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Hyperbolic Schrodinger map and non-elliptic derivative

Schrodinger equation in two spatial dimensions
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Abstract. Using the Gabor frame, we get some time-global dispersive estimates for the
Schrodinger semi-group in anisotropic Lebesgue spaces, which include a time-global maximal
function estimate in the space Lil LZ; +. By resorting to the smooth effect estimate together with
the dispersive estimates in anisotropic Lebesgue spaces, we show that the hyperbolic Schrédinger
map in 2D has a unique global solution if the initial data in Feichtinger algebra or in weighted

Sobolev spaces are sufficiently small. Similar results hold for the non-elliptic derivative NLS.
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1 Introduction

A large amount of work has been devoted to the study of the Schrédinger map initial value

problem together with their generalizations [1} 2, B, 4} [6, 10, 111, 21, 22, 23] 24] 25| [33], 34]
42], [49] 53, [54],

st =sx As, s(0,x) = so(x). (1.1)

The global well posedness of (ILI]) in critical Sobolev spaces H"™/? was recently obtained
in [4]. In this paper, we consider the Cauchy problem for the hyperbolic Schrédinger map

equation in two spatial dimensions,
st =sx0s, s(0,x) = so(z), (1.2)

where s = (s1,82,53), s : R x R? — §2 is a real valued map of (t,z1,15), 0 = 3%1 — 8%2.
Let u be the stereographic projection of s defined by
51+ 159
1453
It follows that the Cauchy problem for the hyperbolic Schrédinger map equation can be

rewritten as
: 2u 2 2
iug + Ou = W(um —ug,), u(0,x) = up(x). (1.3)
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On the other hand, if u satisfies (L3]), taking

2Reu 2Imu 1 — |uf?
s = ) ) )
T4 |ul2” T4 ul?” 1+ |ul?

we see that s is the solution of (L.2]).

In this paper, we will use the smooth effect method to study the the global well posed-
ness of (L2) and the technique developed in this paper is also adapted to the derivative
nonlinear Schrodinger equation (DNLS):

iug — Ayu = F(u,u,Vu,Va), u(0,z)=up(x), (1.4)

where Ay = 92, + 9?2

To) Vu = (u$17ux2)7

Flu, @, Vu, Vi) = X1 - V([jul?0) + (X2 - V) ul? + plul?u, (1.5)

Xi € C? and p € C. It is known that (TZ) with the nonlinearity (LX) arises from the
strongly interacting many-body systems near criticality as recently described in terms
of nonlinear dynamics [9] [12], 45], where anisotropic interactions are manifested by the
presence of the non-elliptic case, as well as additional residual terms which involve cross
derivatives of the independent variables. More generally, F(u,u, Vu, Vi) can be taken as

a polynomial series

F(z)=P(z,.,%) = », ¢z’ cgeC. (1.6)
3<[Bl<o0

In the elliptic case, many works have been devoted to the study of the local and global
well posedness of (L4]), see for instance [7, 20} 29] 30, 35, 37]. When the nonlinear term F
satisfies an energy structure condition RedF/9(Vu) = 0 and the initial data are sufficiently
smooth in weighted Sobolev spaces, Klainerman [29], Shatah [37] and Klainerman and
Ponce [30] obtained the global existence of (4] in all spatial dimensions. Chihara [7]
considered the initial data in sufficiently smooth weighted Sobolev spaces and removed
the energy structure condition RedF/0(Vu) = 0 for n > 3 and only assume that cubic
terms Fi(z) in F(z) is modulation homogeneous (i.e., Fi(el?z) = ¢?Fi(z)) for n = 2.
Ozawa and Zhai [35] was able to consider the initial data in H® with s > n/2+2,n >3
and RedF/0(Vu) = V(0(|u|?)) for some real valued function § € C? with 6(0) = 0.

For the non-elliptic case, the smooth effect estimates seem to be useful tools for the well
posedness of ([4]). Roughly speaking, this method relies upon the dispersive structure for
the Schrédinger semi-group and the energy structure conditions for the nonlinear terms
are not necessary for the local well posedness and for the global well posedness with small
data. By setting up the local smooth effects for the solutions of the linear Schrodinger
equation, Kenig, Ponce and Vega [20], 27] were able to deal with the non-elliptical case
and they established the local well posedness of Eq. ([L4) in H® with s > n/2. The global



existence and scattering of solutions of () with small data in Béflf?’)/ 2 (so in H® with
s >mn/2+ 3/2, n > 3) were recently obtained in [49] 50, 51], where the initial data can
belong to a class of modulation spaces M. 37/12 at lower regularity. Moreover, the results in
[49, [5T] contains non-elliptic Schrodinger map equation as a special case if n > 3.

In this paper we study the global well posedness of solutions of (L)) in 2D and
show that (L4]) is globally well posed for the small Cauchy data in Feichtinger’s al-
gebra Mﬁl(R"). On the basis of the Gabor frame expression for the initial data, we
will establish a class of linear estimates in anisotropic Lebesgue spaces. These esti-
mates together with the smooth effect estimates for the linear Schrodinger equation (cf.
[8, 26] 27, 32, 39, 49, [52]) and frequency-uniform decomposition techniques yield the exis-
tence and uniqueness of global solutions for small initial data in Feichtinger’s algebra M 1271

and in weighted Sobolev spaces H*? with s > 3,b > 1.

1.1 Notation

In the sequel C, C; will denote universal positive constants which can be different at each
appearance. x < y for x, y > 0 means that x < Cy, and x ~ y stands for z < y and y < x;
xVy = max(x,y). For any p € [1,00], p’ denotes the dual number of p, i.e., 1/p+1/p’ = 1.

Let . be Schwartz space and . be its dual space. All of the function spaces used in
this paper are subspaces of .. We will use the Lebesgue spaces LP := LP(R") with the
norm || - ||, := || - | e, the function spaces L{LE and L5 L{ for which the norms are defined

by:

11z = 112 1 lzne = |11zpceo|

LI®)’ LE(R")

We denote by Lglng?t for z = (w9, ...,zy,) the anisotropic Lebesgue space for which the

following norm is finite:

. 1.
Lzi (R) (1)

1z o, = [z grsnr)

For simplicity, we will write D} = (—3%1,)5/ 2 = ﬁg_il |&i|*-F2, denotes the partial Rieze po-
tential in the z; direction. The homogeneous Sobolev space H* is defined by (—A)~%/2L2,
H*® = L? N H®. Recall that the weighted Sobolev space H**(R") is defined by

b —
[ull g0 = [1(2)°F ~H(€)* Full2-
Let {0} be a smooth cut-off function sequence satisfying

suppog C [-1,1]", op=o(-—k), Y. on(€) = 1. (1.8)
kezn

Then we can define the frequency-uniform decomposition operators [ as:

g = ﬁ_ldkﬁ, kez", (1.9)



and we write

1/q
1 llazs ey = (Z(qulﬂkfllip(w)) ; (1.10)

kezn
which is said to be a modulation space. Modulation spaces M, , were introduced by

Feichtinger with the following equivalent norm (cf. [17, 18])

\mmm=<@(4J%ﬂmmwQ”ﬁm%mym, (L.11)

where, for a given window function g € ., Vj is the short-time Fourier transform:

Vof (@,w) = / ) e Mgt — ) f(t)dt.

