AF(G2), as follows:

(AQ,BQ) = (Cg,Cg) . (B;,Be_), Cg - A(Gg)a and Bg_ - Aj(Gg)J and BG_ € A_(GQ)J.

Then Proposition enables us to obtain an R*-family of Lorentz harmonic maps
(fa)o = m2 0 Cy(w,y) : (W, I) — Ga/ Hy = S,

where W is an open neighborhood of B? at (0,0). Furthermore, Theorem F3.1] tells us
that there is an S'-family of harmonic maps

(fl))\ =710 Cf\(z,Z) : (‘/7 ']) — Gl/Hl = 527 C&(0,0) = 1d7

where C4(z,2) := C\(2,2) - h®(z, 2) (see Theorem E31] for V and h®(z,%)). From the
above harmonic map fi(z, z), the Sym-Bobenko formula enables us to obtain a CMC-
surface ¢(z,2) : V — R? (ref. Subsection E.2.1]), which is called the Smyth surface (cf.
[10, p. 662]). In addition, one can obtain a timelike CMC-surface ¢o(z,y) : W — R,
from the above Lorentz harmonic map f>(x,y). We end this subsection with clarifying an

follows:

important property of ¢y(z,y) : W — R3:

PROPOSITION 5.2.1. With the above setting and notation, the Gauf§ equation for ¢o(x,y) :
W — R? is the Painlevé equation of type (I11).

PROOF. Our first aim is to deduce (5.2Z306) below. For k = diag(s,1/s) € Hy =
S(GL(1,R)x GL(1,R)), let us define real numbers a = a(k) and b = b(k) by a(k) := s~/™
and b(k) 1= s~U+2m)/m regpectively. Since k- ma(x) - k™t = npay(a-2), k- m(y) -k =
Tay(a™ - y) and Ay (0) = id = B,(0), we understand that

(5235) k- A)\(LL’) kTl = Ab.,\(a . fL’), k- B)\(y) k7= Bb.,\(a_l . y)

It is immediate from By'- Ay = (By)™'- B and (5.2.37) that (k- By (z,y) - k717! -
(k-BY(x,y)- k") =B, \(a-z,a7'-y)' - Bf\(a-z,a! - y) for any k € Hy and X € S*.
Therefore, the uniqueness of the Birkhoff decomposition allows us to conclude

k-Bf(z,y)- k' =B}(a-z,a”'-y) forany k € Hy and X\ € S*.
The above and (5.2.35)) imply that
k-Cx(z,y) - k' =k-Ax(x) - B (z,y)" " - k!
= Apa(a-z)-Biy(a -z, y) P =Cpala-z,a7 - y)
—that is, they imply that
(5.2.36) k-Cx(z,y) - k' =Cypr(a-z,a”t-y) forany k € Hy and X € S'.
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Now, let Uy(x,y) := C\(z,y)"" - 0.C\(z,y) and Vi(z,y) := Cx(z,y)~' - 8,C\(z,y). We
express these Maurer-Cartan forms explicitly as follows:

UA(x,y) = < Um(x,y)/ll —()\_1/2) . H. eU(:c7y)/2> |

A Q(z) - e @ w)/2 T
(5.2.37)
Wz, y) = —uy(x, y)/4 -\ R(y) - e—ul(z,y)/2
’ (\2)-H - ew(z.y)/2 wy(z,y)/4,

where H (# 0) is constant (cf. (2.1.5) in [I7]). Then, the Gau equation for ¢o(zx,y) :
W — R} is

1
(5.2.38) Ugy(2,y) — 2-Q(x) - R(y) - e @Y 4 3 H? - et@v) =
(cf. (2.1.7) in [I7]). This equation will become the Painlevé equation of type (III) later
(cf. (5.2.387). Tt follows from (EZ36) that a*(z,y) = Ci(z,y)~! - dC\(x,y) satisfies

a*(z,y) = Un(z,y)dz + Va(z,y)dy and k - o (z,y) - k™' = a”*a-2,a"! - y). Hence
k-Ux(z,y) - k' =a-Upr(a-z,a b -y), k-Vi(z,y) -k =at Vir(a-z,a”ty).

