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Abstract

In this article, using the plurisubharmonic variation property of canonical
measures (cf. [T7]), we prove that for an algebraic fiber space f : X — Y,
f«Ox(mKx,y) is globally generated on the complement of the discrimi-
nant locus of f for every sufficiently large and divisible m. As a byproduct,
we prove litaka’s conjecture on the subadditivity of Kodaira dimensions.
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1 Introduction

Let f : X — Y be a surjective projective morphism between smooth projective
varieties with connected fibers. In this paper we shall call such a fiber space an
algebraic fiber space for simplicity. We set Kx/y := Kx ® f*K;1 and call
it the relative canonical line bundle of f: X — Y.

Let f : X — Y be an algebraic fiber space. It is well known that the
direct image f.Ox(mKx/y) is locally free outside of the discriminant locus (cf.
[S2, [T5] [T9]) and is semipositive for every m = 1 in certain algebraic senses
(cf. Theorems [[LT] and below). But Theorems [T and do not imply the
existence of nontrivial global sections of f.Ox(mKx, y).

The purpose of this article is to prove that f.Ox(mKx,y) is globally gen-
erated on the complement of the discriminant locus of f for every sufficiently
large and divisible m.

The main difficulty to prove the global generation is the fact that the direct
image f.Ox(mKx/y) is only semipositive and not strictly positive (= ample) in
general. The idea of the proof is to distinguish the null direction of the positivity
of f,Ox(mKx/,y) as a Monge-Ampere foliation and to realize the direct image
[+Ox(mKx,y) (or its certain symmetric power) as the pull back of an ample
vector bundle on a certain moduli space via the moduli map.

1.1 Kawamata’s semipositivity theorem

In order to clarify what is new in this article, I would like to review briefly
the former results and methods on the semipositivity of the direct images of
pluricanonical systems in Sections 1.1 and 1.2.

The first result on the semipositivity of the relative pluricanonical system is
the following theorem due to Y. Kawamata in 1982.



Theorem 1.1 ([Ka2]) Let f : X — Y be an algebraic fiber space. Suppose that
dimY = 1. Then for every positive integer m, f.Ox(mKx/y) is a semiposi-
tive vector bundle on'Y', in the sense that every quotient Q of f.Ox(mKxy),
deg @ 2 0 holds.

The proof of Theorem [[L1] depends on the variation of Hodge structure due to
P.A. Griffiths and W. Schmidt (cf. [Gl[Sch]). We note that before Theorem L]
T. Fujita proved the case of m = 1 in [F1] by using the curvature computation
of the Hodge metrics of P.A. Griffiths ([G]). In this special case, Fujita gave a
singular hermitian metric on the vector bundle f,Ox(Kx/y) with semipositive
curvature in the sense of Griffiths. In contrast to Fujita’s result, for m > 2,
Theorem [Tl does not give a (singular) hermitian metric on f.Ox(mKx/y)
with semipositive curvature, because the proof relies on the semipositivity of
the curvature of the Finslar metric on f,Ox(mKx/y) defined by

(1.1.1) HﬂF(AWWﬁ>

which is a singular hermitian metric on the tautological line bundle on P((f.Ox (mKx/y))*).

1.2 Viehweg’s semipositivity theorem
In 1995 E. Viehweg extended Theorem [[T] ([V2| Section 6]) in the case of f-

semiample relative canonical bundles and constructed quasi-projective mod-
uli spaces of polarized projective manifolds with semiample canonical bundles
(IV2]). Since we use Viehweg’s idea in this article, we state his result precisely.
First we recall several definitions.

Definition 1.2 Let Y be a quasi-projective scheme, let Yy be an open dense
suchscheme and let G be a coherent sheaf on 'Y, We say that G is globally
generated over Yy, if the natural map HY(Y,G) @ Oy — G is surjective over
Yo. o

For a coherent sheaf F and a positive integer a, S*(F) denotes the a-th sym-
metric power of F. To measure the positivity of coherent sheaves, we shall
introduce the following notion.

Definition 1.3 Let Y be a quasi-projective reduced scheme, Yy C Y an open
dense subscheme and let G be locally free sheaf on Y, of finite constant rank.
Then G is weakly positive over Yy, if for an ample invertible sheaf H on'Y
and for a given number o > 0 there exists some 8 > 0 such that S*?(G) @ H?
is globally generated over Yy.

The notion of weak positivity is a natural generalization of the notion of nefness
of line bundles. Roughly speaking, the weak semipositivity of G over Y means
that G ® H® is Q-globally generated over Y for every € > 0.

Definition 1.4 Let F be a locally free sheaf and let A be an invertible sheaf,
both on a quasi-projective reduced scheme Y. We denote

(1.2.1) fzSA

if SYF)® A~ is weakly positive over Y, where a,b are positive integers. 0



For a normal variety X, we define the canonical sheaf wx of X by
(1.2.2) wx =1.0x,,,(Kx,.,),

where X,., denotes the regular part of X and ¢ : X,y — X denotes the natural
injection. The following notion introduced by Viehweg is closely related to the
notion of logcanonical thresholds.

Definition 1.5 Let (X,T) be a pair of normal variety X and an effective Cartier
divisor T'. Let w: X' — X be a log resolution of (X,T') and let T” := n*T". For
a positive integer N we define

a2 o) = (o ([5])

and

(1.2.4) Cx(I',N) = Coker {wx {WF} — wX} .

If X has at most rational singularities, one defines :
(1.2.5) e(I') = min{N > 0|Cx (T, N) = 0}.

If L is an invertible sheaf, X is proper with at most rational singularities and
HO(X, L) # 0, then one defines

(1.2.6)  e(L) =sup{e(D)|T": effective Cartier divisor with Ox(T') ~ L} .

O
Now we state the result of E. Viehweg.

Theorem 1.6 ([V2, p.191, Theorem 6.22]) Let f : X — Y be a flat surjective
projective Gorenstein morphism of reduced connected quai-projective schemes.
Assume that the sheaf wx,y is f-semi-ample and that the fibers X, = 1)
are reduced normal varieties with at most rational singularities. Then one has :

(1) Functoriality: For m > 0 the sheaf f*wﬁ/y is locally free of rank r(m)
and it commutes with arbitrary base change.

(2) Weak semipositivity: For m > 0 the sheaf f*w)"g/y s weakly positive
over'Y .

(3) Weak semistability: Let m > 1,e > 0 and v > 0 be chosen so that
f*wﬁ/y #0 and

k
(1.2.7) e sup{ ce(wh )y forye Y}
m—1 v
hold. Then
m 1 k
(1.2.8) fewk )y = e (k) det(fuwk/y)
holds.



Although Theorem assumes the f-semiampleness of wx,y, the advantages
of this generalization are :

e The base space is of arbitrary dimension.
e The semipositivity is more explicit than the one in Theorem [L11
e The comparison of the positivity of f*w)"g/y and det(f*w)"g/y) is given.

Later Theorems [[.1] and have been extensively used in many other con-
texts (for example see [Ka3| [V2]).

1.3 Analytic Zariski decompositions

To state the main result, we introduce the notion of analytic Zariski decompo-
sitions. This notion will be used throughout this article.

Definition 1.7 Let M be a compact complex manifold and let L be a holomor-
phic line bundle on M. A singular hermitian metric h on L is said to be an
analytic Zariski decomposition(AZD in short), if the followings hold.

(1) Oy, is a closed positive current.

(2) For every m > 0, the natural inclusion:
(1.3.1) HO(M,0p (mL) @ Z(h™)) — H°(M, O (mL))
is an isomorphim.

Remark 1.8 If an AZD exists on a line bundle L on a smooth projective variety
M, L is pseudoeffective by the condition 1 above.

It is known that for every pseudoeffective line bundle on a compact complex
manifold, there exists an AZD on F (cf. [T1l[T2| D-P-S]). The advantage of the
AZD is that we can handle pseudoeffective line bundle L on a compact complex
manifold X as a singular hermitian line bundle with semipositive curvature
current as long as we consider the ring R(X, L) := &,,>oH°(X, Ox(mL)).

We also note that there exists a smilar but different notion : singular hemi-
tian metrics with minimal singularities introduced by Demailly, Peternell and
Schneider (cf. [D-P-S]). A singular hemitian metric with minimal singularities
is always an AZD, but in general an AZD need not be a singular hemitian met-
ric with minimal singularities at least in the log canonical case ([T8]) [. In this
article, we use the notion of AZD’s, since the canonical measure (cf. Theorem
[2.1) plays the crucial role in this article and the inverse of the canonical measure
need not be a singular hermitian metric with minimal singularities.

1.4 Statement of the main results

We note that Theorems [Tl and do not imply the existence of nontrivial
global sections of f,Ox(mKx/y) for some m > 0. In this article we shall prove
the global generation of f.Ox(m!Kx/y) for every sufficiently large m on the
complement of the discriminant locus of f. The following is the main result in
this article.

I Actually this difference is closely related to the abundance conjecture.



Theorem 1.9 Let f: X — Y be an algebraic fiber space and let Y° be the
complement of the discriminant locus of f in'Y. Then we have the followings :

(1) Global generation: There exist positive integers b and mq such that for
every integer m satisfying b|m and m = mo, f.Ox(mKx/y) is globally
generated over Y°.

(2) Weak semistability 1: Let m be a positive integer such that f.Ox(mKx,y) #
0. Let r denote rank f,Ox(mKx/y) and let X" := X xy X xy --- xy X
be the r-times fiber product over Y. Let f7 : X" — Y be the natural
morphism.

LetT' € [mKxr/y — f7 det f.Ox(mKx,y)| be the effective divisor corre-
sponding to the canonical inclusion :
(1.4.1)

[ (det f,.Ox(mKx/y)) = [ fiOxr(mKxr)y) = Oxr(mKxr/y).
Then T' does not contain any fiber X;(y € Y°) such that if we we define
the number dg by
(1.4.2) do :=sup{d | (X,,0-T'y) is KLT for ally € Y°},
then for every e < &g and a sufficiently large positive integer d,

dle
1.4.3 «Ox(d\K = ——— det f,O K
( ) [:Ox(d'Kx/y) = Atmr et f.Ox(mKx/y)
holds over Y°.
(3) Weak semistability 2: There exists a singular hermitian metric Hy,
on (14+me)Kxr/y —e- fr*det fuOx(mKx/y)* such that
(a) V=10g,, . 20 holds on X" in the sense of current.
(b) For everyy € Y°, Hy, o[ x; is well defined and is an AZD (cf. Defi-
nition [L.3) of

O
Remark 1.10 The 3rd assertion implies the 2nd assertion.