The space M7, with s > 0, so called Feichtinger algebra (or Feichtinger-Segal algebra),
is one of the most important modulation spaces which enjoys the following interesting
properties ([13, [14]):

e M7,(R") with s > 0 is a Banach algebra.
o 7 (F71): M?I(R") — M{)I(R") is an isometric mapping.

On the other hand it is known that BfJ{"(R") C M7, (R"™) C Bf;(R") are sharp inclusions
(cf. [41144] [48] M10 1 can be regarded as an analogue of Schwartz space which preserves

Fourier transform but has little smoothness.

1.2 Main results

For convenience, we write

[[ul* = > </<r1>3/2HDkuHL;3Lg .
keZ2, |k1|>|k2|V10
3/2
D DR R (=R P (1.12)
keZ?,|ka|>|k1|V10
e = 3 (HmkuuLglL;o + IOkl e, 1 ) : (1.13)
keZ?
HuHant — Z (H\:‘ku||L%1L4 . + H\:‘kuHngc LA t) s (114)
x9, 2T,
keZ?
™ = > ) Okl oz s, (1.15)
keZ?
| =~ |1Oxullgs - (1.16)
keZ?

We denote by [Jul|T™ = ||ul|T + [Ju|/'.

IB; 4 denotes Besov space.
,



Theorem 1.1 Let ug € M7, and there exists a suitably small § > 0 such that [uollarz, <
0. Then ([L3) has a unique solution u € C(R, M22,1) N Cloc(]R,Mi/l?) N X, where

X=<uye R Z Z ”agru”smﬂmaxﬂantﬂstrﬂgstr <s\ (117)
a=0,1i=1,2

Moreover, there exists u™ € M22,1 such that

. _ o, +
tl}inm“u(t) e u HM%1 — 0. (1.18)
Corollary 1.2 Let so = (s51(0), s2(0), s3(0)) € S* with s1(0),52(0) € M12,1 and there exists
a suitably small § > 0 such that ||5;(0)||2, < 6 for i =1,2. Then (L2) has a unique
solution s = (s1, s2,53) € S? with s1, 52,53 — 1 € C(R, Mil) N Cloc(R, Mi/lz) NX, where X

is as in (LIT).

Theorem 1.3 Let F(z) be as in (L6) with |cs| < C18. Let ug € M3, and there exists
a suitably small 6 > 0 such that |lugllp2 < 6. Then (L3) has a unique solution u €

C(R, M3,) N ClOC(R,Mi/lz) N X, where X is as in (LIT). Moreover, (LI8) holds if one

replaces €™ by eltA= .

Corollary 1.4 Let s >3, b> 1, ug € H*® and |Juo|| gs» < 0 < 1. Then the same result
as in Theorem [L1 holds.

Corollary 1.5 Let F(2) be as in (L6) with |cg| < C18l. Let s >3, b > 1, ug € H*® and
lluoll s < 0 < 1. Then the same result as in Theorem holds.

1.3 Strategy of the proof

We now sketch the proof for the main results. We consider the following equivalent integral

equation,
u(t) = S(tyug — i / S(t— 7)F(u(r))dr, S(t) = ¢, (1.19)
0

where we assume for simply that F(u) = 9,, (|u|*u). By following the smooth effects in 1D
as in Kenig-Ponce-Vega [26], the global smooth effects for the solutions of the Schrédinger

equation in 2D were essentially obtained by Linares and Ponce [32],
HD:}:FS(t)(bHLg‘;LiQ’t(RlJr?) S HﬁbHL2(R2)7

Ory /0 S(t—7)F(r)dr

S HFHL1 L2, (R3)-
Lg12, (B9) fi e



The second estimate from L ngt to L L2

2, Das absorbed one order derivative, which

enables us dealing with the derivative in the nonlinearity F = ., (|ul*u). By Holder’s
inequality,

lul*ull g 22

z9,t

P (1.20)

So, one needs at least to estimate ||ul] L2035, According to the integral equation, we need
x1 Hzg,
to show that ||S(t)UO||L21Loo , is bounded. As in [49], we have obtained that
zq Mg,

IERS@uollp, Les ,@i+2) S ()P Dol po(re), ¥ p > 2. (1.21)

When p = 2, there is a logarithmic divergence and we can not obtain the time-global
estimate. To overcome this difficulty, we will use the Gabor frame. Roughly speak-
ing, any function ug in L? and in any modulation space can be expressed in the form
ZMGZQ ckleikxe*‘x*lw?, it follows that

9 el 42tk |2 Jeg—ly—2tkg|?
2(1—2it) 2(1+2it)
ikx 1t k k2
t)ug = g ckie | | e . (1.22)

k€72 j=1

We can get the following time-global estimates

HDkS(t)UOHH L (R1+2) S <k>l/2HDku0”L1(R2)7 (1.23)

|Dk/5 t— 7' d’THLQ Loo t(R1+2) 5 <k>1/2HDkf”Lglm(Rl+2)' (124)

Noticing that ||Jgul|2 < [|[Okull; and comparing (L23) with (L2I]), we see that there is a
loss of spatial index in (L23) and ([24). According to (I24]), one need to bound (after

ignoring the frequency localization and spatial regularity index)

N PR o ey A (1.25)

In another way,

10z, (lulPw)ll 1 , gr+2) < lluay [z, HUHLS : (1.26)

(L23]) is beneficial to the higher frequency part and (L26]) is useful for the lower frequency

part. In summary, LO"L2 ,,+ 18 used for absorbing the derivative in nonlinearity. For the

2

%, 18 a bad space and we use the Strichartz space Li <N L¥L?

lower frequency part, L3S L
as a substitution. L2 L2 + is a maximal function space arising from the nonlinear estimate
(C20). In order to get a time-global estimate for the Schrédinger semi-group in L2 L2 b
an intermediate space Lx is introduced. Finally, the anisotropic space L2 L,m ; and the

generalized Strichartz space in is employed for the nonlinear estimates in L;t.



2 Gabor frame estimates

Gabor frame is of importance in the time-frequency theory, its discrete form enable us to
get an exact expression for the solution of the free Schrédinger equation, see below (2.2)).
The advantage of the expression (Z2]) is that it has no singularity at ¢ = 0 and easier to

calculate than the following form
e—itAuO _ ct_"/2/eicx_y2/4tuo(y)dy.

