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ALGEBRAIC PROPERTIES OF A DISORDERED
ASYMMETRIC GLAUBER MODEL

ARVIND AYYER

ABSTRACT. We consider an asymmetric variant of disordered Gla-
uber dynamics of Ising spins on a one-dimensional lattice, where
each spin flips according to the relative state of the spin to its
left. Moreover, each bond allows for two rates; flips which equalize
nearest neighbor spins, and flips which “unequalize” them. In addi-
tion, the leftmost spin flips depending on the spin at that site. We
explicitly calculate all eigenvalues of the transition matrix for all
system sizes and conjecture a formula for the normalization factor
of the model. We then analyze two limits of this model, which are
analogous to ferromagnetic and antiferromagnetic behavior in the
Ising model for which we are able to prove an analogous formula
for the normalization factor.

1. INTRODUCTION

The Ising model with Glauber dynamics [I] has been an extremely
important source for understanding time dependent behavior in the
Ising model. Moreover, the simplicity of the model has inspired the
creation of a number of related models which have been amenable to
rigorous combinatorial and probabilistic techniques. Most of the stud-
ies, by far, have been on the probabilistic side, with systems being
studied on the continuum, on infinite lattices in arbitrary dimension,
or considering asymptotics of large finite lattices. The literature on
Glauber dynamics in the Ising model is exceedingly large. When bonds
between neighboring sites have random strengths, there seem to be a
few studies for large or infinite systems, eg. [2, 3, 4, 5]. We know of
very few combinatorial results, eg [6, [7] and they correspond to situa-
tions where the bond strengths are not arbitrary. In what follows, we
show that a model with Glauber-like dynamics exhibits rich algebraic
and combinatorial structure.

We consider a simplified one-dimensional version of the Ising model
with spin-flip dynamics, on sites labelled 1 to L, and where there are
two kinds of spins, which we label as occupation numbers {0,1}. The
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transition rules are given by an asymmetric version of the usual rule.
Each site ¢ looks only to the site to its left, + — 1, and the ith site
switches its state with a rate that depends only on whether both sites
are in the the same state or not. If the state of both sites is different,
the transition occurs with rate «; (Glauber) and if they are the same,
it occurs with rate f3; (anti-Glauber). In other words, «;’s try to ho-
mogenize the system and ;’s try to make nearest neighbors opposite.
In addition there are boundary interactions at the first site, which flips
with rate o if it contains a particle and [, if it does not.

This model can be thought of as a voter model [8] within a hierarchi-
cal demographic, that is to say individual 2 — 1 influences the opinion
of individual 7, but not vice versa. The rate «; governs the tendency
of i — 1 being a usual campaigner, whereas (; governs the tendency of
1 — 1 being a double agent.

This model can also be thought of as a variant of the East model
studied in [9, [7] on the one dimensional lattice. In the east model, a
spin was allowed to flip only if the site to its left was occupied and the
rate of the flip depended on whether the site was occupied or not.

Crisanti and Sompolinsky [5] considered a mean-field model of Glau-
ber dynamics on Ising spins with asymmetric bonds with random stren-
gths to understand properties of neural networks. This work is not
related to it, but the idea is similar. In their work, asymmetry refers
to partial asymmetry, instead of the total asymmetry assumed here.

In an earlier work, the steady state of the border process for this
model with 8; = 0 and a; = 1 for ¢ > 0, the asymmetric annihilation
process, was obtained [10] by using a transfer matrix ansatz. The
spectrum of the transition matrix for a; unequal was calculated in [11].
This model, even with 3; = 0 is a clear generalization because one can
distinguish here between particles and holes, whereas the former could
not. In addition, there is no analog of the rate for §; in the earlier
works because that would have amounted to creation of particles in
the bulk.

We will write down the precise statement of the Markov chain in
Section 2l  The main result of the paper is an explicit formula for
the eigenvalues of the Markov chain for any size L, which we prove in
Section [3l This leads, in an obvious way, to a formula for the spectral
gap of the system.