The major difference between Theorems and [[I] is that in Theorem
[«Ox(mKx,y) is globally generated over the complement of the discriminant
locus of f, while Theorem [LT] implies the semipositivity of f.Ox(mKx,y). In
this sense Theorem[L.9is much stronger than Theorem[.T] The major difference
between Theorems and is (besides the global generation assertion) that
in Theorem [L9] we do not assume the f-semiampleness of Kx/y in Theorem

ra
We also have the following log version of Theorem

Theorem 1.11 Let f : X — Y be an algebraic fiber space and let D be an
effective Q divisor on X such that (X, D) is KLT. Let Y° denote the complement
of the discriminant locus of f. We set

(1.4.5) Yo :={yeYlyeY° (Xy,D,y) is a KLT pair}



(1) Global generation: There exist positive integers b and mq such that for
every for every integer m satisfying b|m and m 2 mo, m(Kx,y + D) is
Cartier and f.Ox(m(Kx y + D)) is globally generated over Y.

(2) Weak semistability 1: Let m be a positive integer such that m(Kx,y +

D) is integral and f.Ox (m(Kx/y+D)) # 0. Letr denoterank f.Ox (|m(Kx,y+

D)|). Let X" := X Xy X Xy -+ Xy X be the r-times fiber product over
Y and let f7: X" — Y be the natural morphism. And let D" denote the
divior on X" defined by D" = 2:21 D, where m; : X" — X denotes
the projection: X" 3> (x1,+++ ,&pn) — x; € X.

There exists a canonically defined effective divisor T' (depending on m) on
X7 which does not conatin any fiber X;(y € Y?°) such that if we we define
the number dg by

(1.4.6) do :=sup{d | (X, D, + oTy) is KLT for ally € Y°},
then for every e < &g and every sufficiently large positive integer d,

dle

(1.4.7) f.Ox(d(Kx)y + D)) = Trmor

det f.Ox (|m(Kx/y + D)])

holds over Y.

(3) Weak semistability 2: There exists a singular hermitian metric Hp, ¢
on

(1.4.8) (1+me)(Kxr)y +D") —¢- f*det f.Ox(|[m(Kx/y + D)|)™
such that

(a) /—=1Og,, . 20 holds on X in the sense of current.
(b) For everyy € Yo, Hm (| X, is well defined and is an AZD of

(1 +me)(Kxr/y +D") —e- f™ det fOx (|m(Kx/y + D)])™[ X,y

O

The main ingredient of the proof of Theorems [ and [LI1] is the (logarith-
mic) plurisubharmonic variation property of canonical measures (Theorem
in [T7]). The new feature of the proof is the use of the Monge-Ampere foli-
ations arising from the canonical measures and the weak semistability of the
direct images of relative pluricanonical systems. One may consider these new
tools as substitutes of the local Torelli theorem for minimal models with semi-
ample canonical divisors in [Ka2].

The scheme of the proof is as follows. For an algebraic fiber space f :
X — Y with Kod(X/Y) 2 0 (cf. (213)), we take the relative canonical mea-
sure dpleqn, x/y (see Section LH). Then the null distribution of the curvature

. - . 1 )
@d#;ln oy of the singular hermitian metric dlu’can,X/Y on Kx/y defines a sin-

gular Monge-Ampere foliation on X. Here the important fact is that the leaf
of the foliation is complex analytic ([B-K]) (although it is not clear that the



foliation itself is complex analytic apriori). By using the weak semistability of
J[+Ox(m!Kx/y), we prove that this singular foliation actually descends to a
singular foliation G on the base space Y. Let us define the (singular) hermitian
metric by, on foOx(m!Ky,y) defined by

(1.4.9) hm(o,0') == / o-a - dﬂ;l(s;/?-
X/Y

Then we see that (f.Ox(m!Kx/y),hm) is flat along the leaves of G on Y.
Taking m sufficiently large, we see that the metrized relative canonical model
(cf. Definition BTl below) of f : X — Y is locally trivial along the leaves.
Then we see that the leaves of G consists of the fiber of the moduli map to the
moduli space of relative canonical models marked with the metrized Hodge line
bundles. Then the global generation property of f.Ox(mKx/,y) follows from
the Nakai-Moishezon type argument.

1.5 [Iitaka’s conjecture

In this subsection, we apply Theorem [[9 to Titaka’s conjecture. The following
conjecture by S. Iitaka ([I]) is well known.

Conjecture 1.12 (Titaka’s conjecture) Let f : X — Y be an algebraic fiber
space. Then

(1.5.1) Kod(X) = Kod(Y) + Kod(X/Y)

holds, where Kod(X),Kod(Y') denote the Kodaira dimension (cf. (2Z11)) of
X,Y repsectively and Kod(X/Y) denotes the relative Kodaira dimension as

Z13). o

The typical examples of algebraic fiber spaces are litaka fibrations, Albanese
maps, the universal families over fine moduli spaces. Especially the litaka fibra-
tion f: X — Y has the property that Kod(X/Y) = 0. Hence Conjecture
reduces the birational classification of X to the study of families of varieties with
Kodaira dimension 0 and the study of the base sace ¥ with Kod(Y') < Kod(X).
Conjecture[L.12]is considered to be one of the key for the birational classification
of projective varieties . For detailed explanation and references, see the survey
article [M] for example.

In [Ka2| Kawamata solved Conjecture in the case of dimY = 1 by using
Theorem [Tl And if Kod(Y) =dimY i.e., Y is of general type, then Conjecture
can be easily deduced from Theorem [[ Il And in the case that a general
fiber of f : X — Y is of general type, Conjecture has been solved (cf.
[V1l Kol). And in [Ka2], Kawamata reduced Conjecture [[.I2]to the completion
of the minimal model program (MMP). Hence by the completion of MMP in
dimension 3 (see [K-M] for example), Conjecture has been solved in the
case of dim X = 3.

As an immediate consequence of Theorem [[L9] we give an affirmative answer
to Iitaka’s conjecture.

Theorem 1.13 Conjecture [LI2 holds.



Proof of Theorem [ 13 Let f: X — Y be an algebraic fiber space. If Kod(Y")
or Kod(X/Y) is —oo, Conjecture certainly holds. Hence we assume that
Kod(Y) and Kod(X/Y) are nonnnegative. We note that there exists a natural
morphism :

(1.5.2) HU(Y, f.Ox(mKx/y)) ® H'(Y,Oy (mKy)) — H°(X,Ox(mKx)).
Then by Theorem [[L9] we have that

log dim HO(Y, f.Ox(mKx,y))

1.5. li > Kod(X/Y
(1.5.3) i sup logm Z Kod(X/Y')
holds. Hence we see that
(1.5.4) Kod(X) 2 Kod(Y) + Kod(X/Y)

holds. 0

Remark 1.14 The optimal form of litaka’s conjecture is:
(1.5.5) Kod(X) 2 Kod(Y) + max{Kod(X/Y), Var(f)}.
At this moment, I do not know the proof. o

The organization of this article is as follows. In Section 2, we review the
canonical measures intorduced in [S-T|[T7]. Especially the logarithmic subhrmonic-
ity of the canonical meaures (cf. [T'7 [T8]) is explained. Using the logarithmic
subharmonicity and Viehweg’s idea, we prove the weak semistability of the di-
rect images of relative pluri log canonical systems for a family of KLT pairs. In
Section 3, we construct the moduli space of the metrized canonical models of
KLT pairs. The construction is rather standard, but technical. In Section 4, we
analyse the Monge-Ampere foliation assuming the regularity results of canonical
measures which is proven Section 6 below. In Section 5, we complete the proof
of the main results assuming the regularity rusults in Section 6. In Section 6,
we prove the regularity of canonical measures by the dynamical construction of
canonical measures and Hérmander’s L?-estimate of O-operators. In Section 7,
we provide several technical results which are used in Section 4.

The order of contents may be a little bit irregular. But I hope that to put off
the technical stuffs later makes the scheme of the proof clear.

Notations

e For a real number «a, [a] denotes the minimal integer greater than or equal
to a and |a| denotes the maximal integer smaller than or equal to a.

e Let X be a projective variety and let D be a Weil divsor on X. Let
D = 3" d;D; be the irreducible decomposition. We set

(1.5.6) [D]:= [d1D;, | D] :=> | di] D:.



e Let f: X — Y be an algebraic fiber space and let D be a Q-divisor on
X. Let

(1.5.7) D=D"4+ D"

be the decomposition such that an irreducible component of Supp D is
contained in Supp D" if and only if it is mapped onto Y. D" is the
horizontal part of D and DV is the vertical part of D.

e Let (X, D) be a pair of a normal variety and a Q-divisor on X. Suppose
that Kx + D is Q-Cartier. Let f: Y — X be a log resolution. Then we
have the formula :

Ky = f"(Kx + D) + Z%‘Ei,

where E; is a prime divisor and a; € Q. The pair (X, D) is said to be
subKLT(resp. subLC), if a; > —1 (resp. a; = —1) holds for every i.
(X, D) is said to be KLT (resp. LC), if (X, D) is subKLT(resp. subLC)
and D is effective.

e Let X be a projective variety and let £ be an invertible sheaf on X. L is
said to be semiample, if there exists a positive integer m such that |£®™|
is base point free.

e f: X — Y be a morphism between projective varieties. Let £ be an
invertible sheaf on X. L is said to be f-semiample, if for every y € Y,
L|f~1(y) is semiample.

e Let L be a Q-line bundle on a compact complex manifold X, i.e., L is
a formal fractional power of a genuine line bundle on X. A singular
hermitian metric h on L is given by

h:e_“’-ho,

where hg is a C°° hermitian metric on L and ¢ € L}, .(X) is an arbitrary
function on X. We call ¢ the weight function of kA with respect to hg. We
note that h makes sense, since a hermitian metric is a real object.

The curvature current Oy of the singular hermitian Q-line bundle (L, h)
is defined by -
eh = ®h0 + aa(pa

where 00y is taken in the sense of current. We define the multiplier ideal
sheaf Z(h) of (L, h) by

Z(h)(U) = {f € Ox(U): |fI*e™* € Li,(U)},
where U runs open subsets of X.

e A singular hermitian line bundle (L, k) is said to be pseudoeffective, if
v —10y, is a closed semipositive current.

e For a closed positive (1,1) current T', Typ. denotes the abosolutely contin-
uous part of 7.
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e For a Cartier divisor D, we denote the corresponding line bundle by the
same notation. Let D be an effective (Q-divisor on a smooth projective
variety X. Let a be a positive integer such that aD is Cartier. We
identify D with a formal a-th root of the line bundle aD. We say that o
is a multivalued global holomorphic section of D with divisor D, if ¢ is a
formal a-th root of a global holomorphic section of aD with divisor aD.
And 1/|o|? denotes the singular hermitian metric on D defined by

1 hp
o2 " hp(o,0)’
where hp is an arbitrary C'*° hermitian metric on D.

e For a singular hermitian line bundle (F,hr) on a compact complex mani-
fold X of dimension n. K (X, Kx + F, hr) denotes (the diagonal part of)
the Bergman kernel of H(X,Ox(Kx + F) ® Z(hr)) with respect to the
L2-inner product:

(1.5.8) (0,0") = (¢__1)"2/ hi o NG,

X
ie.,
N
(1.5.9) K(X,Kx +F,hp) =Y _|oi]?,
i=0
where {09, - ,0n} is a complete orthonormal basis of H(X, Ox (K x +

F)® Z(hp)). Tt is clear that K(X,Kx + F,hr) is independent of the
choice of the complete orthonormal basis.