In this section, we always denote [£[3 = Y7 6]fj, where €; € {1, -1} is arbitrary. For

7=1
any x € R", we write Z = (zg, ..., Tp).

St)y=F e Mz afta)= /0 t St —7)f(r,x)dr. (2.1)

Proposition 2.1 (Gabor frame expression) Let s € R, 1 < p,q < 00, ug € M, , and

12

T
up(z) = Z cpete” 2

k,lezn
Then we have
|z wj—lj+2te;k; \
I |/€\ n.o - 2(1 2ie; t)
Hug = cpet el . 2.2
Juo Z ki H (1 — 2ie;t)1/2 (2.2)

k,lezm j=1

Proof. In view of
@ = f(-— k), f(/—\l) = EF a2 = 7 1P/2,

we see that

P I
§ : cklellke 1l£e 7

k,leZm

2
S(t)ug = Z etk 7 <€it|§|§te—ilge_ (= ) ‘

k,lezn

It follows that

In view of
FHfC=k) =M Ff F e ) = (FT( 1),

we see that

. . 2
tug = Z ek [ﬁ_l <e‘t|§+k|3ce_§7>] (x —1)

k,lezn
2 2 &
. . ites j
— Z Cklemkelt‘kli H [ﬁg}l (61t615j e_T>:| (gcj — lj + Qtsjk:j). (2.3)
k,lezr j=1

Using the fact that & “le=ctl/2 = (~1/2¢—at/ 2¢_we immediately have the result, as desired.
O



Proposition 2.2 Let n > 1 and 1 < r,p,p < oo. Assume that one of the following

alternative conditions holds:

Then we have

HS(t)UOHLgngt(RHn) S HUOHMj’/Ipﬂ—I/T-

H‘Q{f”Lgng’t(Rlan) rS H.]CHLl(]R7 Mj’/lp+l_l/T(R”)).

Proof. Let ug =) ;czn cpektele=l?/2, By Proposition 2.1

—Lj+2te ki 12
HS(t)uOHLQILQ < Z ‘Ckl’ + ‘t‘ —n/2 H e 2(1+4t2)
k,lezm Lﬁle .
_lmy g d2teg k2 N lmihereik?
<Y X re ome S | [T e 20w
kezn ||l €Z lezn=t  J=2 Lelle e

Applying the fact that sup,(z)" /e® < oo for any N > 0, we have

o |2
\zj lj+2t5]kj\

n n _92
L A Mk 1 L ]mj—lj+2t€jkj\
lewl | e 20+ S |ck] <
5 o]l > ] (2712

lezn—1 Jj=2 P lezn—1 P
In view of Lemma [B.I] we have (see Appendix)
1/r
n 7\z]~7lj+2t5jkj\2 ) B /
E : el He 2(1+4t2) < (D =D/p E : i
lezn—1 j=2 P lezn—1
It follows from (2.8]) and (ZI0) that
S(t)u b
1S @) uoll e 17,
1/r
_ =ty t2tey by |2
Y T 2
5 E Z<t> 2 Z |Ckl| e 2(1+4t2)
keZ™ ||lheZ lezn—1 _
Lt L
1/r
. n—1,n-1 _ eyl f2tei by 2
= > Do T T Y fewl” e 20Hah
kEZ™, k140 (|11 €2 lezn—1 -
LB Lt

(2.4)

(2.5)

(2.6)

2.7)

. (2.8)

(2.9)

(2.10)



1/r

n, n— n— _lz =l ‘2
+ Y XY |
keZ™, k1=0 ||l1€Z lezn—1 _
L, Ly
— Ayt Ay (2.11)
We consider the estimate of Ay;.
1/r
3 _nyn—l,n-1 . _\301—l1+2’ff=‘21k1\2
sy N Se T (8 ] oS,
s=1 keZn, k1#0 ||l1€Z lezn—1 5
Ly LY
= Tl + TQ + Tg, (212)
where we denote
D, = {(ml,t) : |$1 — l1| > 4|tk1|},
Dy = {(z1,t) : |z1 — h| < [th]},
]Dg = {(xl,t) : ‘Hﬁ’ § ’1‘1 — ll‘ < 4’t/€1‘}.
We now estimate Y. Usingt sup,-o(z)?/e* < oo for any 6 > 0, we have
1/r )
n n—1, n—-1 _m
T, < Z Z(tfﬁ T Z Xk e s+t yp
keZ™, k1740 ||lLEZ lezn— _
€ ) 1# 1€ €T 1 Lgng
1/r
_n n=1,n-1
SO D@ - DY el
kEZ™, k1#£0 ||L1EZ lezn—1 _
Ly LY
1/r
_n, yn-1,n
< Z Z(ml —ll> 2T D Z ‘Ckl‘r (2.13)
kEZ™, k1#£0 ||LLEZ lezn—1
2
By Lemma [B.] and ([2.I3]), we have
1/r
ey (Tr)
kezn \lezn
Noticing that [t| ~ |x1 — 11]/|k1| in D3, we have
1
x1 — Ul SETET "
s TS (T >l |
keZm k10 ||l €Z 1 jezn—1 i
LB IP
S k1



ap— 1\ TEF TS .
< ¥ z< > S e . (2.14)

kEZn k10 ||11€Z K1

By Lemma [B.1], we have

1/r
T3 < Z <k1>%+% <Z |Clcl|r> - (2.15)

For the estimate of Y5, we have

1

< Y o T Y el | w

keZn k140 ||l1€Z lezn—1

Le Lt
1/r

_ wp— I\ TR .
~ Z Z< k1] > Z |cki] . (2.16)

keZ™, k1#£0 ||l €Z lezn—1

p
Ly,

By Lemma [Bl we see that Ty has the same upper bound as T3 in (2.I5]). Collecting the
estimates of Y1, Y9 and Y3, we have the desired estimate.

We consider the estimate of A;,. We have

1/r

2 2
n, n—1, n—1 _lzi=h
Ao D D@ Y el | e T,
s=1keZ", k1=0 ||l1€Z lezn—1 -
LB LF
=21+ By, (2.17)
where we denote
Er = {(z1,t) : o1 — U] > |t]},
EQ = {(xl,t) . |$1 — l1| < |t|}
Applying the fact sup,-o(z)?/e* < oo, we have
1/r
_nyn—-1,n-1
E1 S Z Z(ﬂfl )2 Z |crtl” XE;
keZn, k=0 ||l1€Z Tegn— )
€L™, k1 1€ lezn—1 .
1/r
_nygn-l.mn
S > 1Dl Y el : (2.18)
keZ™, k1=0 ||l €Z lezn—1 1P
x]

10



By Lemma [Bl we have

1/r
E1 S ). <Z|C(O,k)l|r> :

kezn—1 \leZ»

Analogous to the estimate of Yo, we can show that Z5 has the same upper bound as =;.
O

