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SOME COMPLETELY MONOTONIC FUNCTIONS INVOLVING THE
POLYGAMMA FUNCTIONS

PENG GAO

ABSTRACT. Motivated by existing results, we present some completely monotonic functions involv-
ing the polygamma functions.

1. INTRODUCTION

The digamma (or psi) function ¢ (z) for z > 0 is defined to be the logarithmic derivative of

Fuler’s gamma function
. g dt
I(z) = / tPet —.
0 t

The function 1 and its derivatives are called polygamma functions.

There are many interesting inequalities involving the polygamma functions in the literature,
many of which are closely related to the fact that ¢’ is completely monotonic on (0, 400). Here we
recall that a function f(z) is said to be completely monotonic on (a,b) if it has derivatives of all
orders and (—1)*f*)(z) > 0,2 € (a,b),k > 0 and f(z) is said to be strictly completely monotonic
on (a,b) if (~1)kf®)(z) >0,z € (a,b),k > 0.

A general result of Fink [4, Theorem 1] on completely monotonic functions implies that for
integers n > 2,

(67@)" < 6D @B (z), >0

The following inequality of the reverse direction is given in []]:

S0 @ @) < (v

A short proof of the above inequality is given in [3].
For integers p > m > n > ¢ > 0 and any real number s, we define

Fpmm(w;s) = (=1)" ™ (@)™ () — s(=1)PH 9P ()9l (2),

where we set 1(9)(x) = —1 for convenience.

In [2| Theorem 2.1], Alzer and Wells established a nice generalization of the above results. Their
result asserts that for n > 2, the function Fy 41y nn—1(2;s) is strictly completely monotonic on
(0,400) if and only if s < (n —1)/n and —Fy41,nnn—1(z;s) is strictly completely monotonic on
(0,+00) if and only if s > n/(n + 1).

We denote

"

@) 2>0.

~(m—=1)Y(n—1)! . _(m=1)n—-1)! _ mln!
Ap.m,n,g = (v — 1)|(q —1)! s 421 apmno = (p—1)! 5 Bpming = plg!

Note that 0 < apmn.q Bpmng <1 when p+qg=m+n,p>m.
In [5] Theorem 5.1], the following generalization of the result of Alzer and Wells is given:
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Theorem 1.1. Let p > m > n > g > 0 be integers satisfying m +n = p + q. The function
Fymon.q(@; ap monq) 15 completely monotonic on (0,400). The function —Fy, m n.q(Z; Bpmon,q) 15 also
completely monotonic on (0,4+00) when q > 0.

For a given function f(z), we denote for ¢ > 0,

f@+c) = f(=z)
. .
We define for integers p > m > n > ¢ > 0, real number ¢ > 0 and any real number s,

Fpmg(x;8:¢) = (1) A0 (250) AT (2¢) — s(=1)P AP (2;.0) A0V (a0,

where we set (0 (z) = (z),y (Y (2) = —z for convenience. We further define F}, , , o(;5;0) =
lim,_,o+ Fpm.nq(x;s;c) and it is then easy to see that Fj, 5. 4(2;5;0) = Fpmong(T; ).

It’s shown in [7] that on (—min(s, ), +00), the function F5 1 1 o(x+s;1;t—s) (resp. its negative)
is completely monotonic when [t — s| < 1 (resp. when [t — s| < 1) and it is further given in [6] a
necessary and sufficient condition on X, ¢, s for F 1 1 o(z+s; \;t—s) or it’s negative to be completely
monotonic on (—min(s,t),+00). We point out here that one can easily deduce these results on
F>110(x + s; At — s) from similar results on Fy 1 1,0(z; A;t) by a change of variable.

Motivated by the above results, it is our goal in this paper to prove the following:

Af(x;c) =

Theorem 1.2. Let p >m >n > q > 0 be integers satisfying m +n =p+ q and let ¢ > 0. Then
(1) For0<ec<1,
(a) The function Fj,pmnq(x;s;c) is completely monotonic on (0,+00) if and only if s <
ap,m,n,q-
(b) The function —Fpinmno(x;s;c) is completely monotonic on (0,400) if and only if
s> O4771-1—n,m,n,0/c-
(2) Forc>1,
(a) The function —Fp m pnq(z;s;¢) is completely monotonic on (0,400) if and only if s >
ap,m,n,q-
(b) The function Fyyynmno(z;s;c) is completely monotonic on (0,400) if and only if
s < O4771-1—n,m,n,0/c-
(3) The function —Fp 1 n.q(T; Bp.mn.q; €) is completely monotonic on (0,400) for all ¢ > 0 when
g=>1.