2 Canonical measures

In this section we review the definition and the basic properties of canonical
measures which plays the key rold? in the proof of Theorems and [L111

The canonical measure is a natural generalization of Kahler-Einstein volume
form to the case of projective varieties with nonnegative Kodaira dimension (cf.
[S-TV [T7]). The basic properties of the canonical measure are :

(1) Tt is completely determined by the complex structure of the variety and
is birationally invariant.

(2) Tt is C'™ on a on a nonempty Zariski open subset of the variety and satisfies
a Monge-Ampere equation on a Zariski open subset on the base space of
the Iitaka fibration (cf. Section 2]).

2Probably we may use the Narashimhan-Simha volume form ([N-S]) instead of canonical
measures to prove Theorem [[L9and[[LTT] For a smooth projective vairiety X with nonnegative
Kodaira dimension and a positive integer m, the m-th Narashimhan-Simha volume form K,]XS
is defined by

2 2
(2.0.10) K5 (@) = {lo] @)lo € HOX, Ox (mkx), [ |ol% =1},
b'e
The advantage of the Narashimhan-Simha volume form is that its construction is much simpler

than the one of the canonical measure. But on the other hand, it seems to be hard to prove
the regularity of the Narashimhan-Simha measure.
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(3) The logarithm of the measure is plurisubharmonic under projective defor-
mations.

For the detailed account, see [S-T| [T'7, [T8]. The canonical measure is defined on
an arbitrary KLT pair with nonnegative logarithmic Kodaira dimension ([T8]).

2.1 Iitaka fibration

To construct the canonical measure, we need to consider the Iitaka fibration.
The Iitaka fibration is the most naive way to extract the positivity of the canon-
ical bundle on a smooth projective variety with nonnegative Kodaira dimension.

Let X be a smooth projective variety. We define the Kodaira dimension of
X by

i 0
(2.1.1) Kod(X) := lim sup log dim H(X, (’)X(mKX))-

m— 00 log m

More generally for a KLT pair (X, D), we define the Kodaira dimension Kod(X, D)
of (X, D) by

(2.1.2) Kod(X, D) := lim sup logdim H? (X, Ox (|m(¥x + D)|)) .

m— o0 log m

Similarly for an algebraic fiber space f : X — Y, we define the relative Kodaira
dimension Kod(X/Y) by

(2.1.3) Kod(X/Y) := Kod(F),

where F is a general fiber of f.

Let X be a smooth projective variety with Kod(X) = 0. Then for a suffi-
ciently large m > 0, the complete linear system |m!K x| gives a rational fibration
(with connected fibers) :

(2.1.4) fiX— oY

We call f: X —--- = Y the Iitaka fibration of X.

The Titaka fibration is independent of the choice of the sufficiently large m up
to birational equivalence. See [I] for detail. In this sense the Iitaka fibration is
unique. By taking a suitable modification, we may assume that f is a morphism
and Y is smooth.

The Titaka fibration f : X — Y satisfies the following properties:

(1) For a general fiber F, Kod(F') = 0 holds,
(2) dimY = Kod(X).

2.2 Relative litaka fibrations

The Iitaka fibration can be easily generalized to the relative setting. This gen-
eralization will be used to analyze the variation of canonical measures on a
projective faimily.

Let f: X — Y be an algebraic fiber space, i.e., X, Y are smooth projective
varieties and f is a proper surjective morphism with connected fibers.

12



Let m be a sufficiently large positive integer and we set Fy, := f.Ox (m!Kx,y ).
For x € X, we set

(2.2.1) evy : By gy — mKx)y

be the evaluation map. We define the relative canonical map :

(2.2.2) g: X —--=>P(F})
by
(2.2.3) g(x) = {[*]|v" € F}, 4, v'[Ker ev, = 0}.

Let Z be the image of g. Then we have the commutative diagram :

A

For a sufficiently large m, we see that a general fiber F of g : X —--- — Z
is connected and Kod(F) = 0. We call g : X —--- — ZQa@relative Iitaka
fibration. By taking a suitable modification of X, we may assume that g is a
morphism.

Let f : X — Y be an algebraic fiber space and let g : X — Z be a relative
litaka fibration associated with f.Ox (m!Ky,y ). Taking a suitable modification
we may and do assume the followings :

X

(2.2.4)

(1) g is a morphism.
(2) Z is smooth.
(3) 9«Ox(m!Kx/z)** is a line bundle on Z for every sufficiently large m.

Let h: Z — Y Dbe the natural morphism.

This construction can be easily generalized to the case of a KLT pair (X, D)
with algebraic fiber space structure f: X — Y.

Also by the finite generation of the log canonical ring for a KLT pair ([B-C-H-M]),
we may take Z be be a family of logcanonical models at least on a nonempty
Zariski open subset of Y. In this case Z has singularities. We call such a triangle
@24) or the family h: Z — Y, the relative canonical model.

2.3 Hodge line bundles associated with litaka fibrations

Let f: X — Y be an litaka fibration such that X,Y are smooth and f is a
morphism. Then by [F-M} p.169,Proposition 2.2], f.Ox (m!Kx/y)** is locally
free on Y for every sufficiently large m, where ** denotes the double dual. Since
f: X — Y is an litaka fibration, a general fiber is of Kodaira dimension 0 and
the direct image f.Ox(m!Kx,y) is of rank 1 for every sufficiently large m. We
define the Q-line bundle Lx/y on Y by

1
(2.3.1) Lx)y = mf*OX(m!KX/Y)**-

13



We note that Lx/y is independent of a sufficiently large m (cf. [F-M, Section
2]). Let us fix such a m. Let Y° denote the complement of the discriminant
locus of f: X — Y. Then Lx,y carries the natural singular hermitian metric
hry,, defined by

(2.3.2) hps (0,0)y = (/X |a|%> ,

where y € Y°, X, := f~'(y) and 0 € m!Lx/y,y. hry,, is defined on Lx,y|Y°
apriori. But by the theory of variation of Hodge structures ([Sch]), hr,,,
extends to a singular hermitian metric on Lx,y. It is known that hp, , has
semipositive curvature in the sense of current ([Ka2]).

2.4 Definition of canonical measures and the existence

Now we define the canonical semipositive current on a smooth projective variety
of nonnegative Kodaira dimension. Let f : X — Y be the litaka fibration such
that some positive multiple of the Hodge Q-line bundle Lx,y defined as in the
last subsection is locally free.

Theorem 2.1 (c¢f. [T, Theorem 1.5] and [S-TI, Theorem B.2]) In the above
notations, there exists a unique singular hermitian metric on hx on Ky +Lx/y
such that

metric defined as (Z.32).

The above equation:

(2.4.1) —Ricoy +vV=10,,  =wy

is similar to the Kahler-Einstein equation :

(2.4.2) — Ricy,, = wy.

The correction term /—1 0, Lx)y reflects the isomorphism :
(2.4.3) R(X,Kx) = R(Y, Ky + Ly/y)

for some positive integer a, where for a graded ring R := ©52,R; and a positive
integer b, we set

(2.4.4) R®) = @2 Ry;.

Now we shall define the canonical measure.

14



Definition 2.2 ([S-T1,|T7, [T8]) The current wy on'Y constructed in Theorem
[21] is said to be the canonical Kahler current of the Iitaka fibration [ :
X — Y. Alsowx := f*wy is said to be the canonical semipositive current
on X. We define the measure dpicqn, on X by

(2.4.5) dftcan = %f* (‘”9 i )

Lx,y

and is said to be the canonical measure, where n denotes dimY. Here we
note that wy is a degenerate volume form on'Y and f*h;(}y is considered to

be a relative (degenerate) volume form on f : X — Y (¢f. (Z32)), hence

£ (wgl, . h;)l(/y) is considered to be a degenerate volume form on X.

We also have the log version of Theorem 2] which plays a crucial role not
only in the proof of Theorem [[L.TT] but also in the one of Theorem

Let (X, D) be a KLT pair such that X is smooth projective. We assume
that Kod(X, D) = 0, i.e., for every m >> 1, [m!(Kx + D)| # 0. Let

(2.4.6) fiX—Y

be a log Iitaka fibration of (X, D). After modifications, we may assume the
followings:

(1) XY are smooth and f is a morphism with connected fibers.
(2) Supp D is a divisor with normal crossings.

(3) There exists an effective divisor ¥ on Y such that f is smooth over ¥ — X,
Supp D" is relatively normal crossings over Y — ¥ and f(DV) C ¥, where
D", DV denote the horizontal and the vertical component of D respectively.

(4) There exists a positive integer mg such that f,Ox (m!(Kx/y + D))** is
a line bundle on Y for every m = mgo ([F-Ml p.175,Proposition 4.2]).

We note that adding effective exceptional Q-divisors does not change the log

canonical ring. Similarly as (2.3.1)) we define the Q-line bundle Lx,y,p on Y by

1 *k

Lx,y,p is independent of the choice of a sufficiently large m ([F=M), p.169,Proposition
2.2]). Let us fix such a m. Similarly as before we shall define the singular her-

mitian metric on Ly,y p by
m!
2
o)
Xy

wherey € Y =%, X, := f~!(y) and o € m!Lx,y,p,. We note that since (X, D)
is KLT, hry,, , is well defined. As before hr,,, , has semipositive curvature
in the sense of current (cf. [Ka3l, [B-P]). By the same strategy as in the proof
of Theorem [L9, we have the following KLT version of Theorem 211

(2.4.8) W) vn(0,0)(y) :

Theorem 2.3 ([T7,[T8]) In the above notations, there exists a unique singular
hermitian metric on hx on Ky + Lx,y,p and a nonempty Zariski open subset

U of Y such that
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1) hx is an AZD of Ky + Lx)v,p,

2) f*hg is an AZD of Kx + D,

(1)
(2)
(3) hx is C= on U,
(4) wy = /=1Oy, is a Kdhler form on U,
(5)

5) —Ricy,, +v-1 @th/YD = wy holds on U.

Remark 2.4 In Theorem[2.3, the metric hix depends only on the logcanonical
ring of (X, D). Hence adding effective exceptional Q-divisors does not affect hy
and wy essentially.