Let us observe an endpoint case r = 1. We have

Corollary 2.3 Let n > 1, 1 < p, p < oco. Assume one of the following alternative

conditions holds:

Then we have
HS(t)uOHLgngt(Rl+") S HUOHMll/IP (2.19)

197 £l e, 1 ey S 171 g, agiiocamy: (2.20)

3 Linear estimates with [J;-decomposition

Corollary 3.1 (L'-anisotropic estimates) Let n > 1, 1 < p,p < 0o. Assume one of the

following alternative conditions holds:

Then we have
||Dk5(t)u0||L§1Lgt(R1+n) S <k>1/p||DkuO||L1(R”)a (3-1)
18k fllzp 12, @ieny S PNz, @oer)- (3.2)

In particular, we have for n = 2,

qgljé(o HDkS(t)UOHLgngN(RH?) S <k>1/2HDku0HL1(R2)= (3.3)
i[Okt fllpz g, sy S 0200 iy e (3.4)
IO Euoll s vy S )1 Dkoll 1 ey, (3.5)
10k Fllzz ravay S (BYY2I0kFl s ey (3.6)

11



Proof. By Proposition 2.3, we have
048 Ooll, 12, gy S 1Tl (37)
By definition and Oy : L™ — LTE,

IBkuoll 1 < > k+ DY 0k i Druolls < (k)P Oguollr,

o<1

which implies the result, as desired. U

Proposition 3.2 (Smooth effects, [32] [49]) For any k = (k1,...,kn) € Z", we have

1D 0kS (tuoll s 12, < 1Fkuolle, (3.8)

”axll:lk'df”[/g‘iL%’t S HDkaL;IL;t- (3.9)
Proposition 3.3 ([i-Strichartz estimates, [47, 49]) Let 4/n < p < co. We have

HDkS(t)uOHLf‘;PngoLg(RlJrn) N |||:|ku0||L2(R”)a (3'10)

HDka{fHLgoL% mL?;p(Rlﬁ»n) S HDkfHL£2:1?)/(1+1))(R1+71)' (3'11)
Proposition 3.4 ([j-interaction estimates, [49]) Let 4/n < p < co. We have

||Dkaxldf”L?OL%ﬁLf‘;p(R1+n) 5 <k1>1/2HDkaL;IL%’t(RH"), (3'12)

|15k Oy fll e 12, (R1+ny S <k1>1/2HDkfHLZE?:P)/(H'P)(RI-Fn)? (3.13)

Proposition 3.5 (L2-anisotropic estimates) Let n > 1, 2 < q, § < co. Assume one of
P

the following alternative conditions holds:

Then we have

1E%S(O)uoll g, 7, @ien) S (k1) 9 Oguo o, (3.14)

HDkaHLgng’t(RIJrn) S <k3>1/qHDkaL%Lg((RnH)- (3.15)

2|loo = max(|l1], |l2]) for I = (I1,12) € Z*.



Proof. By duality, it suffices to show that

[ BuS@u0, o6t 5 ) V1 Bucolla 6]y (3.16)

Ok / S(—

It is easy to see that

/R (O (t)uo, )t S )9 Tglla 3

(3.17)
m <1

We have

“Dk/s

Let us observe that

’Dk/St—s 6(s)ds

< lelly 1o, (3.18)

L Ll

1 Hz,t

Dk/S t—3s)o(s)ds = (F 1t‘§‘i77k(§)) * @,

where * denotes the convolution on x and t. Applying Young’s inequality, we obtain that
' Dk/S(t — s)p(s)ds

Hence, if we can show that

—1 i 2
N e G A ] (3.19)
Lgqui,t z1 Mzt x1HzT,t

1 itle]2
Hg lelt‘g‘ink(f)’Lg/lng/f ,S <k1>2/q7 (320)
then the result follows. Indeed, in view of Corollary 23]
1 itlel2
|7 ()] gz are S )T T el S )70 O

Proposition 3.6 Let 1 < p < oco. Then O;S(t) : LP — LP is uniformly bounded. More

precisely,
IDkS (ol e < (1+ ¢ Oxuol o (3:21)
uniformly holds for oll k € 7.

Proof. See [5] 40].

4  Derivative NLS (L3) and (L.4)

Now we introduce the following (semi-)norms

lallf™ = > k)Y Ckullpg e, (4.1)
keZ?, k1| >|k2|V10

13



sm __ 3/2 .
[[ul[3 = > (ko) |0kl oo 12 (4.2)
keZ?, |k >|k1|V10
= 0kl 2, 1 L, ull2™ = > 1BkullLz, Lo 5 (4.3)
kez? kez?
lali™ =D 18wulz 1 o lull3™ = > Bkullpz, L 70 (4.4)
kez? keZ?
™ = 3 I Okullzorzrzs i Ml = 3 [Ovullys - (4.5)
kez? kez?
We see that
™ = [l + 3™, ™ = [l P2+ a3 fal®™ = [alli™ + Jull5™
We define the following
D= Z Z H uHsmﬁmaxﬁantﬂstrﬁgstr <6 ’ (4.6)
a=0,1i=1,2
and for any u,v € D,
Z Z ||aa |smﬂmaxﬂantﬂstrﬂgstr (47)
a=0,1i=1,2
We consider the following mapping 7 in (D, d),
¢
T u— St — i / S(t — 7)F(u(r))dr, (4.8)
0
where
(u3, — = 2j = 12 2
Flu) = 5 W = > (D g, =3 (=1 |,
=0 j=0
= Fl(u) - Fg(u) (49)
Lemma 4.1 Let m € HP/2+YR™), 1 < py,py < 00. We have
12~ m s 1, S Il | 1Lz g (4.10)

Proof. We have
FImFf= | (F ' m)(y)f(tx—y)dy.

R
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It follows that
17 mF fll s o, < 7 mlly Sup 1f (= y)lles ppe
Applying the multiplier estimate
1F = mlly S llmll ggin e

we have the result, as desired.

Lemma 4.2 We have

Do > o ull™ S 10m ull™ + [0y ull3™

i=1,2 a=0,1

Proof. By Lemma (] we see that |[ul|i™ < ||0z,u|§™. By Lemma [A.1],

[0z, ull7™ = > <k1>3/2H8$2|:|kuHLg<iL§27
keZ2, |k1|>|k2|V10

S > (k1)*

keZ?,|k1|>|k2|V10 [oo<1

3/2
S Y R0 Okl e,
keZ?,|k1|>|k2|V10

t

which implies that ||0y,u|]§™ < |0z, u/li™.

Lemma 4.3 We have for any k,k®) € 72, k() = (k‘%s), k:és)),

O (Ot .. Oy ) = 0
if |ki — k:gl) — = ki(r)] >r+1,i=1 ori=2. Moreover,
[Okullee, S 18kullpsere
uniformly holds for all k € 7.
Proof. See [47].