We will show that the transition matrix of the model exhibits a sim-
ple recurrence relation allowing one to express the matrix for a system
of size L in terms of that of size L — 1 in Sectiondl We prove a formula
for the density in this disordered model in Section Gl We conjecture
a formula for the normalization factor for the distribution, informally



ASYMMETRIC GLAUBER DYNAMICS 3

called the “partition function” in Section [6l Lastly, we consider two
special cases, which we naturally label the ferromagnetic and the anti-
ferromagnetic limits in Section [7l

2. THE MODEL

We consider a nonequilibrium system on a finite lattice with L sites
labelled from 1 to L. Each sites is occupied by one of two spins 1 and
0. The evolution rule in the bulk, for site ¢ depending on the spin at
site ¢ — 1, is given by

) 10 — 11 and 01 — 00 with rate «y ,
(1) 11 — 10 and 00 — 01 with rate j; .

The evolution of the first site is given by

1 — 0 with rate aq,
0 — 1 with rate ;.

(2)

The rule at the left boundary (2)) is constructed by supposing that
there is a virtual site labelled 0 to the left of the first site which is always
empty. The left boundary conditions are deduced from the bulk rules
(@) by looking at the second component of the bond.

Remark 1. There are two symmetries of the model; the first is mani-
fested by interchanging all a;’s and ;s as well as flipping spins at all
odd sites, and the second, by leaving oy and 1 as they are, interchang-
ing all other «;’s and B;’s and flipping spins at all even sites.

Remark 2. This model has the property that correlation functions
(Miy - .. mi,) does not depend on the state of n;, 1 simply because site
i, + 1 cannot influence any site less than or equal to i, Further, as is
well-known for Glauber dynamics, correlation functions of n sites like
the one above depend only on those of sites less than or equal to n.

3. SPECTRUM OF THE TRANSITION MATRICES

We observe that the characteristic polynomial of the transition ma-
trices factorize into linear factors and has an explicit formula. This
is reminiscent of the formula for the asymmetric annihilation process
conjectured in [I0] and proved in [IT]. Let B, be the set of binary
vectors of size L, that is vectors of length L whose elements are either
0 or 1.
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Theorem 1. The characteristic polynomial of My, is given by

(3) M — M| = H <)\+Zbi(ai+ﬁi))

beBy,

For example, when L = 2, we have
(4)
My = ALyl =X (A + a1+ B1) (A ag+ B2) A+ ar +ag + 81 + Ba)

The proof of Theorem [ will turn out to be a simpler version of the
proof of the eigenvalues in the asymmetric annihilation process [11].
We will first define a slight rearrangement of a Hadamard matrix. Let
B, be ordered lexicographically. For b, ¢ € By, define the square matrix
Hj, of size 2% by

1 ~
H, — — ( 1 b'C) ,
(5) L= 9oLp (=1) b,c€By,
where b is the reverse of b. Note that H is symmetric because
(6) (Hu)oe = (=1)"° = (=) = (Hp)ep.

This is different from the usual definition in which elements of H,
are written as (—1)”¢. For example, the matrix for L = 3 is given by

11 1 1 1 1 1 1
11 1 1 -1 -1 -1 -1

11 -1 -1 1 1 -1 -1

11 -1 -1 -1 -1 11

(7) =/l 201 11 211 4
1 -1 1 -1 -1 1 -1 1

1 -1 =1 1 1 -1 -1 1

1 -1 -1 1 -1 1 1 -1

Lemma 2. H? = 1.
Proof. We first look at the diagonal terms in H?.

(8) (Hi oo = > (Hp)pe(Hp)e, = 5 Z y2e —

ceBy, ceEBL

Now suppose b # d. Then
(9) (H:)oa = > (Hi)pe(Hy)., =3 Z 1)+

ceBy, ceBL
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where the addition of binary vectors is the usual xor-addition: =+ (1 —
x) = 1 by definition and x + = = 0 if x is a bit.

Now, for any fixed b, d, we will construct an sign-reversing involution
onBy. Since b # d, b+d contains at least one entry equal to 1. Consider
the leftmost such entry, at position 7, say. To any element ¢, associate
another element

c—cd = (Cl, ..., Cr—q, 1— CL—it1yCL—i42y .+« CL).
Clearly, this is an involution and moreover,
(_1>(b+d)-é + (_1)(b+d)-é’ —0.