We define the canonical measure dji.,, of the KLT pair (X, D) by

L
(2.4.9) dprcan = Ef (WY ’ hL)l(/Y,D) ’

where n = dim Y.

2.5 Relative canonical measures

In the previous subsection, we have introduced the (log) canonical measure on
a KLT pair (X, D) with nonnegative Kodaira dimension. In this subsection, we
consider the variation of canonical measures on an algebraic fiber space. Let
f: X — Y be an algebraic fiber space and let D be an effective Q-divisor such
that (X, D) is KLT. Let Y° denote the complement of the discriminant locus
of f: X - Y. For a general y € Y°, (X,,D,) is a KLT pair. We denote
the set : {y € Y°|(Xy, Dy) is KLT} by Y. We assume that Kod(X,,D,) =2 0
holds for y € Yy. By [T9], we see that h°(X,, Ox, (m(Kx, + Dy))) is constant
over Yy for every m > 0 such that mD is Cartier and f.Oy(m(Kx,y + D))
is locally free over Y, for such a m. Then by Theorem 2.3l we may define
the canonical measure dfican,y of (Xy, Dy). The family {du_}, , }yev, defines a
singular hermitian metric hx on Kx/y + D. The following theorem asserts that
hk has semipositive curvatured.

Theorem 2.5 ([T, Theorem 4.1]) Let f : X — Y be an algebraic fiber space.
And let D be an effective divisor on X such that (X, D) is KLT. Suppose that
f+«Oy (Lm(Kx/y JrD)J) % 0 for some m > 0. Then there exists a singular
hermitian metric hx on Kx;y + D such that

(1) wx/y := vV —1On, is semipositive on X,

(2) For a general smooth fiber X, := f~'(y) such that (X, D,) is KLT,
hi|Xy is d“cialn,(xy,Dy)’ where dfican,(x,,p,) denotes the canonical mea-
sure on (Xy, Dy). In particular wx,y|X, is the canonical semipositive
current on (Xy, Dy) constructed as in Theorem [L9A

30f course the main assertion is the semipositivity of the curvature in horizontal direction
with respect to f: X — Y
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We call

(251) d,ucan,(X,D)/Y = h[_(1

the relative log canonical measure for the family of KLT pairs f : (X,D) — Y.
Theorem is the direct consequence of the dynamical construction of the
canonical measures (cf. [T7, Theorem 1.7]) and the plurisubharmonic variation
property of Bergman kernels ([B2] [T4] [B-P]).

2.6 Weak semistability

In this subsection we prove the 2nd and the 3rd assertions in Theorems and
[LIT The proof follows closely the one of Theorem [ in [V2]. But we replace
the use of branched coverings in [V2] by the use of Theorem This enables
us to get rid of the assumption that Kx/y is f-semiample.

Let us start the proof. Let f : X — Y be an algebraic fiber space. And let
Y° be the complement of the discriminant locus of f. And let X° := f=1(Y°).
We set r = rank f.Ox(mKx/y) and let X" := X xy X Xy --- xy X denote the
r-times fiber product over Y and let f" : X — Y be the natural morphism.
Then we have the natural morpshim:

(2.6.1) det f*Ox(me/y) — ®Tf*OX(mKX/Y) = f:OXT(mKXT/Y).
Hence we have the canonical global section

Let T" denote the zero divisor of v. It is clear the I" does not contain any fiber
over Y°. Now we set

(2.6.3) do = sup{d > 0|(X},d-I'y) is KLT for every y € Y°}.

Let us take a positive rational number € < §g. Then we have that there exists
the relative canonical measure dficqn,(x-a) on f: (X", A) — Y as in Theorem
23 By the logarithmic plurisubharmonicity of the canonical measure (Theorem
25), we see that

(2.6.4) V=100 log dptcan,(x+ )y Z 0
holds on X in the sense of current. We set

(2.6.5) Hp o= d'uc_aln,(XT,A)/Y'

Then H,, . is a singular hermitian metric on

(2.6.6) (14+me)Kxr/y —e- fTdet f.Ox(mKx,y)

with semipositive curvature current by Theorem 2.5 and H,, £| X, is an AZD of
(2.6.7) (L4+me)Kx; —e- [ det fuOx(mKx/v)[ Xy

for every y € Y°. Hence by [B-P], we have that

(2.6.8) [LOxr(Kxrjy + (1 +me)Kxrjy) = ledet f.Ox(mKx/y)
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holds for every positive integer ¢ such that fe is an integer. Since

(2.6.9) fiOxr(Kxr/y +L(14+me)Kxr/y) = fOx(r(14+£(1+me))Kx/y)
holds, we have that

(2.6.10) [:Ox(r(L+£(14+me))Kx/y) = ledet fLOx(mKx,y)

holds. By [B-C-H-M], we have that for every sufficiently large integer a, the
natural morphism:

is surjective for every k = 0. Hence dividing the both sides of (2Z6.10) by
£(1 4 me) and letting £ tend to infinity, by the surjection Z6.11)) we have that
for every sufficiently large positive integer d,

dle
r det f*OX(me/y)**

(2.6.12) [ Ox(d'Kx)y) = At ma)r

holds. 0

3 Moduli spaces of metrized canonical models

So far we have completed the proof of the 2nd and the 3rd assertions in Theorems
[L9 and [LTT] (cf. Section 2.6). To prove the 1st assertion of Theorems or
[LI1] we need to use the moduli space of metrized canonical models.

In this section, we shall construct the moduli space of metrized canonical
models (cf. Definition B]) and prove that it is an algebraic space in the sense
of [Ax]. Here we shall explain only the abosolute case, i.e., we do not explain
the case of KLT pairs for simplicity. The general case follows from the similar
argument. Hence we omit it.

3.1 Metrized canonical models

Let X be a smooth projective variety with Kod(X) = 0. By [B-C-H-MJ, we
see that the canonical ring: R(X,Kx) := @5°_oI'(X,0x(mKx)) is finitely
generated. Then

(3.1.1) Y :=ProjR(X, Kx)

is called the canonical model of X. Then Y has only canonical singularities
and the Hodge Q-line bundle Lx/y is defined on Y (cf. Section 2.3). Unless
X is of general type, the canonical model Y does not reflect the full informaion
of the canonical ring R(X, Kx). The full information of the canonical ring is
recovered from Ky and Lx/y by the isomorphism:

(3.1.2) R(X,Kx)~ R(Y,Ky + Lx/y)"“,
where @ is the minimal positive integer such that f.Ox(aKx/y) # 0. by us-

ing the Hodge Q-line bundle Lx/,y. Hence it is natural to consider the pair
(Y, Lx/y) instead of Y. But to describe the semipositivity of f.Ox(mKx y),
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even the pair (Y, L x/y) is not enough. Hence we consider the triple (Y, (Lx/y,hry,))
instead of Y, where (Lx/y,hLy,, ) is the Hodge Q-line bundle on Y with

the Hodge metric hr,,, (cf. Section 2.3). We call the pair (Lx/yv,hry,y)

the metrized Hodge Q-line bundle. Then we may recover the canonical ring
R(X, Kx) from (Y,(Lx/y,hry,,)) by the isomorphism ([B.I.2). Moreover we

may recover the canonical Kéhler current wy by solving the equation:

(3.1.3) — Ricyy +v—1 ehLX/Y = wy
in terms of the dynamical construction as in [T7] (cf. Theorem [6.3] below).

Definition 3.1 The pair (Y, (Lx/y,hry,,)) above is said to be the metrized
canonical model of X.

Hereafter we shall construct the moduli space of the metrized canonical models.

3.2 Construction of the moduli space and the statement
of the result

Let f: X — Y be an algebraic fiber space and let Y° denote the complement
of the discriminant locus of f. g

Z
J\ /z
Y
be the relative Iitaka fibration such that Z is the relative canonical model on Y°

and g : X — Z is a morphism. Let (Lx/z,hry,,) be the Hodge Q-line bundle
on Z. We consider the set

(3.2.1) U= {(Zy, (Lxjz: hiy, )| Zy)ly € Y7}

Let a be the minimal positive integer such that aL x,z is Cartier. We define the
equivalence relation ~ on U by

(3'2'2) (Zya (LX/Z’ th/z)|Zy) ~ (Zy” (LX/Za th/z)|Zy’)a

if and only if there exists a biholomorphism: ¢ : Z, — Z,, and a bundle
isomorphism: ¢ : aLx,z|Z, — aLx,z|Z, such that the following commutative
diagram :

X

alx;z|Z, = alx;z|Zy

|

Zy ——Zy
and
(3'2'3) ¢*(th/z|Zy/) = hLX/Z|Zy
hold. Then we define the set M by
(3.2.4) M =U/ ~

and call it the moduli space of metrized canonical models associated with f :
X =Y.

At this moment it is not clear the M has a complex structure. In this section
we start to prove the following theorem.
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Theorem 3.2 The moduli space of metrized canonical models M (associated
with f: X —Y) has a structure of quasiprojective variety.

3.3 Topological structure on M

To endow the topology and the complex structure on M, first we identify M
with a quotient of certain subset of a Hilbert scheme.

Lemma 3.3 There erists a positive integer mg such that for every m = mg
and (Zy, (Lx)z,h1x,,)|Zy) € U, the complete linear system |am(K z, + Lx;z)|
embeds Z, into a projective space PN where N(m) is a positive integer in-

dependent of y € Y°.

Let mg be a positive integer as in Lemma[3.3]and let m be a positive integer
greater than or equal to mo. Let (Zy,(Lx/z,hry,,)|Zy) € U be an arbitrary
point and let wz, denote the canonical Kéhler current on Z, (cf. Definition
22). Let {00, - ,0n(m)} be an orthonormal basis of H°(Z,, Oz, (am(Ky +
Lx,z|z,))) with respect to the inner product:

(3.3.1) (0,0") = /Z Tz (wgy)_(“m_l) o0,
Y

Let [®,,(Z,)] denote the Hilbert point corresponding to the embedding:
(3.3.2) D (2) :=[00(2) 1+ s oOnemy (2 € Zy).

We consider the set

(3.3.3) Unm = [P (Z)(Zy: (Lx/z: hix, )| Zy) € U,
where ®,,(Z,) runs all the choice of orthonormal basis {09, -, on(m)}. We set
(3.3.4) Uso = [] Un
m=myo
and
(3.3.5) Goo =[] PUWN(m)+1),
m=mqo

where for a positive integer k, PU(k + 1) denotes the projective unitary group
acting on P*.

Lemma 3.4 ([Ti, [Z¢]) Let (Zy,(Lx/z,hLy,,)|z,) € U be an arbitrary point
and let {00, - ,0n(m)} be the orthonormal basis of H°(Z,, Oz, (am(Ky +
Lx,z))) as above. Then the Bergman kernel:

N(m)
(3.3.6) Kam =Y _ |oil?
i=0
satisfies the identity:
(337) (w%y)_l ’ th/z |Zy = mli_l>noo Ko™
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compact uniformly with respect to the C'°°-topology on the complement of the
discriminant locus of glx, : Xy — Zy. O

By Lemma [B.4] we have the natural identification:
(3.3.8) M = Us/Goo,

where G, acts on Uy in the natural manner. Hence M has a natural topological
space structure with respect to the quotient topology.