Using Lemma [£2] we have

Do D0 Tl S 110y TulF + 1100y T3

a=0,14=1,2

15

2
<—0'k+l 102, Okl pge 12,
H? z

(4.11)

(4.12)



Lemma 4.4 Let u € D. Then we have

o
00 Tl + 1000 Tull™ S uolasz, + 6% CI6%.
=0
Proof. First, we estimate ||0,, 7 u||§™.
10, Tull 7™ < [IS@)uollt™ + [0z, o Fr (w)|[F™ + |0, & Fa (u) [T

By Proposition B.2]

1S @)uollt™ = > (k1) 102, DS (ol e 12

z9,t
k€72, [k1|>|k2|V10

S (k1) 1BTrkuoll2 < lluollag -
kEZ2,‘k1|2|k‘2|V10

For convenience, we write

Af\o’i = {(k:(l), kY € (2% max |k:§s)| < 10} ,

1<s<
Ay = {(k(”, k) € (@) max K| > 10} ,
where k(5) = (kgs), kgs)). We see that
10, 9 Fy (w) [T

<Y > (k1)*/ 21100, O (Ju¥ au, )| 1os 12

T] Txo,t
7=0keZ2, |k1]>|k2|V10

<y DS S )

=0 \ (), kCIHDEAZ T () kCiDepZ L | keZ2, [k |>|kal V10

J 2j+1
X || Oy & U, HDk(sm H ot (2j42) Uy O 2543) Uy
o L% L,

=1+1I.

By Proposition B4l Hélder’s inequality and Lemma, [£.3]

IS Z > > (k1)

J=0 k). k20 +3)pZi 31 keZ2, |k1|>|k2|V10

J 2j+1
X |8k HDk<s)u H Ugoo) Ul 252 Uy Lpc243) Uy
=1 —it1 4/3
S s$=3 Lz{t

16
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00 27
<> > > (k1)? TT 10k ull s, IOy ull s

=051, k2i+3)gp2i 3! keZ?,|ki|=|k2|V10 s=1

<.

X IO+ ey s IDpcerea tay [l 1, 11 X (o= k b <2514) (4.15)
i=1,2 '

Noticing that there exist at most O(j) terms in the summation 3 ycz2 k)| kyvi0 @0d
|k1] < Cj in ([@IH), we easily see that

0o 25 2j+3
15y ¢ > 11 1Bk ullzes, 10k e+v ull s, 1T 180 vy 14,
J=0 g, k(2543 a2+l s=1 5=2j+2
o
S D Gl (fug, [19)* (4.16)
j=0
For convenience, we further write
AN = {(Ml),...,k(”) e AN kY = max |k N} =1, \ (4.17)
) 1<S<)\

By Proposition B.2]

(e o]
3/2
7555 HEED SENNESTED S >
J=0 \ kM), ki+3)e AP kD, kI8 eadT TSl | KEZ?, ki|>|k2|V10
27+1
X HDW)U I Ower @i e Opeeiis vay
s=1 i+1
= Ly, L2,
o0
= Z IIl =+ ... +IIQj+3). (418)

Jj=0
The estimates for Z]Oio I, ..., Z?io IIyj 1 are similar and it suffices to estimate Z?io Ilyj41.

If |k:§2j+1)| = MAaX1<s<2j+3 |kz§s)|, by Hélder’s inequality and Lemma [£3] we have

2541
HDk<s)u IT Owe Oy tie, Ogesrotia,
s=1 s=j+1 L}le?cg .
2j
H max HDWWHL MOk ua |2 Lo 1Opirn @i ey | 2,
X H X \k e k§2j+3)|<2j+4>- (4.19)
1=1,2
In (4.19), if \k?j +1)\ > ]kézj +1)], by Hoélder’s inequality,
1B+ @hgein ta |22, < |Dp@ientllig 2 N0k@ivn vl Lo 3 (4.20)

17



and if ]kfj +1)] > \k?j +1)\, by Holder’s inequality,

1B+ @hgein a2, < Dp@ivntllng 2 N0keio v iz, Lo - (4.21)

We see that in I15;1, there exist at most C'j terms in the summation Zkezg k| > |2 V10
and [k < CH(ETI v K)o kO, k@D € AT it follows that

oo oo
D i S Ol fful P (118wl ) (4.22)
j=0 §=0

If \k:gj +2)\ = IaX]|<s<2j43 \k:gs)], in view of Holder’s inequality, we have

J 2j+1
Uk HDWW H U U252 Uz Ug2ivs) Uay
=1 —=j+1
3 o= LalvlLig,t

2j
< H onax 1Bk vllre, ”Dk@Hl)aHL%lL;‘;’t 150k 2i+2) Uy Dgcesvs) Uy ”L;t
s=1

X H X(\kifkl(,l)f...fkfj-’_?))|<2j+4>' (423)
1=1,2

In (4.23), if \k?j +2)\ > ]kézj +2)], by Hoélder’s inequality,

(1B g2i42) iy Dg2+9) Uy ”L;t < (B v, HLgﬁ L2, [Oces+8) Uay ”L%l L, (4.24)

and if |k§2j +2)| > |k:§2j +2)|, by Holder’s inequality,

82ty O vian 2 12, < 1Bwernvalngr2 NOkein a2, e - (4:25)

,t
In any case, using an analogous way to (£22]), we have
o o ) )
> Thojea £ Ol [l ™ otz [ sz, [ (4.26)
§=0 j=0
I35 can be estimated by using a similar way as IIs;42. So, we have shown that
> .
100, 7 Fy () |3 S 6%y CI6% (4.27)
j=0
holds for any u € D.

We now estimate

105 Fy (w) |5

<> > (ka)®"210, O (Jul¥ 1) )| s 12

Tyt
J=0 ke€Z2,|ka|>|k1|V10

18



=1 HD SN 3 S

j=0 k(l)""’k(2j+3)€A12c{+3’2 k(l),...,k(21+3)€Ai{+3’2 keZ2, |ka|>|k1|V10

j 2j+1
X 8$2427|:|k H Dk(s)u H Dk(s)uDk(gﬁg)uka(gﬁg)uzl . (428)
s=1 s=j+1 L%Lil ,

So, one can repeat the procedures as in the estimate of ||0,, & Fy (u) /3™ to obtain that
e . .
|0, 7 Fy (u)||5™ < 6% C96% (4.29)
j=0
holds for any v € D. Analogous to the above estimates,
o0,/ Fs )+ 10,/ Fou) " 5 6° 3 6% (4:30)
7=0

holds for any u € D. O

Lemma 4.5 Let u € D. Then we have

0. 0]
SOSN8 Tl S gy, + 60 OO,

a=0,1i=1,2 j=0

Proof. We have

Z Z Hazyuumaxﬂant

a=0,1i=1,2
Z Z Haa u Hmaxﬁant+ Z Z Haaész Hmaxﬁant
a=0,1i=1,2 a=0,1i=1,2
+ Z Z HagﬂFQ(u)”maxﬁant.
a=0,1i=1,2

By Corollary Bl we have for « = 0,1 and ¢ = 1,2,

102, S (Eup|[ P < D Jmax [0z, xS ()uollz 1

, z9,t
kez?
S D (k)R IOpuolly < Jluollagz -
kez?