2. LEMMAS

The first Lemma lists some facts about the polygamma functions. These can be found, for
example, in [Il (1.1)-(1.3), (1.5)]:

Lemma 2.1. For z > 0,

o ,—t __ ,—at
(2.1) P(z) = —7—1—/ %dt, v =0.57721...;
0 1—e¢
2.2 —) M () = emot_t dt, n>1;
t
0 1-— e
|
2.3 (@ +1) = ™ (@) 4 (—1)"— >0
xn+1
n n n—1)! n!
(2.4) (=)™ (z) = ( - ) + 5 tO(gg), 21 @ = +oo.

Lemma 2.2 ([5, Lemma 2.9]). Let m > n > 1 be two integers, then for any fived constant 0 < ¢ < 1,
the function

a(t;m,n,c) =t" "+ " —c(1+t™)
has exactly one root when t > 1.
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Lemma 2.3. Let a,c > 0, then the function
1— e—ac(l—s) 1— e—ac(l—i—s)
1 — e—a(l-s) ' 1 — e—a(l+s)

u(s;a,c) =

is decreasing on s € (0,1) if 0 < ¢ < 1 and increasing on (0,1) if ¢ > 1.
Proof. For fixed c, it’s easy to see that
u'(s;a,c
0 el 8) —velalL+5),

where

1 &
(2.5) ve(z) = =1 w1

It’s also easy to see that v..(z) = z(x,¢) — z(x,1) where

C2 ecT

z(x,c) = (S

Now, we have
0z _ fex)ce™
dc  (ecr —1)3’

where f(t) = (2 —t)e! — (2 +t). It’s then easy to see that f(t) < 0 for ¢ > 0 and it follows that
vl(xz) > 0 when 0 < ¢ < 1 and that v.(z) < 0 when ¢ > 1. We then deduce that u/(s; a,c) < 0 when
0 <c<1andu(s;a,c) >0 when ¢ > 1 and this completes the proof. O

3. PROOF OF THEOREM

We first prove assertions (1) (a) and (2) (a) of the theorem. Note first that if F), ,, » 4(x;s;¢) is
completely monotonic on (0,+0c), then we have
(

) AP (25 ) A (a5 )
(—1)p+qA1/}(P—1)(x; C)A’l/}(q_l) (x; c) ’
It then follows easily from the mean value theorem and (2.4]) that we have

(=)™ AP (@ ) Ay (a5 ¢)

:vgl—ll—loo (—1)PraAypP=1(z;c) AYla=D (z;¢) o mna
Thus, s < apmmn,g Similarly, one shows that if —F, ,, , q(2;s;¢) is completely monotonic on
(0,400), then s > o m.n,q and this proves the “only if” part of the assertions (1) (a) and (2) (a)
of the theorem.

To prove the “if” part of the assertions (1) (a) and (2) (a) of the theorem, it’s easy to see that
it suffices to show that F}, ; 5.q(Z; @pmn.q; ) is completely monotonic on (0, +00) when 0 < ¢ <1
and that —F) 1.n.¢(Z; Qpmon.q; €) is completely monotonic on (0, +00) when ¢ > 1.

We first consider the function Fj, ,.n.q(2; Qpmon.q;c) with ¢ > 1 following the approach in [2].
Using the integral representations (2.1) and (2.2]) for the polygamma functions and using * for the
Laplace convolution, we get

S

IN

e—xt

o
Fpmn,q(T; Op.mon.g; €) :/0 2 Ip,mnq(t; Op.mon.g)dt,
where

tm—l(e—ct _ 1) tn—l(e—ct _ 1) 7510—1(6—0‘, _ 1) tq—l(e—ct _ 1)
Ipmangt; Opmng) = 1ot * 1ot — Opm,n,q 1 — ot * 1 — ot

t
= / <(t —8)™ " g (— s)p_lsq_l)hc(t — $)he(s)ds,
0
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with
1 _ e_CS
1—es"’