3.4 Complex structure on M

Although U,,, does not have a natural complex structure apriori, we may endow
a natural complex structure on M using the variation of Hodge structure and
the logarithmic deformation.

The reason is that the Hodge Q-line bundle (Lx,z,hry,,) is nothing but
the pull back of the universal line bundle on the period domain by the (reduced)
period map. But since the Hodge line bundle Ly, is not a genuine line bundle,
we need to take a cyclic covering to define the period map. This makes the
proof a little bit more complicated.

First we shall define the period map on a family of a metrized canonical
model. Let f: X — Y be an algebraic fiber space with Kod(X/Y) = 0. Let
g : X — Z be the relative litaka fibration with respect to f: X — Y as above
and we set

(3.4.1) k:=dim X/Z =dim X — dim Z.

Let F, denote the fiber of g : X — Z over z € Z. Let Z° denote the complement
of the discriminant locus of g : X — Z. Then Kod(F}) = 0 holds for every z €
Z°. Let a be a minimal positive integer such that |[aKp,| # 0 for every z € Z°.
Then for every z € Z° there exists a nonzero element 7, € I'(F,, Op, (aKF.))
and let

(3.4.2) e Fo s F

be the normalization of the cyclic cover which uniformize ¢17,. Let us consider
the family {F.}.czo. This family is not well defined over Z°, but it defines a
family

(3.4.3) f:X°—2z°

over the finite unramified covering

(3.4.4) w:2°— Z°

corresponding to the monodromy representation of the fundamental group
(3.4.5) m1(Z°) — Z/aZ.

We take a Z/aZ equivariant resolution Z(*) — Z° and let

(3.4.6) g x@ 5 7@
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be the resulting family of the cyclic a-coverings. We set

(3.4.7) U := the complement of the discriminant locus of g(®)
and let
(3.4.8) gu : (g U) = U

be the restriction of ¢(®. Let E — U be the local system RFgy,C and let
{IFP}’;:O be the Hodge filtration of E. Then we have the period map

(3.4.9) ®:U —>T\D

associated with the variation of Hodge structures, where D is the period domain
and I" denotes the image of the monodromy representation of 7 (U) to Aut(D).
In this geometric variation of Hodge structures, it is known that I' acts on D
properly discontinuously ([G]). Hence I'\ D is a complex space. Let U be the
completion of U such that the boundary B := U — U is a divisor with normal
crossings. Then by [Del], the quasi canonical extension E of E® Oy exists, i.e.,
E is a locally free sheaf with the Gauss-Manin connection:

(3.4.10) V:E— Q(logB)®E

such that the real part of the eigenvalues of the residues around components of B
lie in [0, 1). Since we have assumed that B is a divisor with normal crossings, the
Hodge filtration {IFP} extends as a filtration {F?} of E by subbundles. Then the
metrized Hodge Q-line bundle (Lx/z,hry,,) corresponds to the Hodge bundle
F* induced by the period map ®. Moreover the metric Ay, ,z 1s induced by the
Hodge metric on the universal Hodge bundle on the period domain D. Here the
Hodge metric is induced from the Hodge bilinear form.

Let Z° be the maximal Zariski open subset of Z such that hy, Xz |z is locally

bounded. We note that Z° may be much larger than the complement of the
discriminant locus of g : X — Z. We note that hr ,|U extends smoothly

across the component B; such that the Picard-Lefschetz transformations on F*
are of finite order around B; (|G [Sch]). Let B® be the union of the irreducible
components of B such that the Picard-Lefschetz transforms on F¥ around the
components are of infinite order. Let @ : U — Z be the natural morphism.
Then Z° = w(U — B°) holds (cf.[Sch]). We set

(3.4.11) S = w(BY).

We consider the pair of the pairs:

(3.4.12) ((2,8), . (E, F")).

Then by the above construction we have the following lemma.

Lemma 3.5 U := {(Zy,(Lx/z,hrx,,)|Zy)ly € Y°} is bijective to the set of
quadruples:

(3.4.13) U = {((Zy,Sy), @ys(By, Fi)) ly € Y°}.

O
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Proof. Since S, is the polar locus of hry,,|z,, (Zy,(Lx/z,hiyx,,)|Zy) deter-
mines the pair (Z,,S,). Since (Lx/z,hLy,,) is determined by the period map:

®:U —T\D,

(Zy,(Lxz,hLy,,)|Zy) determines the quadruple ((Z,, S,), @y (Ey, FF)). Con-
versely, since E, is a flat vector bundle with the natural bilinear form, the
quadruple ((Z,, Sy),wy*(ﬁy,]ﬂf)) determines the pair (Z,, (Lx;z,hLy,,)|Zy)-
This completes the proof.

We define the equivalence relation ~ on U* by
((Zya Sy)awy*(Eyaqu)) ~ ((Zy’aSy’)awy’*(Ey’afyf’))
if and only if there exist a biholomorphism
(3.4.14) @ (Zy, Sy) — (Zy, Sy)
and a sheaf isomorphism
(3.4.15) ¢ (wy>*(Eya]’—§> - (wy’)*(Ey’af§'>
which covers ¢ which induced by an isomorphism of the flat vector bundles

where Wy, W,  are some nonempty Zariski open subsets of U, and U, (cf.

(B40)) respectively.

Lemma 3.6 M* := U*/ ~ has a structure of an algebraic space in the sense
of [A7]. O

Proof of Lemma Let mg be a sufficiently large positive integer such that
mol(Kz,+Lx,z|z,) is Cartier and |mo!(Kz, +Lx,z|z,)| is very ample for every
y€Y? Weset N :=dim|mo!(Kz, + Lx/z|z,)|- If we fix a basis of
H%(Z,,0z,(mo!(Kz+ Lx/z|z,))), then the basis gives an embedding:

¢:Z, — PN,

and the images ¢(Z,), ¢(S,) define points in the Hilbert scheme Hilbpn of PV.
Hence the linear system |mo!(Kz, + Lx/z|z,)| gives an PGL(N + 1,C) orbit
in Hilbp~y x Hilbpy. We denote the union of the orbits in Hilbpy X Hilbpx by V
and let

(3.4.17) T (2,8) =V

be the universal family. B
Next we consider the pair (E,,F}). Let Oz (1) denote Oz, (mo!(Kz, +
Lx,z|z,)). For a positive integer £, we set

(wy)*Ey(@ = (wy)*Ey ® Oz, (¢) and (wy>*]'—§(£> = (wy)*]:éC ® Oz, (0).

Then for every £ 2 0, we have the canonical inclusion:

(3.4.18) HO(Zya (wy)*fg]f(g)) — HO(Zya (wy ) Ey (£)).
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We denote PGL(N + 1,C) by G. If (Z,,5,),(Zy, Sy )(v,v" € V) are in the
same orbit of G, then an element g € G induces a biholomorphism between
(Zy,Sy) and (Z,, S, ) and an isomorphism of the flat vector bundles E, and

E, on the cyclic covers and induces the isomorphism between (w,).E, and
(v )«E,. The latter isomorphisms are unique up to the action of Z/aZ and
the C*-action. But since F¥(v € V) is Z/aZ-equivariant subsheaf of E,, in
spite of the umbiguity of the isomorphism, any such isomorphism maps the
subspace H%(Z,, (w,)«FE(£)) € HY(Z,, (w,)«Ey(£)) to the same subspace of

HO(Zy, (@)« FF (£)). We set

v

(3.4.19) M =V/G.

Then by the construction, M’ is an algebraic space. And {(w,)«E,(¢)|v € V}
decends to a coherent sheaf £ on M’ and the image of the inclusion (B4IF)
determines the subsheaf (@, ). F* for every v € V, if we take ¢ sufficiently large.
Let us fix such ¢. Hence by the properness of the period map ([G]), M* is a
locally closed subset (in Zariski topology) of the Grassmann bundle

(3.4.20) G— M

associated with £ with fiber Gr(e, a), where e = rank €. Hence M* is an alge-
braic space. 3

By Lemma [3.5] we see that there exists a homeomorphism between M and
M*. Hence we have the complex structure on M by Lemma

3.5 Separatedness

To ensure the existence of M as a Hausdorff complex space, the following lemma
is essential.

Lemma 3.7 Let f : (X,D) — A and f : (X',D') — A be flat projective
families of KLT pairs with nonnegative Kodaira dimension over the unit open
disk A in C. Let A* := A — {0} denote the punctured disk. And let h :
(Y, (Lx/y,hry,y)) — A, B (Y’,(L’X/Y,hL/X/Y)) — A be the corresponding
family of metrized pairs. Suppose that there exists an equivalence

(351) P (5/’ (LX/Y’h/LX/Y))lA* - (Yla (L/X/Ya hL’X/Y))|A*

of the families over A* in the sense of (3.2.8). Then ¢ extends uniquely to an
equivalence between (Y, (Lx/y,hiy,y)) and (Y, (L, hey ). O

X/Y

Proof of Lemma[3.7] Let ¢, denote the restriction of ¢ to Y, (s € A*). Let
ws denotes the canonical Kahler current on Y, constructed as in Theorem 211
Then by the equation (Z4T]), we see that @5 : Yy — Y/(s € A*) is an isometry
between the Kéahler spaces (Ys,wy,) and (Y], w.). Then by Ascoli-Arzela’s the-
orem and Montel’s theorem, we can easily see that @5 converges to an isometry

(352) o - (YO,rega wYO) - (YOI,regv de)

and is holomorphic. This means that ¢ extends uniquely to a biholomorphism
between Y and Y.
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The correspondence of the Hodge line bundles is obtained as follows. By
B352), we have the equality:

Then by the equation ([ZZ.T]), we obtain that
Yo ®hL'x/Y - G)hLX/Y

holds on Y. Hence we see that ¢ extends uniquely to an equivalence between
(Yv (LX/Ythx/y)) and (Y/a ( /X/Yth’ )) O

X/Y

By Lemma [3.7] we see that M is separable. Then by the construction, we
see that M is an separable algebraic space in the sense of Artin (cf. [Ax]). So
far we have proven the following;:

Proposition 3.8 M is a separable algebraic space.