Accordingly we obtain

U(CL T, at- y) = U(LU, y)7 Q(CL ’ LE‘) =a™- Q(I), R(a_l ’ y) =a " R(y)
from (5.2.37). Let Q(z-y) := u(1, z-y). Then Q(z-y) = u(x,y) follows from u(a-z,a " -y) =
u(x,y) and a := x~!. Hence we conclude that
(5.2.39) Upy = 020,z - y) = 0z - y) - 2) =z -y)" - z-y+Qa-y).

Since Q(a - x) = a™ - Q(x) and R(a™ - y) = a™™ - R(y) one can express Q(r) and R(x)
as Q(z) = Qo - ™ and R(y) = Ry - y™, respectively, where both )y and Ry are constant.

Therefore we show

1
—2-Q(x) - R(y) - e~ w@y) 5 H? . @)

1
= =2:Qo- Ro- (a-y)™ - ™) 4 Z B2 20,

In terms of (5.2.39) and (5.2.40) we rewrite (5.2.38)) as follows:

(5.2.40)

1
(5.2.38) Q)" - t+ Q) —2-Qp- Ry -t™- e ¥ 4 5 H?. % =,
where t := z - y. Furthermore, one can rewrite (5.2.38) as follows:
d*>v  1/dv\2 1ldv 1 H? Ry - Qo
5.2.38" . _<_> _ _(_ 2,y )
( ) du? v \du wdu " u\ 2+m" + 2+ m

by setting u := (2t+™)/2) /(24m) and v := e® .+~™/2_ Consequently we assert that the
Gauf} equation (5.2.38) for ¢o(z,y) : W — R? is the Painlevé equation (5.2.38") of type
(IT). 0
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5.2.5. Delaunay surface in R® < K-surface of revolution in R3. In this subsection we

will use the following notation:

(5.2.41) G®: the same notation (5.2.1) as in Subsection B.2.T]
(5.2.42) o: the same notation (5.2.2) as in Subsection [5.2.]
(5.2.43) vq: the same notation (5.2.3) as in Subsection [5.2.1],
(5.2.44) vy 1= 1y,

(5.2.45) G¢/HE®: the same notation (5.2.5) as in Subsection B.2.1]
(5.2.46) G1/H;: the same notation (5.2.6) as in Subsection [5.2.1]
(5.2.47) Go/Hy = G1/H, = SU(2)/S(U(1) x U(1)) =~ S?,

(5.2.48) m;: the projection from G; onto G;/H; (i = 1,2).

The main purpose in this subsection is to interrelate a surface of revolution in R? (i.e.,
a Delaunay surface in R3) with a K-surface of revolution in R? by means of Theorem FL3.1]
(see Theorem [5.2.7)). Here, a K-surface means a surface of constant negative curvature
K = —1. Such a surface is sometimes called a pseudospherical surface.

According to Toda [27] (see [28] also), one can characterize each K-surface M in R3
by an arc length asymptotic line coordinate system (z,y) on M and the angle function
w(x,y) with respect to (z,y) by the loop group method. For our purpose, we need to
specialize her way concretely to surfaces of revolution. First we recall

LEMMA 5.2.2. Let fpseud(t, V), fayper(w,v) and feonic(u,v) denote the K -surfaces of rev-
olution given in Gray [13, Chapter 19.3]5, respectively:

fpseud(u, V) = (cosusmv sinusinv, cosv + log (tan v/2

Jhyper b cos u cosh v, bsin u cosh v, 1— b2 smh2 , 0<b;
yp ( ) (

feonic(u,v) = (bcosusmhv bsin u sinh v, / \/1 — b2 cosh?(t )dt), 0<b< 1.

Then in each case, an arc length asymptotic line parametrization (x,y) is given by

Pseudosphere : u=2z+y, v =2tan"'(exp(z — y));
: Tty : iz —y) .
Hyperboloid type : u = , U= —i-am ,1b);
w o N i
Conic type : u= Ty v=—i-am(i(z — )17>
e T3 Vi

2Erratum: p. 381, the equation (19.4) in [13], should be —iva2? — b2E(iv/a, —b*/(a® — b?)) instead of
—ivaZz — b2E(iv/a,b?/(a® — b?)).
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and the first fundamental form I is expressed as

Pseudosphere : I;geud = dr* + 2(—1 + m)dxdy + dy?;
Hyperboloid type : Ihtyper =dz? +2 (1 N dn2( = zb))da:dy + dy?;
b
Conic type - b5 —d2+2<1—2~dn2':c— ,Z7>d:cd +dy?
oni ype conic T (Z( y) m) Y Yy

(see Remark[52.2.3 for am(u, k) and dn(u, k)).