Again, in view of Corollary [B.1],

Z Z ”a%ﬂFl(u)”flnaXﬂant

a=0,1i=1,2

o
< Z Z Z Z H@%Dkﬂ(\upjuu )HL%IL‘;Q (NL2 LS,

7=0 a=0,1i=1,2 k7?2

19



<D Z (ka)*

j= OICEZQ ‘k;1|>|k‘2| k;(l) (2J+3)GZQ

j 2j+1
[10ou TT OpouOyeiio e, Dyeis i,
s=1 s=j+1

! Ly

Y

J=0 keZ? |ka|>|k1| kD),... k(2i+3) 72

25+1

X HDk(S)u H Dk(s)uDk(zﬁz)uka(zﬁg)um

s=1 s=j+1
- Ly

We now estimate Y. We have

<22 2. ()

=0 KEZ2 [k [>[ka| k(D). (20+8) cp2I+3:1
2j+1

J
HDk<s)u H Uy W 2i42) Uy L2548 Uay
s=1 s=j+1 It

x,t

s P

Jj= OkJEZQ ‘k1|>|k‘2| k(l) (2J+3)€A2]+31

27+1

X H Dk(s)u H Dk S)UDk(2J+2)uaz1Dk (25+3) Uz

s=1 s=j+1
x,t

=T + Tho. (4.32)

By Holder’s inequality and Lemma [4.3]
2j+3

oo
Ti < ch Z H 1Bk ull e, H 1B ullrs,
=0

kD k(2i+3)ez2 s=1 s=2j+1
© . .
S D Ol ) 2 ([ful ). (4.33)
j=0
In order to bound Y19, we further decompose Ai{ 31 We have

oo 2j+3

To<d > > >

J=0 =1 keZ2 |k1|>|k2| k(l),...,k(2j+3)€A§j}I3’1

25+1

X H Dk(S)u H Dk S)umk 2j+2) Uz Dk 2j+3) Uz

s=1 s=j+1
- Lis

20



oo 2j+3

= Z Z Tios. (4.34)

§=0 £=1

The estimates of Y19 for £ = 1,...,2j are similar and we only need to estimate Y121. By

Holder’s inequality and Lemma 3],

ZT121 < ch Z <k:§1)>3/2

j=0 k(1)7___’k(2j+3)eA§le3,l

2541
T T 18l oo, 1B a0ty Dot N 11
s=2
oo 2j+1
i 1
S0 > Y2 T 10k ullze,
I O A SN IR RIS s=2
X ||Dk(1)u||Lgo1L§2¢HDk(%H)Um||L§1Lg2’t||Dk(2J’+3>ux1HLgnglcQ,t
2j+1
1)\3/2
e > kPP T 10koulls,
TE0 RO, kG Y<KV =2
X ”Dk(l)u”LgOQLQ HDk<2J+2)um1”Lg2L§ t”Dk(%%)umHLgQLilt
o0
STl ul P (e, ) (4.35)
j=0

Analogous to T12,1, we have,

o o
D (T + Tiagjes) S > CF([[l*) [futgy [l aay [ (4.36)
j=0 j=0
Hence, we have shown that
e . .
Ty S 6% CisY, (4.37)

j=0

Using the same way as in the estimates of 11, we can obtain that

Ty S %) CisY. (4.38)
j=0

The result follows. (]

Lemma 4.6 Let u € D. Then we have

5 3 108 Tl S g, + 60 %,

a=0,1i=1,2 7=0
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Proof. We have

Z Z ”aa yu”gstr < Z Z H u Hgstr+ Z Z “8G427F1 ‘gstr

a=0,1i=1,2 a=0,1i=1,2 a=0,1i=1,2
+ 2 D Iz B,
a=0,1i=1,2

By Corollary Bl we have for « = 0,1 and ¢ = 1,2,

102, S (t)uol=" =) 105, DS (t)uoll s ,

kez?

S D (k)Y ki) IOpuolly < Jluollagz -

kez?

Again, in view of Corollary B.1],

Yo leg P <Y ] > > Y 050k (juf au, ) s,

a=0,1:=1,2 7=0 a=0,11=1,2 k7?2

<Y ROk ad)

J=0 keZ2,|k1|>|k2|
00
+y > kP8P e,
J=0 ke€Z?, |ka|>|k1]
< T+ Yo, (439)

8

8

where T and Y are the same as in (£31]). So,one can repeat the proof of Lemma (.5l to
obtain the result. O

Lemma 4.7 Let u € D. Then we have

S Y10 Tl < fuollage, + 80y €0,

a=0,1i=1,2 §=0

Proof. We have

Z Z Haa <7uHstr < Z Z Haa u ||str+ Z Z Haa JZZF |str

a=0,1i=1,2 a=0,1i=1,2 a=0,17=1,2
+ E : § ||aadF |str
a=0,1:=1,2

By Corollary Bl we have for « = 0,1 and ¢ = 1,2,

102, S(Eyuol™™ = D (k) 195, OrS (Huoll e 12 1 14,

kez?

S (k) (ki) |Druoll2 < lwollarg, < lluollarz -
kez?
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In view of Proposition B3] Lemma [£.3] and Holder’s inequality,

|l Fy (w) [P < ZZ MOk (lu¥ i, )l o2 1t ,
Jj= Okez2

Z Z MOk (lul¥au? )|, v
7=0k
io: Z Z k‘(1|\/ v|k2j+3>

j=0 kD) ... E(Ri+3)ez2 keZ?

25+1
X HDk‘ )u H Dk(s)uljk, 2J+2)u1-1|:|k, 2J+3)u1-1
s=1 s=j+1 1,473
x,t
0o ‘ ' 27
<Y > (D[ v RN TT 00wl g,
J=0 kO, kG372 s=1
X N0 esnullps [IOpein ta s [IDpeie tay [l 21,
9]
SOOIl gy )7 (4.40)

j=0
Next, we estimate

S 0 B €3 S 106 (P 02l sz

i=1,2 5=0 |k|<20

+Z Z (k) Z ||Dkaxiﬂ(|u|2jﬂuil)HL;XJL%mL;t

J=0 |k[>20 =12
=17 +Ts. (441)

Using the same way as in (£.40), I'; can be estimated by
[o¢] ) ‘
Ty > CF(full*) ¥ (0, uf ). (4.42)
j=0

Now we consider the estimate of I's. We have for any k € Z2, |k1| > |k2| V 10, similar to
Lemma .11