4 Descent of the Monge-Ampere foliation

Let f: X — Y be an algebraic fiber space such that Kod(X/Y) = 0. Then
we have the relative canonical measure dicqy, x/y as in Theorem Then by
Theorem 25, wx/y := v—-10,,1
Pean,x/v
which is generically C°° by Theorem [G.1lbelow. Then wx/y defines a (possibly)

singular foliation on X whose leaves are complex analytic. In this section, we
analyse this foliation.

is a closed semipositive current on X

4.1 Weak semistability and Monge Ampere foliations

Let f : X — Y be a surjective projective morphism of smooth projective
varieties with connected fibers such that Kod(X/Y) = 0. Let m be a positive
integer and let

We assume that E,, # 0. Let
(4.1.2) r :=rank E,,.

Let h,, be the (singular) hermitian metric on E,, defined by

(4.1.3) hin(0,7) = / o B
XY

Then since h,K7x/y|Xy is an AZD of K, for every y € Y°. We see that h,, is
a locally bounded hermitian metric on E,,|Y°. h,, defines an hermitian metric
det h,, on det E,, and is locally bounded on Y°. By [T4] or [B-P], we see that
V=104t h,, 1s a closed positive current on Y°.

Let X" denote the r-times fiber product of X over Y and let

(4.1.4) Xty
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be the natural morphism. Let dp be the positive number as in Section 2 (cf.
253)) and let € be a positive rational number such that € < §p. Let H,, - be
the singular hermitian metric on

(4.1.5) (1 +me)Kxr/y —ef™ det hy,

constructed as in Section 2 (cf. (Z.6.5)). We define the singular hermitian metric
H’r—;,s on Kxr/y by

(4'1'6) H’rJ?rL,E = (Hm,a : fr*(det hm)E)Tlmg .
Since

1 *
(4.1.7) Hie = 14 me (OnH,,.+e fOdeth,)

and v/ —1Oqet 1, is semipositive current on Y, we have the following lemma.

Lemma 4.1

€
4.1. V-1 > V—=1f"*
( 8) ®H7+n,,£ =1+ me f Ghdethm
holds on X. 0
We set
(4.1.9) Wme =V —1 ®H$,a'

Let dpican,x-/y be the relative canonical measure on the algebraic fiber space
ff: X" —Y. We set

(4.1.10) wyry = V—10010g dpican, x+ /vy

dftean,x+ )y is C° on a nonempty Zariski open subset U of X" by Theorem B.1]
below. Then we see that

(4.1.11) Fim e e TX"|U ; wyr )y (6,€) = 0}
defines a singular foliation on an open subset V' of U defined by
(4.1.12) Uo :={z € Ulwxr/y is of maximal rank at },

i.e.,, F is a Monge-Ampere foliation associated with the semi K&hler form
wxr/y|Up. Hence F has complex analytic leaves on Uy ([B-K]). But at this
moment it is not clear F|Up is a complex analytic foliation. By Lemma ] we
have the following lemma.

Lemma 4.2 ™ Ogetn,, |F =0 holds.

Proof. Since dﬂ;aln X7y is an AZD of Kxr/y, we see that for every leaf I of
F,

(4.1.13) Omu,, . |[F=0

holds.
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In fact otherwise, we have a singular hermitian metric:

—1/2
(4.1.14) HY2 du %y
on K-,y with semipositive curvature and strictly bigger numerical dimension
than d#;aln Xy - This contradicts the fact that d#;aln Xy is an AZD of
KX’V‘/Y .

Hence combining (ZI.13) and Lemma 1], we see that
(4.1.15) fT*Qdet hm|F =0

holds. This completes the proof of Lemma .2l

4.2 'Trivialization along the leaves on Y

Let (Em, hm) be as above. Then for any local holomorphic section £ of E,, on
some open subset V of Y,

(4.2.1) hin (V=160 (£), )

is a semipositive (1, 1)-current on V by [T'4] or [B-P]. Then the curvature det E,,
is computed as:

(4'2'2) Odet hom (y) = Z hm((_)hm (ea)a ea)a

where {e, } is an orthonormal basis of E,, ,, with respect to hp,. Hence v/—10des 1,
is a closed semipositive current on Y. Since

m

(423) fr*(_)dethm|]:5 0

holds by Lemma [£2] (f™E,,, f™h.,) is flat along every leaf of F. Hence this
implies that for every @ € Uy and an orthonormal basis {eq .} of (f"™*En),
with respect to f™*h,,, the parallel transport of {e,,,} along the leaf F' of F
containing x trivialize (f"*E,,)|F locally. Let

g Z
N,
Y
be the relative litaka fibration such that Z is the family of relative canonical

models and let (L, hz) be the Hodge Q-line bundle on Z.
Then we have the following lemma :

X

Lemma 4.3 For every leaf F' of F, the restriction
(4.2.4) (Z, (L, hp )7 (F) — f"(F)
is locally trivial.

Proof of Lemma [[.3 By the flatness of (Ey,, hm) along f7(F), we see that
the parallel transport in (E,, hy)|f"(F) locally trivialize F,, as above. This
implies that Z|f"(F) is also trivialized by the parallel transport, since it is the
(log) canonical image. Hence (L, hy,)|f"(F) is also locally trivial (as a metrized
family of complex lines).
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4.3 Closedness of leaves

Let M be the moduli space which parametrizes the equivalence classes of
(4.3.1) {(Zy, (L, i) Zy)y € Y}

constructed as in Section 3. Now we consider the moduli map

(4.3.2) pY? — M
defined by
(4.3.3) p(y) = [(Zy, (L, hi)Zy))];

where [(Zy, (L, h1)|Z,))] denotes the equivalence class in M. Then by Lemma
@3 for every leaf F' of F, f"(F) is contained in the fiber of p: Y° — M. But
by the construction, conversely, we see that for every P € M, (")~ (u=*(P))
is contained in a leaf of F.

Hence we conclude that for every leaf F' of F, f"(F') is an open subset of
the fiber of 4 and f.F descends to the foliation defined by the moduli map pu.
Hence we may take Uy defined as (AI.I2) to be a nonempty Zariski open subset
of X. By the above argument we have the following lemma.

Lemma 4.4 In the above notations, we have the followings:
(1) F decends to the foliation df (F) on Y?°,

(2) Every leaf of df (F) is closed in Y° and is a fiber of the moduli map u :
Yo — M,

(3) F is a singular analytic foliation on X.

Proof. The assertions (1) and (2) have already been proven. The assertion (3)
follows from (2) and Lemma 43l

5 Completion of the proof of Theorems 1.9/1.11]
and

In this section we complete the proof of the proof of Theorems [LAT.TTl and
But we shall omit the proof of Theorem [[LTT] since the proof is essentially the
same as the one of Theorem L.l

Let f : X — Y be an algebraic fiber space. Suppose that for a general
fiber F of f, Kod(F) 2 0 holds. Then we have the relative Iitaka fibration:

N

such that Z is a family of relative canonical models. By taking a suitable
modification of X, we may assume that g is a morphism.

X

28



Let (L, hz) be the Hodge line bundle on Z as in Section Then we have
that

holds for every sufficiently large m. Let Y° be the complement of the discrimi-
nant locus of f: X — Y. Let

(5.0.5) HY°® — M.

be the moduli map ([@32) as above. Then by the quasi-unipotence of the
monodromy ([Lal), we see that there exists a positive integer b such that for
every m > 0

(5.0.6) (det £.Ox (mEKxy)) "
and
(5.0.7) (£-0x(mEx/y)) ™"

decend to vector bundles on M. Then the relative canonical measure dpicqn, x/v
defines a L? metric hp, on f,Ox(mKx/y) as in (EIL3) and then h,, defines a
singular hermitian metric det h,, on det f.Ox(mKx,y). The metric h, is an
invariant metric by Theorem 2.1l In the above notations, we have the following
lemma.

Lemma 5.1 Leta be the minimal positive integer such that f.Ox(aKx,y) # 0.
Let mg be a sufficiently large positive integer. Then

(5.0.8) F = p, (det f.Ox (moaKxy))™"

18 a line bundle on M with the hermitian metric hr such that
(1) M*hF = hamg;

(2) For every subvariety V in M, (Flv,hr|v) is big on V (c¢f. Definition

[74).
O

Proof of Lemma[5dl The first assertion (1) is trivial by the construction and
the birational invariance of the canonical measures.
By Lemma [£4] we have the followings:

(1) The foliation F decends to a foliation df (F) on Y.

(2) wgz/y is generically strictly positive in the transverse direction with respect
to F.

(3) u contracts the leaf of df (F).

Then the second assertion (2) holds, if V"= M by the construction,
For a general V, the assertion (2) follows from the functoriality.
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By Proposition[3.8] we see that M has a structure of a separable algebraic space.
Then by Lemma [5.J] and the quasiprojectivity criterion Theorem below, we
see that M is quasiprojective. This completes the proof of Theorem 3.2

To complete the proof of Theorem we use the weak semipositivity (cf.

(TZI) or (3)(b)) in Theorem Then we see that p. (f*OX(mKX/y))(gb is

globally generated on M for every sufficiently large and divisible m. Then since

(5.0.9) w* (u* (f*(’)x(me/y))(@b) = (f*OX(mKX/Y))®b

holds by the construcion, we see that ( f+Ox(mKx /y))®b is globally generated
on Y° for every sufficiently large m. Then by the finite generation of canonical
rings ([B-C-H-M]), this implies that there exists a positive integer mg such that
J«(mKx/y) is globally generated over Y°, if blm and m = mg. This completes
the proof of Theorem [[.9 The proof of Theorem [L.IT]is similar.

6 Parameter dependence of canonical measures

In this section we prove the following regularity theorem for the relative canon-
ical measure dficqn, x/y constructed as in Theorem 2.51

Theorem 6.1 Let f : X — Y be an algebraic fiber space with Kod(X/Y) = 0.
Let dpican,x/v be the relative canonical measure on X constructed as in Theorem
23 Then dpican,x/y is C° on a nonempty Zariski open subset of X. o

Remark 6.2 FEssentially the same regularity result holds for the relative log
canonical measure djican,(x,p)/y for the family of KLT pairs f : (X,D) —
Y (¢f. Theorem [Z3). The proof requires the dynamical construction of (log)
canonical measures as in [T8], but otherwise the proof is the same as the one of
Theorem [61.

Here T would like to explain the scheme of the proof of Theorem Let

N

be the relative canonical model. Then the relative canonical Kahler current
wzy satisfies a partial differential equation on each fiber. Hence the regular-
ity of wy/y (hence also the regularity of djicen,x/y) may be deduced by the
parameter dependence of the solution of Monge-Ampere equations.

But after some time, I realized that this approach is extremely difficult to
implement. The reason is as follows. Usually since the canonical Kahler current
is unique on each fiber of h : Z — Y, it is natural to consider the variation
of the canonical Kéhler current satisfies a partial differential equation on each
fiber which is (as is easily seen) essentially the Laplace equation with respect to
the cacnonical Kahler current. So far there is no difficulty. The next step is to
apply the implicit function theorem. Here the major difficulty arises. Because
although the canonical Kahler current is C°° on a nonempty Zariski open subset
of each fiber, it is singular on a proper analytic subset of the fibers. Hence it

X
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seems to be extremely difficult to fix the appropriate function space to apply the
implicit function theorem. Also it seems to be very difficult to know the precise
asymptotic behavior of the canonical Kahler current near the singularities.