We have therefore partitioned By, for any fixed b, d, b # d, such that
the number of terms which contribute +1 to the sum is exactly the
same as that which contribute -1. Hence (H7 )4 = 0. O

We now write down the transition matrix M in this language. We
use the convention that (M}),. represents the transition rate from
¢ — b, with the end result that Mp|v.) = 0 for the steady state column
vector |vp).

p

Q;, b+c¢c=0...0_1 0...0

i
and ¢;_; + ¢ = 1,

Bs, b+c=0...0 1 0...0
(10) (Mp)pe = 5 and ¢;_1 = ¢,
L L
S VTR ST
i=1 i=1
ci—1+ci=1 Ci—1=¢;
0, otherwise,

\

Lemma 3. H M Hy, is lower-triangular.

Proof. We will show the result by explicitly demonstrating the struc-
ture of non-zero terms. By definition,

(11) (HLMpHL)ea = 2% S (=) My). .

e, feBy,

We will divide the proof into three parts. We first consider diagonal
elements, then certain off-diagonal elements which are non-zero, and
finally show that all other off-diagonal elements are zero by introducing
another sign-reversing involution just as in Lemma
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e c—=d.

Thenc-é+ f-d=c- (e + f) Suppose e differs from f only
at position 4, then (M), s contributes either o; of §; and the
sign is always the same: +1 if ¢; = 0 and —1 otherwise. On the
other hand, if e = f, this sum is identically 0 and therefore we
get a contribution of —qy if fi1 + fi =1 and =B if fi_1 = f;
from (I0).

To summarize, we get 217! terms contributing +a;, £43;, all
of the same sign, from summands e # f and 257! terms con-
tributing —a;, —f; from summands e = f. These will clearly
cancel if ¢ = 0 and will give 2171 (—2q; — 23;) if ¢; = 1. Thus,

L
(HLMLHL Zéz az +ﬁz
i=1

c#d

For now, we look at conditions on ¢, d such that (M), = o
and (—1)¢¢*/4 always has the same sign. This happens when e
differs from f only at position i and f;_1 + fi =1 =¢;,_1 = ¢;.
Now,

e-é+ f-d,
e (¢+d)+(e+f)d
(c+d) (e+f)-é

Since e + f is fixed, only the former term contributes to the
change of sign. As we vary e, this term does not change sign
if and only if (¢ + d);i_y = (¢ + d); and ¢; = d; for all other
values of j. Since we are assuming ¢ # d, the only way this can
happen is if ¢ +d = 0...0110...0 with 1s in the ¢ — 1th and
1th position. If this is the case, the sign of all these terms is
determined just by czi, or equivalently, ¢;. This gives us a total
contribution of 25X~ a;(—1)%.

We also have contributions of «; from diagonal terms e = f
and e;_; 4+ ¢; = 1 from ([0). In that case, c-é+ f-d = e.(¢+d).
Since we just argued that (¢ + d);_1 = (¢ + d);, diagonal terms
always contribute a term of (—1)!(—aq;), giving us a grand total
of 2L_1Oéi.

Therefore, diagonal contributions will cancel off-diagonal ones
if d; = 1,6 = 0 and will add to them if d; = 0,¢; = 1.

By a very similar reasoning, we will get a contribution of —f;
under exactly the same circumstances. The relation (é+d);_; =

c-ée+f-d
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(¢ + d); remains the same, but the roles are of ¢ and d are
reversed, giving us an overall negative sign.
Assuming all other off-diagonal terms are zero,

(HLMpHp)eq= 0 — B

if and only if ¢ and d differ only in the ¢ — 1th and ith position
and moreover d; = 0 and ¢; = 1. Therefore d < ¢ in the
lexicographic order and the matrix is lower triangular.

e Involution.

To complete the proof, we have to show that when ¢ and d
do not satisfy é+d = 0...0110...0 with 1s in the i — Ith
and ith position, (HLMpHp).q = 0. To do this, we introduce
another sign-reversing involution just as in Lemma For a
fixed ¢, d and any pair (e, f) which gives a contribution of « to
(HLMpHp)cq, say, we find another pair (¢/, f') which also give
the same contribution but such that c-é+ f-d = ¢-& + f'-d+1.
Notice that (e, f) satisfies the condition that é and f differ only
in the ¢th position and that f; 1 + f; = 1.

This is easily done. Since ¢ # d, find the smallest value of 7,
J # i, — 1 such that ¢; + ch = 1. Then choose (¢, ) as

e —e = (61, <o, €Lg, 1-— €L—j+1,€L—j4+25- - '7€L)7
f=f = fomi 1= foojn, fo—jros - fL).