PROOF. Gray [13] presents a method of computing asymptotic line parametrizations
by the software Mathematica. His arguments [13, p. 329-330], together with the program
in [I3] p. 328], enable us to obtain the arc length asymptotic line parametrizations (z,y)
for the K-surfaces fpseud(U, V), foyper (2, V) and feonic(u, v), respectively. O

REMARK 5.2.3. Throughout this paper, we use the notation am(u, k), sn(u, k), cn(u, k),
dn(u, k) and sd(u, k) as in Byrd-Friedman [6] for the Jacobi functions.

LEMMA 5.2.4. Let Wyseud(Z,Y), Whyper(T,Yy) and weonic(x, y) be the real analytic functions
around (0,0) defined by

Wpseud(T,y) 1= 2sin~ ! (tanh(x — y));
1
Whyper(x y = 2sin" 1( dn(l( y)

e O )3

Weonic(T,y) := —2sin” <b-sd(%,\/l )

0<b;

+m, 0<b< 1.

Then, they satisfy

(i.1) Pseudosphere : I3 g = A2 + 2 coS(Wpseud (T, y) ) dady + dy?;
(i.2)  Hyperboloid type : Iy, .. = dz® + 2 cos(Whyper(z, y))dzdy + dy*;
(i.3) Conic type : st = dz® + 2 cos(Weonic(T, y) ) dady + dy?;

and furthermore, they are solutions to the sine-Gordon equation 0,0,w = sinw.

PROOF. Both (i.1) and (i.2) are immediate from cosw = 1 — 2sin*(w/2). Let us
show (i.3). By direct computations we have cos(weonic/2) = sin((7/2) — (Weonic/2)) =
b-sd((z —y)/v1—10*+v1-1b?), and

Weonic -y
5.2.49 20— p?sd? V1 —b2).
( ) cos 2 (m )
Transformation formulas in [6, p. 38] lead to
sn(iu, ib/v/1 — b2) = ivV/1 — b2 - sd(u/vV1 — b2, V1 — b?).
Therefore, (5.2.49) and k% - sn?(u, k) + dn’(u, k) = 1 yield that

2 .
1 + cos Weonic 2 Weonic b b

J— P . 2(; —
5 = cos” —— = 1_b2sn(z(:£ Y), —

)—1 dn((a: Y), 1—62)'
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Accordingly one deduces cos(Weonic(7, y)) = 1 —2-dn?(i(x —y),ib/+/1 — b?), and thus (i.3)
follows. Now, the rest of this proof is to demonstrate that wpseud,; Whyper aNd Weonic are
solutions to the sine-Gordon equation, respectively. We will only prove that weonic is a
solution to the equation, because one can consider the other cases in a similar way. Note
that dn((z — y)/v1 — b2,V/1 — b?) is positive around (0, 0) because of 0 < b < 1. On the
one hand, direct computations show

2 1
axWConic = — 7 . dn((x - y)/\/l — b2’ \/1 — b2)’
00w — 2 sE—y) VI VT=P) en((w —y) VT =P VI )

Vi dn?((z — y)/vVI - 02, v/1 - 02)

One the other hand, it follows from (5.2.49) that

a conic a -
OzWeonic * SIN Weonie = —2 - B cos? 2 5 = —20% - a—xsdz(%, V1— b2)

4w sn((z —y)/V1 =02, vV1—=02)-cen((z —y)/V1— b2, V/1 —b2)
V1 — b2 dn®((z — y)/vV1 = b2, V1 — b?)

= OzWeconic * a:caywconio

Therefore, one has 0,0,Weonic = SIN Weonic by Virtue of Oyweonic < 0. ]

REMARK 5.2.5. (i) The solution wpsend(,y) to the sine-Gordon equation in Lemma
[£.2.4] can be rewritten as follows:

(5250) Wpseud(xv y) = 4tan_1(exp(x - y)) -

Indeed, f(z,y) := 4tan~!(exp(z — y)) — 7 is analytic and satisfies wysena(0,0) = £(0,0),
Opwpsend = Opf and Oywpsena = Oy f. (ii) From every solution w(x,y) to the sine-Gordon
equation, one can construct another solution w’(z,y) to the sine-Gordon equation by
setting

(2, y) = w(z, —y) + .