Hence I decided to use the dynamical construction of canonical Kahler cur-
rents to deduce the (generic) horizontal smoothness of the relative canonical
Kahler current.

The advantage of this approach is that we can deduce the smoothness in
terms of Hormander’s L?-estimate for d-operators. Because in each step, we
only need to consider the variation of Bergman projections which is essentially
a linear problem. In this way, we can deduce the regularity of the relative
canonical Kéhler current by the inductive estimates of Bergman projections.

This inductive estimate is very smilar to the construction of Kuranishi family.

6.1 Dynamical construction of the canonical Kahler cur-
rents

The canonical Kahler current in Theorem [[.9 can be constructed as the limit of
a dynamical system as in ([T4]).
Let X be a smooth projective n-fold with Kod(X) = 0. And let

be the Iitaka fibration associated with the complete linear system |mo!K x| for
some sufficiently large positive integer mg. By taking a suitable modifications,
we assume the followings:

(1) Y is smooth and f is a morphism.

(2) f:Ox(mo!Kx/y)** is a line bundle on Y, where #* denotes the double
dual.

We set
1
mo:

In [F-M] this Lx/y is denoted by Lx,y. Let a be positive integer such that
[+Ox(aKx,y) # 0. Then we see that

(6.1.3) H°(X,0x(maKx)) ~ H°(Y,Oy (ma(Ky + Lx/v)))

holds for every m = 0. In particular Kod(X) = dimY holds. Hence by (6.1.3),
we see that Ky + Lx/y is big. Let A be an ample line bundle on Y such that for
every pseudoeffective singular hermitian line bundle (F,hr) on Y, Oy (j Ky +
A+ F)®ZI(hr) is globally generated for every 0 < j < a.

The existence of such an ample line bundle A follows from Nadel’s vanishing
theorem ([N, p.561]). Let ha be a C*° hermitian metric on A with strictly posi-
tive curvature. We construct a sequence of singular hermitian metrics {hy, },,>1

and a sequence of Bergman kernels { K, },,,>; as follows.
We set

K(Y,Ky + A, ha), ifa>1
K(Y,Ky+LX/y+A,hLX/Y~hA), ifa=1
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where for a singular hermitian line bundle (F,hp) K(Y, Ky + F,hp) is (the
diagonal part of ) the Bergman kernel of H*(Y, Oy (Ky + F)®Z(hr)) as (L59).
Then we set

(6.1.5) hy = (K1)t

We continue this process. Suppose that we have constructed K,,—; and the
singular hermitian metric h,,—1 on (m — 1)Ky + L%JaLx/y + A. Then we
define

(6.1.6)
K(Y,mKy + |2 |aLx/y + A, hm—1) if m £0 moda
K,, =
K(Y,m(Ky + Lx;y)+ A, h‘iX/y ® hm—1) ifm=0moda
and
(6.1.7) Bom, = (Kom) ™t

Thus inductively we construct the sequences {h,,},,>1 and {K,,},,>;. This
inductive construction is essentially the same one originated by the author in
[T3]. The following theorem asserts that the above dynamical system yields the
canonical Kahler current on Y.

Theorem 6.3 ([T7]) Let X be a smooth projective variety of nonnegative Ko-
daira dimension and let f : X — Y be the litaka fibration as above. Let myg

and {hm}m>1 be the sequence of hermitian metrics as above and let n denote
dimY. Then

(6.1.8) hoo := liminf %/ (ml)" - o,

is a singular hermitian metric on Ky + Lx,y such that

(6.1.9) wy =v—16),_

holds, where wy is the canonical Kdhler current on'Y as in Theorem [L.9 and
n=dimY.
More precisely
1 1

Ky = h_r)n ham™ - Kam
exists in L'-topology (as a limit of bounded volume forms on Y) and hoo = K}
holds. In particular wy = /—10_ (in fact hoo) is unique and is independent
of the choice of A and ha.

Remark 6.4 Similar theorem holds for a KLT pair with nonnegative (log) Ko-

daira dimension. See [T8]. But the corresponding dynamical system is not a
single dynamical system, but is an infinite sequence of dynamical systems.
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6.2 Family of dynamical systems

In this subsection, we shall consider the dynamical systems in Section on

the relative canonical models. Let
J 7z
N,
Y

X
be the relative canonical model as in Theorem [6.1]
Now we consider the relative version of the construction in Section Let
A be a sufficiently ample line bundle on Z and let hy be a C'°°-hermitian metric
on A. We set

(6.2.1) Yo :={yeY|f: X — Y is smooth over y}.

For every y € Y° we construct a sequence of singular hermitian metrics {hm,y}mz1
and a sequence of Bergman kernels {K,, ,} as follows.
We set

K(Zy, Kz, + A|Zy, ha|Zy), if a>1
(6.2.2) Ky, :=

K(Zy,Kz,+ Lx/z|Zy + AlZy,hiy,, - halZy), ifa=1
Then we set
(6.2.3) hiy = (K1)t

We continue this process. Suppose that we have constructed K,,—; and the
singular hermitian metric Am—1 on (m — 1)Kz + [ ]aLy/z + A. Then we
define

(0:2:4) K(Zy,mKz, + [2]aLx/z|Zy + A, hm—1,) if m £0 moda
Ky =

K(Y,m(Kz, + Lx,z|Z,) + A, h%X/Z|Zy ® hm—1,y) iEm=0moda
and
(6.2.5) Bony = (Kmy) "t

Thus inductively we construct the sequences {hm y},,>1 and {K,, y},,>; for
every y € Y°. B B

By [B-P], we see that /—199log K, extends to a closed positive current on
Y. Hence by Theorem [6.3] we see that the relative canonical Kahler current:

e Py

extends to a closed positive current on Y. We denote the extended current again
by wz/y. We shall prove Theorem G.1] by estimating the variation of K,, , with
respect to the parameter y € Y°.
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6.3 Variation of Bergman projections

Let U be an open subset of Y° such that U is biholomorphic to the unit polydisk

AF in CF with ceneter O via a local coordinate (y1,--- ,yx). Let Zy := h=1(U)
and let
(6.3.1) hy: Zy —=U

be the restriction of h. Let us trivialize hy : Zy — U differentiably as
D7y — Zox U,

where Z; denotes the central fiber hj;'(O). Let
(6.3.2)

m m
Py : L?(Zy, Ay+mKZy+LEJaLX/Z,y) — H%(Z,,0y, (Ay+mKZy+|_;JaLX/Z,y))

the Bergman projection, i.e., the orthogonal projection with respect to the L?-
inner product g,, defined by

(6.3.3) gm(0y, 7)) ;:/ 00" Py,
Z'.’J
if a fm and
(6.3.4) gm0y, 0y) r=/Z 00" hmovyh) 7.,

Y

if alm. Hearafter we shall omit g,,, if without fear of confusion. Then the above
trivialization gives a trivialization:

(6.3.5)
L2(Zy, AlU+mK 7y |U+ L%JGLX/Z|U) — L*(Zy, Ao+mK z,+ L%JQLX/Z,O) xU,

where £2(Zy, AlU+mK 7,y |U+ |2 |aLx,7|U) denotes the Hilbert space bundle

(6.3.6) et L2(Z0, AU +mK 7y |U + L%JaLx/ZW) —U
such that m

T2 (y) == L*(Zy, Ay + mKz, + L;JaLX/Z|Zy).
Let

= m m
dy : C"O(Zy,Ay+szy+szaLx/Z|Zy) — Ao’l(Zy,Ay+szy+\_zjaLX/Z|Zy)
denote the d-operator. We set

m

(637) Hm,y = HO(Zy, OZy (Ay + szy + \_EJGLX/Z,y))

Let o0, € C®(Zy, Ay +mKz, + | ]alx/z|Z,) be an arbitrary element. Let us
consider the d-equation:

(6.3.8) 3y (Qm.y(oy)) = 9yo,

(6.3.9) Qmy(oy) L Hpyy.
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Then

(6.3.10) Qmy L2, — H,

is the orthogonal projection. Hence the Bergman projection is given by
(6.3.11) Py, y(oy) =0y — Qm,y(oy).

This implies that

(6.3.12) DyPpy=—DyQmy

holds, where D, denotes the hermitian connection with respect to g, (cf.

©.3.4))

Let us calculate the variation of P, , at y = 0. Let o € H,, o and let
us extend o as a section & of the Hilbert space bundle (63.6) by the parallel
displacement with respect to the hermitian connection with respect to g,, along
a smooth curve on Y. We note that since the connection may not be flat, the
parallel displacement depends on the choice of the smooth curve. Hereafter we
shall fix a differential curve to fix the extension &.

Then differentiating the equation:

574&(3/) = 5me7y(5(y>>
with respect to y at y = 0, we obtain the equation:
(6.3.13) Om.0(0) = 0o(DyQum y(0))

where 0,, o represents the Kodaira-Spencer class.
We shall decompose DyQ, ,(6) as

(6.3.14) DyQm.y(0) = DyQm.y(0)u + DyQm.y(0)m+
corresponding to the orthogonal decomposition
L,y = Hm,y ® Hrjﬁ,y‘
Then we have that
(6.3.15) Om,0(0) = 0o (DyQm.y(0))m-

holds, i.e., Dy@pm, y(0)g+ is the minimal solution of ([G.315). Now we shall fix
the standard Kéahler metric on Y ~ A induced by the standard Kéhler metric
on C. Let us estimate the operator norm of

(6316) (Dme,y)Hi : IHIm,O — H#},O'

The norm is estimated by Hérmander’s L?-estimate for d-operators.

First we see that 6,, ¢ consists of the Kodaira-Spencer class of the deforma-
tion of Z,, 0 and the Kodaira-Spencer class of the bundle |m/a]aLx/z . Then
there exists a positive constant Cy independent of m such that

(6.3.17) | Omo [lL== Co

holds. On the other hand by Hérmander’s L2-estimate, we see that
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Lemma 6.5 There exists a positive constant C1 such that

(6.3.18) I (DyQm,y)ae [|= Ch

holds for every m 2 1. o

For k = 2, differentiating (G.3.15]), we have the equation

(6319)  (Dyfny)(@)(0) = Fo(D2Quny(0):) + b0 (Dy @y ()it ).