By a change of variable s — ts we can recast g(t) as

(3.1) he(s) =

1
gp,m,n,q(t O‘p,m,n,q) = / <(1 - S)m_lsn_l - O‘p,m,n,q(l - s)p_lsq_l>h0(t(1 — 5))he(ts)ds.
0

We now break the above integral into two integrals, one from 0 to 1/2 and the other from 1/2 to
1. We make a further change of variable s — (1 — s)/2 for the first one and s — (1 + s)/2 for the
second one. We now combine them to get

(3'2) gp’m7n7q(t; ap7m7n7q)
t\m+n—1 1 1+s B -
:<§> / a(l gP—on— 4, p,mon,q) (1 — sHTHA — 5)Pu(s;t/2, ¢)ds,
0 —

where the function a(t;m,n,c) is defined as in Lemma and the function u(s;a,c) is defined as

in Lemma[2.3] Note that (1+s)/(1—s)>1for0<s<1andp—q>n—q>1, hence by Lemma
2.2] there is a unique number 0 < sg < 1 such that

a ( 1+ sp

1-— S0

yp—q,n—4q, O410,771,71,q) =0.

It follows from a(1;p — ¢,n — ¢, Apmnq) > 0 and limy 4o a(t;p — ¢, 0 — ¢, 0p mn,q) < O that for
0 < s < s,
1+s
a<m;p —¢n—q, ap,m,n,q) >0,
with the above inequality being reversed when sg < s < 1.
We further note by Lemma 23] the function u(s;t/2,c) is decreasing on s € (0,1) when0 < ¢ <1
and increasing when ¢ > 1. Thus we conclude that when 0 < ¢ < 1,
1+s _ _
a(T—2iP ~ &1~ 4 Opmng) (1 = s7)17H (1 — )P u(s; /2, ¢)
1+s _ _
2 a(l — S;p —q,n — Q7ap,m7"7Q)(1 - 32)q 1(1 - S)p qu(so; t/27 C),
with the above inequality being reversed when ¢ > 1.
Hence when 0 < ¢ < 1,

Ip;mng(t; Qpmon.g)

t\ mtn+1 L 145 B 3
> (5)"" utsntr2.0) [ a = g0 (L= ) (L= 50,
L aliT

with the above inequality being reversed when ¢ > 1.
Note that the integral above is (by reversing the process above on changing variables)

1
gmn—1 / ((1 —5)™ " — g (1 — s)p_lsq_l)ds =0,
0
where the last step follows from the well-known beta function identity
! I'(z)l(y)
B(z,y :/ N1 -t lat =
(z,y) ; (1-1) Tz T 9)

and the well-known fact I'(n) = (n — 1)! for n > 1. It follows that g(¢) > 0 when 0 < ¢ < 1 and
g(t) <0 when ¢ > 1 and this completes the proof for the “if” part of the assertions (1) (a) and (2)
(a) of Theorem [L2] for F), 1 r.q(%; Opmyn,g; ¢) With ¢ > 1.

) x7y>07
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Now we consider the function Fj, m, n.q(Z; &p m.n.q; ¢) with ¢ = 0. In this case p = m + n and we
note that

1
Am4n,m,n,0 = B(myn) = / Sm_l(l — S)n_lds,
0

and we use this to write

ds.

tm-l—n—l(e—ct _ 1) _ t Sm_l(t _ S)n—l(e—ct o 1)
Am+n,m,n,0 1 _ et - 0 1—et

It follows that

(33) Fm—l—n,m,n,O (517; Am4-n,m,n,0; C)
00 e—xt tm_l e—ct -1 tn—l e—ct -1 ctm—l—n—l e—ct -1
= / 5 ( ( - ) * ( — ) + Om+n,m,n,0 ( 7 ))dt
o C 1—e 1—e 1—e