Consequently, w!_..q(z,y) = 4tan"(exp(z + y)) becomes a solution to the sine-Gordon
equation by virtue of (5.2.50]). Toda [27] uses this solution to study pseudospheres.

For the K-surfaces fpseud; fayper and feonic in Lemma [5.2.2] we have obtained arc length
asymptotic line parametrizations (z,y) and the angle functions w(x,y) with respect to
(x,y), respectively (cf. Lemmas [5.2.2 and 5.2.4]). According to Toda [27] one can, up
to an isometry of R3, reconstruct the K-surface from w(z,y) and the following potential
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(no(), T0(y)):

ie—l 0 62(&)(%,0)—&)(0,0))
ne(x) := D) e—i(w(@,0)-w(0,0)) 0 dz,
(5.2.51)
—i6

0 e_iw((]’y)
() :7(6@@,@» 0 )dy'

REMARK 5.2.6. This is not difficult to verify that for w(z,y) = Weonic(z,y) the above
potential (ne(z), 79(y)) satisfies the morphing condition (M) in Theorem F3.1] while this
is not true for the angle functions wpsena and Whyper in Lemma .27

By means of Theorem .3.1] we will construct a harmonic map fi(z,2) : A> — Gy /H; ~
S? and a Lorentz harmonic map fy(z,y) : B> — Go/H, ~ S? from the angle function
Weonic; and interrelate the associated CMC-surfaces ¢1(z,%) : A? — R3 and K-surfaces
Ga(z,y) : B> — R using fi(z,2) and fo(z,y). One will see that ¢,(z,%) is a Delaunay
surface and ¢o(z,y) is a conic K-surface of revolution (cf. Theorem [5.2.7)).

First, we define a real analytic, para-pluriharmonic potential (1y(z), 79(y)) on (U, I) by
(25T with w(x,y) = wWeonic(Z,y) as given in Lemma (.24 Here U denotes any open
neighborhood of B? at (0,0) such that weenic(z,y) is analytic on U. As remarked above,
(ng(x), 79(y)) satisfies the morphing condition (M]). Next, let us solve the two initial value
problems: (Ag)™'-dAg = np and (By)™' - dBy = 19 with Ay(0,0) = id = By(0,0); and
factorize (Ag, By) € A(G3), x A(Ga), in the Iwasawa decomposition (cf. Theorem BI5):

(Ag, By) = (Cy,Cy) - (B}, By ), Cos € NGa)y, Bjf € AT (Ga)y, By € A (Gy),.

Then Proposition B.2.3] assures that there exists an open neighborhood W of U at (0, 0),
and (fy)p := my 0 Cy(z,y) : (W,I) = G3/Hy ~ S* is a Lorentz harmonic map for any
6 € R*. Moreover, by Theorem E3.1] there exist an open neighborhood V of A? at (0,0)
and a smooth map h® : V — HT such that (f1), =m0 C4(2,2) : (V,J) = G1/H;, ~ 5?
is a harmonic map for any A € S, where (4 := C) - h®. Accordingly we have obtained a
harmonic map fi(z, Z) and a Lorentz harmonic map fa(x,y) from the potential (B.2.5T]):

(fi)x=moCi(z,2): (V,J) = Gi/H, ~ S* (C}(0,0)=id, Xe S
(fo)g = ma 0 Cy(x,y) : W, 1) — Gy/Hy = S?, Cp(0,0)=id, 0 e RT.

From fi(z,2), and fs(x,y)y one obtains a Delaunay surface and a conic K-surface of
revolution, respectively:

THEOREM 5.2.7. Let (f1)x = m 0 Ci(z,2) : (V,J) — 5% and (f2)s = ma 0 Cy(z,y) :
(W, I) — S? be the above harmonic map and Lorentz harmonic map. Let ¢1(z,2)x: V —
R3 (resp. ¢pa(x,y)g : W — R3) denote the CMC-surface (resp. K-surface) determined by
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the Sym-Bobenko formula (resp. the Sym formula) :

I acy 1 1 , i 0
O1(z,2)a =10 A o C\ —|—§ Ad(CY)) (0 —i)’
oC, _
G2(z, )9 =0 - 8—96 -Cy

Then, ¢1(2,2)x : V — R3 is a Delaunay surface, and ¢a(x,y)e - W — R3 is a conic
K -surface of revolution.