1Tk fllre S >

o<1

9*@£M\mmwﬂmmg (4.43)
51 Ll
It follows from (4.43]) that

IPRS Z Z () Z ”Dkaxiﬂ(‘u’zjau?:l)”L;>°LgmL;t

§=0|k|>20 =12
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o
<> (k) 1550, o (Ju¥ @, ) o 12 11
7=0 kez2 s |k1]>|k2|V10

+ Z > (k2 |50y o (Jul¥ 7 )l oo 2 1 11,
J=0keZ2, |ko|>|k1|V10

=91 +T'oo. (4.44)
We have
o
25D 2. ) 2. (k)
=0\ .k 2]+3)€A2J+3 P ---7k(2j+3)€A12‘{+3’2 keZ?, |ka|>|k1|V10
J 2j+1
X || Oy @ Uy, H () U H Uty Ul g (252) Uy L (2543) Uy
= A L12nLd ,
i=T921 + I'a20. (4.45)
By Proposition B3]
oo
2
PeaS), D, > (k)
J=0 k() .. k(2i+3) A2 T32 KEZ?, |ka|>|k1|V10
27+1
X H Upo @ H U ud g 2j42) Uz, Ug2543) Uy (4.46)
s=1 s=j+1 Li/tg
Then we can use the same way as in ([{I5)—(£16]) to obtain that
o
Lozt S ) 7 (™) P+ (fluay ). (4.47)
J=0
By Proposition 3.4
oo
3/2
T2 S Y > > (ka)®
Jj=0 k(l),___,k<2j+3)€A2q’+372 k€72, |ko|>|k1|V10
2541
X H Ogou H o) W 2542 Uy g 2543) Uz ;o (4.48)
1 j+1
= = Ly, L3
which reduces to the estimate of I as in (4.I4]) and we have
[e.e]
T $ 0% CI6%. (4.49)

J=0
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Analogous to I'gz 2, I'e2.1 can be bounded by the right hand side of (£.49]). O

Proof of Theorem [I.1l By Lemmas [4.4] 4.5 and [.7] we immediately have for
any u € D,

Z Z Ha(;{iyunsmﬂmaxﬂantﬂstrﬂgstr 5 ||u0HM121 +53 (450)
a=0,1i=1,2

Similarly, for any u,v € D,
d(u,v) < 6%d(u,v). (4.51)

Following a standard contraction mapping argument, we obtain that (I3 has a unique
solution u € C(R, M3,) N X.

Finally, it suffices to show that u € Cloc(R,Mi/f)- Let T' > 0 be arbitrary. By
Proposition [3.6],

T
Il rargy S Olollygs + () [ IP@( gz

S (Tluollys/2 +(T) D RYIOE (u(r) e, (4.52)

keZ?

which reduces to the estimate as in Lemma if we treat T' > 0 as a fixed number. O

Proof of Theorem [1.3l In Lemmas 4.4l [L.5] 4.6l and A7 if we change the nonlinearity
[ul? au?, by viva...v2j43 (v; can take any one of u, @, Oy, u, Oz, ), then the results and the
proofs are essentially the same. So, we can use the same way as in Theorem [T to obtain
the result and the details are omitted. O

5 On hyperbolic Schrodinger map

In this section we prove our Corollary

Lemma 5.1 Let k > 0, 51,52 € M} with r € [1,00] and s = (s1,52,53) € S?. Suppose
that |[sillare, <n <1 fori=1,2. Then we have |s3| —1 € My, and |||s3| —1|[azz, < Con.

Proof. It is known that M, C L is a Banach algebra, we see that [[si||r~ < 1. In

view of Taylor’s expansion we have

s3] —1=4/1—s2—s2—1
— (="
=> (5702 +530,)" V1 + x4y |0

n!

n=1
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00 ' o 1
Z n' Cd % 520 ])H(g—)\). (5.1)

n=1 §=0 A=0

In view of the algebra property of M

Nk

llssl — Llasx, < Callsy 55" lurg,

3
Il
it
<
SN
o

N\
NE

> CRC™ s 3, llsa 35"

n=1 j=0
o0 n )
<3S ciem 52
n=1 j=0
the result follows. (]

Lemma 5.2 Let k > 0, 51,52 € M"} with r € [1,00] and s = (s1,52,53) € S?. Suppose
that ||sillpx, < n <1 fori=1,2. Then we have ug = (s1 +is2)/(1 + s3) € My and
l[uollare, < Cin.

Proof. We may assume that s3 > 0. Taking §3 = s3 — 1, we have ug := (s1 +1is2)/2(1 +
53/2). Let us observe that
- o
51+ 189
(s1 + is2) . 5.3
ey R B '(3) >3

Using the algebra property on M, analogous to Lemmal[5.1] we can obtain the result, as
desired. O

By Lemmas BTl and 5.2 we see that ug = (s1(0) + is2(0))/(1 + s3(0)) € M7, is
small enough if s1(0),s2(0) € M, with so = (s1(0), 52(0), s3(0)) € S* are sufficiently
small. Hence, in view of Theorem [T, we obtain that (3] has a unique solution u €
C(R, M3,) N C(R, M}}?) N X. Taking

[ 2Reu  2Imu |u*-1
o™ T+ ul” 14 |uf?

and applying the same way as in Lemmas [5.1] and (.2, we have
2 3/2
s1,82,]s3] —1 € C(R, M2,1) N C(R,M1,1 )-
Finally, we show that si, s2,|s3| —1 € X and we need the following

Lemma 5.3 We have for & = (z2,...,zp),

> k) (urun) s, 1o

x1Hz,t
kezn
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N
<CNZ Z (K| Opuill o g H Z <k(J)>SHDkU)uﬂ'HL§3 - (54)

x]Hx,t

i=1 \k(@ezn J#4 1<GEN \ k() ezn
Proof. The result was essentially obtained in [47]. O

By Taylor’s expansion
oo

51 = Z(—l)j|u|2j2Re u,
=0

o0 oo
0z, 51 = 2Reuy, + Z(—l)j|u|2j2Re Ug, + Z(—l)jj|u|2jf22Re 0y, [ul?.
j=1 j=1

By Lemmas 5.3 and [£.3], we have

Z Z Ha;xislHmaxﬁstrﬁgstrﬁant S 5.

a=0,1i=1,2

Finally, it suffices to estimate [0, s1*™, say, we bound [|0, s1[|{". We have

(0. ] o
102, 5113 < 4l 157 + Y lluf¥2Re g, [ + > jll|[u¥ 2Re udy, [ul|[§*. (5.5)
j=1 j=1

We estimate

2j 3/2
[[ul¥2Re ug, [ 5 > > + > (k1)*/
keZ2, |ki|>|k2|V10 k(l),...,k(2j+1)€Al2g+1’1 k(1)7...7k(2j+3)eAi?+1,1
J 2j
X || Og HDk(S)u H Uy uldp2i41) Re ug,
s=1 s=j+1

co T2
Lacleg,t

= A]o + Ahi- (56)