Then e+ f = ¢ + f' and e.(¢ + d) = ¢'.(¢ + d) = 1 and we are
done. Notice that we need j # i — 1,7 to ensure that e;_; = ¢;
remains intact. If ¢ differs from d only at these two positions,
then we already proved that there can be no such involution.

O

We have now done all the work necessary to write down a proof of
the main result.

Proof of Theorem [ Since Hy is symmetric and H7 = 1 by
Lemma 2 H;yM;H; has the same characteristic polynomial as M.
But the former is lower triangular. The characteristic polynomial is
therefore

2L
(15) My, = AL | = [[(=A = (HL M Hp)i,).

i=1
Using the representation of the rows and columns using boolean vectors
of size L and using (I2]), we have the required result. [
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Corollary 4. The spectral gap for the system of size L is given by
L
(16) min(e; + ;).

Proof. The proof directly follows from the explicit construction of eigen-
values in Theorem [II O

4. RECURRENCE RELATION FOR THE TRANSITION MATRICES

We will prove that there is a recursion of order one among the tran-
sition matrices. Let My (o, ..., ar; B, ..., (1) represent the transition
matrix for the system of size L with parameters «; and f;.

Theorem 5. Let 1 denote the identity matriz of size 2671, Then M,
can be expressed in 2 X 2 block-diagonal form as

(17) Mp(ay,...,ap; B, ..., BL) = <%) ’

where
Ml,l = ML—l(a2a as, ... ap; B, B3, 5L) — 51,

Moo = My _1(Ba,a3,...,ap;09,Bs,...,0L) —oq 1,

with the initial matriz for L =1 given by

(19) My(or; ) = (‘5?1 “ ) .

(18)

Proof. The matrix for size 1 given in (19) is easy to check. The matrix
recursion (7)) is proved by looking at transitions that binary vectors
beginning with different two-bit vectors undergo. Let v,v" denote bi-
nary vectors of length L and w, w’ denote vectors of length L —1. There
are then four possibilities of transitions depending on the first bits of
v and v/, namely v = Qw or v = lw and similarly for v'.
(1) Ow — 1w’ (resp. 1w — Ow'):
These transitions are only possible if w = w’ and then oc-
curs with rate 51 (resp. «q). This is why the (2,1)—th (resp.
(1,2)—th) block of My is 8,1 (resp. a;1).
(2) Ow — 0w’ (resp. lw — 1lw'):
In this case, all the transitions for the system of size L — 1 go
through but with rates whose indices are one more than that
of the smaller system simply because one extra site has been
added to the left. For example, what occurred with rate as in
the system of size L — 1 occurs with rate a3 now. Because of the
extra transitions in the off-diagonal blocks (described above),
we must add negative terms to the diagonal so that column
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sums are zero. Therefore we subtract ;1 (resp. a;1) from
My (resp. Myy).

O

For later consideration, we also express the recursion relation using

a second order recurrence relation. Expressing the transition matrix
for the system of size L — 1 as

Mp(on,...,ap;B1,...,0L) =

Ml,l_ Oég]]_ Oélll 0
(B1 + B2)1

B2l M2,2— 0 ol
(20) (B1+a2)l

Bl 0 My, — B21 ’

(Oél + 042)1
O 61]]- 042]]_ Mgvg—
(a1 + 52)1

where
1) My = Mp_s(as, o, ..., ap; B3, Ba, ..., Br),

Msy = Mp_o(Bs, au, ..., ap; a8, Ba, ..., fr).

Remark 3. Notice that the transition matriz My, is invariant under
the transformation My, <> (Mp)T and o < f5.

5. DENSITY IN THE STEADY STATE

We compute the density of 1’s in the steady state at site k in a
system of size larger than k. Using Remark 2], this density is completely
independent of the size of the system.

Let Sy be the set of subsets of [k] = {1,...,k} with an odd number
of elements, and for s € S, let § = Sy \ s.

Lemma 6. The density of 1’s at site k is given by
> 16 1]
SES) t1€s JES

(22) () = —
[T +58)

J=1

Proof. The master equation for the density of 1’s at site 1 is
d
2 im) =Bl —m) —ai{m) =0,

which implies 1y = ﬁ, which is consistent with the (22]) with k& = 1.