PROOF. The K-surface ¢o(z, ) : W — R? is endowed with the angle function weonic (2, y)
(cf. (5.2.51)). Therefore, Toda [27] assures that ¢o(z,y) : W — R? coincides, up to an
isometry of R3, with the K-surface feonic given in Lemma [5.2.21 Consequently, the rest
of proof is to conclude that ¢;(z,2)y : V — R3 is a Delaunay surface. First, let us verify
that

(5252> CG(ZE +i,y+ t) = X@(t) ' Cg(l’,y), for any ¢t € R with (ZE +ty+ t) € W>

where xg(t) := Cy(t,t). By the proof of Lemma [5.2.4] we have (Oyweonic)( +t,y + 1) =
(OpWeonic) (7, y) and Weonie(T + 1,y + 1) = Weonic(2,y). Therefore (Cy' - dCy)(z +t,y +1t) =
(Cy ' - dCy)(z,y) follows from the equation (6) in [28]; and thus

(Cyt - dCo)(z +t,y+1) = (Cy - dCo)(z,y) = ((xa(t) - Co) " - dlxa(t) - Co)) (,y).-

In view of Cyp(0,0) = id one sees that Cy(0 +¢,0 + 1) = xa(t) - Cy(0,0) = xp(t). Hence,
one concludes (0.2.52)). From (5.2.52) it follows that

C)\(Z +t,z+ t) = X)\(t) . C)\(Z, 2), A€ Sl,
where we remark that the variable 6 of y4(t) can vary in the whole C* because of x,(t) =
Cy(t,t). Since C4(2,2) = Cx(2,2) - h®(z, z), we deduce that
(5.2.53) Cl(z+t,24+1) = xa(t) - Cs(2,2) - kE(t, 2, 2),

where kC(t, 2, 2) := hC(z, 2) "1 -hC(2+t, 2+t). If kE(¢, 2, Z) belongs to H, (C Gy), then it is
immediate from C}(z+t,z+1),Ci(z,2z) € Gy that x,(t) € Gy; so that ¢1(z,2)y: V — R?
admits a one-parameter group of isometries, which implies that ¢1(z,2)y : V — R3is a
Delaunay surface (cf. Theorem [8, p. 127]). Thus it suffices to confirm

k’(c(t,Z, 2) S Hl-

For the extended framing C4(z, z) of the harmonic map (f;)y : (V,J) — S?, we have the
Maurer-Cartan form:

Cy 9.0 =1, Cy 90 =V,

U — u,/4 —(\71/2) - H - ew/? Vo —uz/4 ~A-R-e7u/?
AN Qeu? —u, /4 T \(\2)-H e us/4 ’
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where H (# 0) is constant. Since kC(t,z,2) = h%(z,2)7t - hS(z +t,z +t) € H® =
S(GL(1,C) x GL(1,C)) is a diagonal matrix, we can express it as

d(t, z, z) 0

C _
k(2 2) = 0 dt,z )"

Then, the Maurer-Cartan form on the right hand side of (5.2.53) is

(5.2.54)

uy(z,2)/4+dt-d, —(A71/2) H - eu=2)/2 . g2
A Q(2) - em A2 L g2 —u,(z,2)/4—d'-d, ’
—uz(z,2)/A+d " -d; —\-R(%)-e UA/2. g2
(A\/2)- H-e"@D/2. @2 yy(z,2)/4—d'-d;

U(z,z) =

Viz,z) =

The Maurer-Cartan form on the left hand side of (5.2.53)) is

(5.2.55)

2 t,z+1t)/4 —(N1/9) . H . eulztt,z41)/2
Utz = CETLEEDM - —(AT/2) M - |
A Q(Z“‘t)e u(z+t,z+t)/ —Uz(2+t,z—|—t)/4
—Uz t.Z24+1)/4  —\-R(zZ+1) e ulzttz41)/2
V(iz+t,z+1) = U(Z+>Z+?/ 2 (Z+)_e
(A/2) - H - errtzd/ us(z + 1,2+ 1) /4

Let us compare the 12-entry of U with the 21-entry of V' in (5.2.54]) and (5.2.55)). Then one
has d* = 1, whence d = &4, +1. This means that £¢(¢,2,2) € S(U(1) x U(1)) = H,. O
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