00 ,—at t ) L 1—e© 11— e—c(t—s) C(l _ e—ct)
= N () . - ds | dt.
/0 c? </0 STt l—es 1—e(t=3) 1—et °
Now we note that, for h.(s) defined as in (31),
he(s)
hc(S) - _UC(S)7
where v.(z) is defined as in (25]). It follows from the proof of Lemma 23] that hL(s)/h.(s) < 0
when 0 < ¢ <1 and h.(s)/hc(s) > 0 when ¢ > 1. We then deduce that when 0 < ¢ < 1,
Iy ’
hc(t S) _ hc(t) > 07
he(t —s)  he(t) —
for t > s > 0 with the above inequality being reversed when ¢ > 1. This implies that the function

t +— Inh.(t —s) — Inh.(t) is increasing (resp. decreasing) for ¢ > s when 0 < ¢ < 1 (resp. when
¢ >1). Thus we obtain that when 0 < ¢ <1,

Inhe(s) +Inhe(t —s) —Inh.(t) > lim+(ln he(s) +1Inhe(t —s) —Inh.(t)) =lnec,
t—s

with the above inequality being reversed when ¢ > 1. One checks easily that this implies that when
0<c<,

1— eclt=9) c(l—e )
>
l—e (=) = 11—t~
with the above inequality being reversed when ¢ > 1. This implies the “if” part of the assertions
(1) (a) and (2) (a) of the theorem for Fy,ipn m n,0(Z; Qminmn.,0;€)-
Now we prove the assertions (1) (b) and (2) (b) of the theorem. Note that if Fyyi.m.n0(2; ;)
is completely monotonic on (0, 400), then we have

(_1)m+nAw(m—1)(x; C)Aw(n_l) (x; C)
(_1)m+n+1Aw(m+n—1)(x; C) ’
It then follows from (2.3]) that we have

)M AN  )AY D (56 o
=0+ (_1)m+n+1Aw(m+n—1) (x; C) c

Thus, § < Qmtnm,n,0/c. Similarly, one shows that if —F,, 1 mno(;s;c) is completely monotonic
on (0,400), then s > Q4 m.n0/c and this proves the “only if” part of the assertions (1) (b) and
(2) (b) of the theorem.

To prove the “if” part of the assertions (1) (b) and (2) (b) of the theorem, it’s easy to see that
it suffices to show that —Fp,4.m.n,0(Z; Cmtn,m.n,0/¢c) is completely monotonic on (0, +00) when
0 < ¢ <1 and that Fryinmn.0(T; Qmtn,mn,0/¢c) is completely monotonic on (0,400) when ¢ > 1.

s <
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Similarly to ([B.3]), we have

Um4n,m,n,0
Fm+n,m,n,0(x§ f? C)

o ,—xt t __ _—cs _ —c(t—s) _ —ct
:/ ¢ /Sm_l(t—s)"_l L=e L=e _(=em) ds | dt.
0 0

c2 l—e5 1—e (=9 1—et
For fixed t > s > 0, define

(1 _ E_CS)(l _ e—c(t—s))
1—ec ’

rst(c) =

Then we have
’r';,t(C) . cs c(t — S) B ot 0
Ts,t(c) et — 1 ec(t—s) _ 1 ect — 1 s

as it’s easy to see that the function z — x/(e® — 1) is decreasing for = > 0. It follows that
the function r,(c) is an increasing function of ¢ so that 754(c) < r54(1) when 0 < ¢ < 1 and
rst(c) > 154(1) when ¢ > 1. One sees easily that the “if” part of the assertions (1) (b) and (2) (b)
of the theorem follows from this.

Lastly, we prove assertion (3) of the theorem. This is similar to our proof above of the “if” part
of the assertions (1) (a) and (2) (a) of the theorem for F), , n ¢(Z; 0pmon.qg;€) With ¢ > 1, except
that we replace apmn.q Y Bpm.n,g and recast the function gy m.n.q(t; Bp.mn,q) similar to ([3.2) as

Ipmn,g(t; Bpmonag)

fymantl 1 14 /2 -1
~(5)""" [ A = g 4 ) (= 20900 5 q(;(l—s%) u(sit/2,)ds.
0 S

It is then easy to show using the method in the proof of Lemma 2.3 that the function s —
a=2(1 — s?)7tu(s;a,c) is increasing on s € (0,1) when ¢ > 0 and essentially repeating the rest
of the proof of the “if” part of the assertions (1) (a) and (2) (a) of the theorem allows us to
establish assertion (3) of the theorem.
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