(23)
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For k > 1, the master equation is

i) = Bid(1 = men) (L — 7)) + ol (1 — 72)

(24) dt
— (1 = m—1)1e) = Bre(he—1m1) = 0,
which on simplifying gives

~ap{me—1) + Bl — men)
(k) =
o, + i
One can check that (22)) satisfies this recurrence. O

(25)

6. THE NORMALIZATION FACTOR

Consider the system of size L. For any configuration 7, we can
express its steady state probability as a numerator divided by a de-
nominator. We define the normalization factor Z. (&, §) as the least
common multiple of the denominators of the steady state probabilities
for all configurations n such that the greatest common divisor of the
corresponding numerators is 1.

We have been able to find a conjecture for Z; but have not been
able to prove the formula in general. In certain special cases discussed
in Section [7 the following conjecture does reduce correctly.

Conjecture 1. The normalization factor for a system of size L with
rates «; and B; is given by

L
(26)  Zu(@, ) =[J(+8) ] (ci+5Bi+a;+8).

i=1 1<i<j<L

7. SPECIAL CASES: FERROMAGNETIC AND ANTIFERROMAGNETIC
MODELS

We now analyze two limits of this model which depend on two pa-
rameters, a; = « and §; = [. Both these limits can be interpreted
as nonequilibrium analogs of the ferromagnetic and antiferromagnetic
Ising models respectively, hence the terminology.

The strategy for the analysis of both cases is similar. We will first use
Theorem [l to write a first order recurrence for the transition matrices.
We will then show that the transfer matrix ansatz [10] holds, using
which we will express the steady state probabilities of the system of
size L in terms of the system of size L — 1.

We first recall the definition of the transfer matrix ansatz. A family
of Markov processes satisfies the transfer matrix ansatz if there exist
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matrices 17, for all sizes L such that
(27) Mp Ty, =T, My .
We also impose that this equality is nontrivial in the sense that
(28) My Ty, #0.

The rectangular transfer matrices or conjugation matrices 77, can be
interpreted as a consequence of the integrability of the model.

For the system we consider here, the transition matrices are of size
2L Tt is most convenient for us to take the naturally ordered basis of
binary sequences of size L. For example, when L = 2, the ordered list
is (00,01,10,11).

Using the transfer matrices, we will calculate the normalization fac-
tor Zy for both these models. Letting |v;) be the Perron-Frobenius
eigenvector of the system of size one, we can define

(29) Zp = (1| Tp1Tp—o - - - Th|ve),

where (17| is the row vector of size 2L composed of 1’s.

For these special cases, we will explicitly calculate the density, the
recurrences for the transition matrix and the transfer matrix, as well
as the formula for the normalization factor. We will omit all the proofs
since they are quite straightforward, if somewhat tedious. The recur-
rences for the transition matrix follow from the recurrence (20) and
the others can be provided without too much difficulty using induc-
tion. The technique of proof is the same as was used in [10].

7.1. Ferromagnetic limit. We consider the case o; = 1 and ; = 0
for ¢+ > 1. The densities are easily calculated. The only term that
contributes to the sum in (22)) is the subset {1} € Si. Therefore,

30 = —
(30) ) = =
for all k. Therefore all densities are identical, which is reminiscent of
the ferromagnetic limit where all spins prefer to be aligned in the same

direction.
Corollary 7. Let 1 denote the identity matriz of size 2¥72. Suppose
the transition matriz for size L — 1 is written in block-diagonal form as

(F)
F M ol
(31) MI(,—)lz - ‘ )
B | Mg,
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Then
M 1 al 0
Mg)— 0 al
(32) MéF) _ (I1—a+p)l - :
51 0 M 0
(1-B+a)l
0 41 1 M

where MéF) is written as a 2 X 2 block matriz with each block made up
of matrices of size 2X1. The initial matriz for L = 1 is given by

(33) M = <_ﬁ6 @ ) .