Using the fact

106 Alzss 2., < NTefliz, e < I0Klsz

t

and in view of Lemma [£3] and Hoélder’s inequality, we have

2
Mo 30 T ules Ogern sl 10 ullss | Operulls,
B kRi+1Dez2 s=3

< ¥y [P (flul ). (5.7)

Again, Lemma [£.3] and Hoélder’s inequality yield

Ani S C7 ([l 7™ (lall*)27 + lalP™ g, [* () =), (5.8)
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Collecting the estimates as in the above, we obtain that

o
[Jul2Re ug, |5 <Y €67+ < 62, (5.9)
j=1

So, we have shown [|0g s1[|*™ < 6. Similarly, we have the desired estimates for sy and
|sg| — 1. This finishes the proof of Corollary
6 Initial data in weighted Sobolev spaces

If we can show that H*+**(R?) Mf71(R2) for any b > 1, then we get an exact proof of
Corollaries [I.4] and

Proposition 6.1 Let s € R, b>n/2. We have H*t"*(R™) C M; | (R").

Proof. It suffices to consider the case s = 0. We have

1/2
1fllasg, < (Z <k>2b> 1£laaz, < 07l

kezZmn

For any b > n/2, using similar way as in Lemma Z1]

1Tkt S D0 I Hortl©) O IF  owlk) Z £l

[l]oo<1
S (B) " Nor(€) Fll o (6.1)
It follows that
1/2
il < (Z uok<s>bf||§ﬂ> . (6.2)
keZm

Ifbe N, we see that
loxgll e S D 10°GN L2 (r—rps11my-

|ar|<b

Hence,

1/2
<Z HUk@Hig) < D 9%l ~ () gl (6.3)

kezn |or|<b

Considering the map T : g — {0} : k € Z"}, (6.3) implies that T : L*(R" : (x>5dac) —
(2(H"(R™)) is bounded for any b € NU {0}. For any b > n/2, we can choose b > b with
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b € N. In view of the real interpolation theory, we can interpolate ¢2(H®(R™)) between
(2(L%(R™)) and ¢?(H®(R™)) and show that

1/2
<Z ||0k§\|2b> <D 10%Gll2 ~ 11{2) gll2. (6.4)

kezm |a‘<5
Taking g = .7 H(¢)’.Z f, we have from (6.2) and (6.4) that

1 llp, S 1) F 1 £l

Hence, we have |[fllyg, S /110 =

A Gabor frame

We collect some results used in this paper for the Gabor frame, see for instance, Grochenig
[17]. Gabor frame is a fundamental tool in the theory of time-frequency analysis, which
was first proposed by Gabor [I5] in 1946. A system {e; : j € J} in a Hilbert space H is
said to be a frame if there exists two positive constant A, B > 0 such that for all f € H,
1/2
AlFI < | D Whenl | < BIfI-

jeJ

For convenience, we write T, f(y) = f(y — z), Mef(y) = ¥4 f(y), Ty is a translation by z
and Mg is a modulation by £. Let g € L2(R") and «, 8 > 0. If

Q(g,a,ﬁ) = {TalMBkg : k,l c Zn}
is a frame in L?, then it is said to be a Gabor frame in L.

Proposition A.1 Let G(g,a,) be a Gabor frame in L. Then any f € L? has an

expansion

f=Y" cuTuMpg.
klEZn

Moreover, ||fll2 ~ ||(cki)]]s2-

Unfortunately, the generalization of Gabor frame in LP with p # 2 is not available and
the Gabor expansion only holds for the case p = 2. However, Proposition [A.1] also holds
for modulation spaces My , with 1 < p,q < oo:

Proposition A.2 Let G(g,a,3) be a Gabor frame in L?>. Then any f € Mg, has an

expansion

=Y cuTuMpg.
kleZn
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Moreover, || fllass,, ~ ll(ce)llms . where

1/q

q/p
(eri)llmg, = [ D (k)™ (Z ICkz|p>

k l

A basic example of the Gabor frame is {e*7e~1==1*/2; [ | € ).

B Function-sequence convolution

Considering the Gabor frame expression for the solutions of linear Schrodinger equations,
we need to treat the convolution on variables x € R™ and [ € Z™. Since x and [ belong to
different measure spaces, we can not directly use Young’s and Hardy-Littlewood-Sobolev’s

inequalities. So, we need the following

Lemma B.1 Let 1 < p,r < co. Assume that § > 0, 6 > 1/r' + 1/p with p > r, or
0=1/r"+1/p € (0,1) and 1 < p < oo. Then we have for any b,c € R with |c| > 1

Sl (14 |l|+b|>

lEZ

S @YY (@) e (B.1)

~

L
Proof. For convenience, we denote by [z] the integer part of z € R. We have

Sl (147 ﬁ”‘)

IEZ

‘Z/Hl'“l'< |l|+b|> W

LEZ

+1 |£C—l—|—b| —0
= Z + Z /l |al|<1+7|c| > dy

IZ>[z+b]+2  I<[z+b]—
[z4b]+1

I+1 TN
+ Z /l lay| (1 + %) dy. (B.2)

I=[z+D]

Noticing that |[x =1 +b] > |vt —y+ b+ 1| for any y € [[,l + 1), > [z + b] + 2, we have

Z /l+1\az!< ‘l‘+b\> dy

>[z+b]+2
I+1 -0
—y+b+1
< S e )
1>[z+b]+2
r—y+b+1 -0
< /R <1 + %) > larlxpsn (v)dy. (B.3)

lEZ
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Similarly,

I+1 _ -0
/ <1 + M) |ay|dy
1<[tb]—1" ||

r—y+b -0
< /R (1+%) S s ()dy, (B.4)

leZ

and noticing that |¢| > 1, for [ = [z + b], [x 4+ b] + 1 one has that
I+1 b\ ~?
l ]
—0
xr—y+b
< 40/11& <1 + %) lar|x(,i41) () dy

z—y+b\’
S 49/1& <1 + %) Z larlx 141y (v)dy- (B.5)

l€Z

Applying Young’s inequality in the case 6 > 1/r' + 1/p, we have
o =y + ]\~
L+ j{:‘aNXUJ+1ﬂy)dy
R |C| leZ
-0
SN+ 1/1eD)™ N port e Z || x(1141)

ez
> lalxsy

lEZ

Lr

< <C>1/r/+1/p

~

(B.6)

LT
Using Hardy-Littlewood-Sobolev’s inequality in the case § = 1/r' + 1/p, we also have the

result, as desired. O

We note that the hidden constant in the right hand side of (B.I) is independent of
b,c € R with |¢| > 1.

Acknowledgment. The author is grateful to Professors K. Grochenig and M. Sugi-

moto for their enlightening conversations on Gabor frame.
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