—Q

Let o1 denote the matrix of size 2¥ with 1’s on the antidiagonal and
zeros everywhere else. For example,

(34) o — ((1) (1)) |

Lemma 8. Define rectangular matrices T]EF) of size 211 x 2L wusing
the following recurrence relation.

l—a+p
and define T]EF) by the following recursion. If

F F
1) | 1)
(36) T(F) — 0 T22
L-1 TZFS 0
31
T 7

41 42
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then
F F F F
o1 Tf% ) o1l Tl(2F )
0 UL—2T1(1 Jon_, 0 T2(2 )
0 0 T 0
F F
(37) T(F) — 0 0 T2(2 ) 2T2(2 )
L 27" T 0 0
0 T 0 0
T 0 o T o, 5] 0
F F F F
| ey Ty |21y

Then the family of Markov processes given by the transition matrices

{M éF)} satisfy the transfer matriz ansatz with TL(F) defined above, ie
F)r(F F) 3 f(F

MBTE, T,

Using Lemma[8) we can compute the normalization factor ZéF) (e, B)
using (29) by setting

(38) fon) = (g) |

For example, ZfF) = a + . We find a remarkable property of the
partition function of the system, namely its super-extensive growth
with the size of the system.

Corollary 9. The partition function of the system of size L is given
by

L—-1

(39) 2 =203 (a+ B (L +a+ B

7.2. Antiferromagnetic limit. We consider the case a; = 0 and 3; =
1 for i > 1. Now the only terms that can contribute to the sum in (22])
are the subset § = ¢, {1} € Si. Therefore, the density depends on the
parity of the site. If k is odd (resp. even), s = [k] (resp. s ={2,...,k})
is the only contribution,

B kodd
(40) <nk>={a:f’ o7

Ot—-l—ﬁ’ k’ even.

This is reminiscent of the antiferromagnetic Ising model in which neigh-
boring sites prefer to be aligned opposite to one another.
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Corollary 10. Let 1 denote the identity matriz of size 2°72. Suppose
the transition matriz for size L — 1 1s written in block-diagonal form as

A
(41) MW, (M1(1) | a1 )

BL | My,
Then

MY 1 0 al 0

1 MED— 0 al
L A1 0 M- 1 ’
(8- )l
A

0 A1 0 MY —1

where MéA) s written as a 2 X 2 block matriz with each block made up
of matrices of size 2X71. The initial matriz for L = 1 is given by

—

(43) MW = (_ﬁﬁ @ ) .

Lemma 11. Define rectangular matrices TéA) of size 281 x 28 wusing
the following recurrence relation.

0 «Q
A 1-0+a«a «
(44) = I6; l—a+p |’
15} 0
and if
A
0 T
(45) T(A) _ IR
L-1— WTWT
3%4 32
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then
0 0 0 T
0 0 o | Tl
TV | 20T Ve | TV | 218
A A
e = | - T o
0 13 0 13
2T4(f1) T4(1A) QO’T?)(?)O' O’T?)(;‘)O'
T | oty 0 0
T 0 0 0

Then the family of Markov processes given by the transition matrices

{M éA)} satisfy the transfer matriz ansatz with TL(A) defined above, ie
A) (A A) 2 (A

MVTES, ~ T M,

Using Lemma [8] we can compute the normalization factor ZéA) (o, B)
using (29) by using the same formula for |v;) as in the ferromagnetic
case, ([38). We find that the normalization factor is exactly the same
as for the ferromagnetic model.

Corollary 12. The partition function of the system of size L is given
by
-1

(47) 2y =2 ) (a4 B)(1+a+ B)E

7.3. Relation between these special cases. The transition matrix
M £X) for X = F, A is invariant, in addition to the transposition sym-
metry, under the transformation

(48) (ML(/X))ZJ <~ (ML(/X))QL+1_Z'72L+1_J' and o <> ﬁ

in the usual matrix coordinate notation where 4, j vary from 1 to 2F.
Similarly, the transfer matrix TéX) is invariant under the transforma-
tion

(49) (TEN)i e (TE) g0 41 iari1—; and @ <

2L+1

and j varies from 1 to 2°. The

normalization factors for the two systems are exactly the same, ZISF)

where this time ¢ varies from 1 to
ZiA). One also sees that the recurrence relations for the transition
matrices and the transfer matrices are similar.

The reason that there are so many similarities between the two mod-
els is that one can establish an exact correspondence between the fer-
romagnetic and antiferromagnetic limits defined previously using Re-
mark [Il In this case, we use the second part of the remark. As a
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consequence of this coupling, time-dependent correlation functions in
the ferromagnetic model are related to those in the antiferromagnetic

model.
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