: 2
Hence we may estimate D;/ Q. (0)g1 as

I DyQumy(o)me | Co

for some positive constant Cy independent of m. For k = 2, inductively we
have:

Lemma 6.6 For every k = 1, there exists a positive constant Cy such that
(6.3.20) | (DyQm.y)ur IS Cr

holds for every m = 1. o

6.4 Estimate of the holomorphic part

Now we shall estimate the holmorphic part of the derivatives of Q,, , at y = 0.
Let

m
Thot € H(Z,07(mK 7y + LEJG'LX/Z))v
be an arbitrary holomorphic section. Differentiating the trivial identity:
(6.4.1) gm(Qm,y(é);Thol) =0,
we obtain that for every positive integer ¢
(6'4'2) Z /X hm—1 (D;Qm,y(&);DéThol) =0
itj=¢

holds, where g,, denotes the L2-metric defined by ([6.3.3) and (6.3.4). Hence
([E42) implies that we can estimate D} @y, , in terms of the esimate of {DﬁQm,lyy};f:_Ol.

Lemma 6.7 There exists a positive constant C;, independent of m such that
(6'4'3) H (DSQm,y)H H§ Cl/c
holds for every m = 1. o

Proof. Let 79 be an element of HY(Zo, Oz,(mKz/y + |2 ]aLx,z)). We extend

7o to the ¢-th infinitesimal neighbourhood Z(ge) of Zy by the successive extension.
By the L*-estimates, we may take the extension 7(9) so that

(6.4.4) | D79 || Clo)
holds for some positive constant C,y independent of m. Then replacing 701 by

7@ in GZ3), by induction on ¢, we have the lemma. 0
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6.5 Variation of Bergman kernels

The parameter dependence of Bergman kernels can be deduced from the varia-
tion of the Bergman projections. By the trivial equality:

(65.1) (DEP)E)E) = [ s DiEon(20)-5(0),
X(<)
(where the integral is taken with respect to the parameter ()
k
(6.5.2) > Dy K (2,w), Dy Qun(5))g,, =0
i=0

holds. Then by induction on k£ and the extremal property of Bergman kernels,
there exists a positive constant C' independent of m such that

(6.5.3) [(Dy P)(3)(2)|hs = (DyKin(2,0),6(¢)) £C-m* || 6 ||

holds for every z € Z,. Combining ([6.5.3), this implies that there exists a
positive constant C'(k) depending only on k such that

(654) |m7nD5Km(Z,§)|hm71 < C(k)

holds on Z,. Hence by the Sobolev’s embedding theorem, we see that there
exists a positive constant Cj, independent of m such that

(6.5.5) ()™ Kon) ™ [or < Ci

holds on Z, By Theorem [6.3] this means that the relative canonical measure
dptcan,x/y 18 C°° on a nonempty Zariski open subset of X. This completes the
proof of Theorem 0

7 Appendix

In this section, we collect several analytic tools used in this article.

7.1 Ampleness criterion for line bundles on quasiprojec-
tive varieties

In this section we prove a criterion of quasiprojectivity used in the previous
section. The criterion is almost the same as in [Sch-T]. But it is slightly
stronger.

Let X be a not necessarily reduced algebraic space with compactification X
in the sense of algebraic spaces, and let L be a holomorphic line bundle on X
with a positive singular hermitian metric h in the following sense.

Definition 7.1 Let Z be a reduced complex space and L a holomorphic line
bundle. A singular hermitian metric h on L is a singular hermitian metric h on
L|Z,eq with the following property: There exists a desingularization w:Z — Z

such that h can be extended from Z,cq to a singular hermitian metric h on 7L
over Z.
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Condition 7.2 (P) We say that the positivity condition (P) holds, if

(i) For all p € X and any holomorphic curve C C X through p the (posi-
tive, d-closed) current /—104|C is well-defined, and the Lelong number

v(v/—104|C, p) vanishes,

(ii) For any smooth locally closed subspace Z C X of dimZ > 0, h|z is well
defined and (L|z,h|z) is big (cf. Definition [T below).

Now we state the criterion.

Theorem 7.3 Let X be an irreducible, not necessarily reduced algebraic space
with a compactification X. Let L be a holomorphic line bundle on X. The map

(I)|mL\ X — IP’N(m),

where N (m) = dim |mL|, defines an embedding of X for sufficiently large m, if
it satisfies condition (P).

The proof of Theorem is essentially the same as the one of [Sch-T), The-
orem 6] except the use of Theorem [[.6] below to perturbe the metric to a metric
with strictly positive curvature.

7.2 Kodaira’s lemma for big pseudoeffective line bundles

In this subsection, we prove a singular hermitian version of Kodaira’s lemma
(cf. [K-Ol Appendix]).
First we shall define the big singular hermitian line bundle.

Definition 7.4 (L, hy) be a pseudoeffective singular hermitian line bundle on

a projective manifold X. We set

(7.2.1)

Vnum(L, hr) := sup{dim V' | V is a subvariety of X such that h, |y is well defined

(7.2.2) and (L, hy)4™V.V > 0},

We call vpum (L, hy) the numerical Kodaira dimension of (L, hr,). If vpum (L, hr) =
dim X we say that (L,hr) is big. o

Lemma 7.5 Let X be a smooth projective variety and let |H| be a very ample
linear system. Then there exists a smooth member H' €| H |, such that

(7.2.3) Z(hf) ® Ogr = Z(hY' |m)
holds for every m 2 1. o

Proof of Lemma[7.5] Let A be a sufficiently ample line bundle such that Ox (A+
mL))QZ(hT) is globally generated for all m = 1. Let {a§m)}§V:7’L1 be a (complete)
basis of H(X,Ox (A + mL)) ® Z(h7)). We consider the subset

(724) U:={F€|H|;Fis smooth,/ | o™ 2R ha - dVE < oo
F
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(7.2.5) for every m and 1 £ j £ N,,.}

of | H |, where dVF denotes the volume form on F' induced by the Kéhler form
w. We claim that such U is the complement of at most a countable union of
proper subvarieties of | H|. Let us fix a positive integer m.

(726) Em = {F E|H|,F is smooth,/ | O‘J(m) |2 hZL . hA dVF = +OO}
F

is of measure 0 by Fubini’s theorem. Then since U = |H| — US_, E,,, we
complete the proof of Lemma 0

Theorem 7.6 Let X be a projective manifold and let (L,hr) be a big psedoef-
fective singular hermitian line bundle. Then there exists a singular hermitian
metric hJLr on L such that

(1) \/716,% is strictly positive everywhere on X,
(2) hi = hy holds on X.

O

Let us explain the relation between Theorem(Z.6] and the original Kodaira’s
lemma . Let D be an ample divisor on a smooth projective variety X. Let
us identify divisors with line bundles. By Kodaira’s lemma, there exists a C'*°
hermitian metrics hp,hg on D, E respectively (the notion of hermitian met-
rics naturally extends to the case of Q-line bundles) such that the curvature of
hp - hgl is stricly positive. Let og be a multivalued holomorphic section of FE
with divisor F such that hg(ocg,0r) <1 on X. Then

hp
7.2.7 A=
( ) b hg(og,0E)

is a singular hermitian metric on D such that

(1) ‘/_19}% is strictly positive everywhere on X.

(2) hp < k3, holds on X.

In this way Theorem can be viewed as an analogue of the usual Kodaira’s
lemma to the case of big pseudoeffective singular hermitian line bundles.

7.3 Proof of Theorem

The proof of Theorem presented here is not very much different from the
original proof of Kodaira’s lemma (cf. [Ka2] or [K-O, Appendix]). But it re-
quires estimates of Bergman kernels and additional care for the multiplier ideal
sheaves.

Let X be a smooth projective variety of dimension n and let (L, hz,) be a big
pseudoeffective singular hermitian line bundle on X. Let w be a Ké&hler form
on X and let dV be the associated volume form on X. Let H be a smooth very
ample divisor on X.
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Lemma 7.7 There exists a positive integer mqo such that mo(L,hr) — H is big,

i.e.,

(7.3.1) limsup £~ - dim H(X, Ox ({(moL — H) @ Z(h%)) > 0
£—00

holds.

Proof of Lemma[7] Replacing H by a suitable member of | H |, by Lemma [Z.5]
we may assume that

(7.3.2) Z(hT) o= Z(hT |u)
holds for every m > 1. Let us consider the exact sequence

(7.33) 0= HX,O0x(mL — H)®IZ(h})) — H°(X,0x(mL) @ Z(h}"))

(7.3.4) — H°(H,Ox(mL) @ Z(hT |1)).
Then since u(L,hz) > 0 and

(7.3.5) dim H°(H, Oy (mL) @ Z(hT |g)) = O(m™™1)

we see that for every sufficiently large m,

(7.3.6) HY(X,0x(mL —H)®I(h[))#0

holds.

To prove Lemma [T7] we need to refine the above argument a little bit. Let mg
be a positive integer such that

(L,hp)" % H

7.3.7 mo >N -
(7.8.7) 0 T

holds. For very general Hl(e), . -Hy) €| H |, by Lemma[.H replacing m by mg¢
and H by ¢H, we have the exact sequence
(7.3.8)

0 — H(X,Ox({(moL — H)) @ Z(h%)) — HY(X, Ox (molL) @ Z(h7°)).

(7.3.9)
— ®L, HO(H", O, (molL) ® T(hy*

We note that {Hi(é)}f:1 are chosen for each £. If we take {Hi(e)}f:1 very general,
we may assume that

(7.3.10) dim HO(HY , Oy, (mL) @ T(h |1,))
is independent of 1 < 7 < /¢ for every m. This implies that

(7.3.11) limsup £~ - dim HO(X, Ox ({(moL — H)) @ Z(h7*))

{—00

| —

1
(7.3.12) > = (L,hy)" - mf — AL hL) M HY -mg ™!

(n—1)

3
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holds. By (T3), we see that

1

1 n n
(L,]’LL) ~m0 — m

n!

(7.3.13) {(L,hp)" " Hymp™!

is positive. This completes the proof of Lemma [.7l

Let A be a sufficiently ample line bundle on X and let h4 be a C'°° hermitian
metric such that the curvature of h4 is everywhere strictly positive on X. Here
the meaning of “sufficiently ample” will be specified later. Let m be a positive
integer. Let us consider the inner product

(7.3.14) (0,0") ::/ ha-hf-o-5'dV
b'e

on H(X,0x(A+mL) ® Z(h7)) and let K, be the associated (diagonal part
of) Bergman kernel. Let us consider the subspace:

(7.3.15)

H(X,O0x(A+ (moL — H)) @ Z(h7")) € HY(X, Ox (A + molL) @ Z(h]"))

as a Hilbert subspace and let K ;;0 , denotes the associated Bergman kernel with
respect to the restriction of the inner product on

HO(X, Ox (A+molL)RT(R%) to the subspace HO(X, Ox (A+£(moL—H))®
7z (hrL”“Z)). Then by definition, we have the trivial inequality :

(7.3.16) K} S Koo

mol =

holds on X for every £ 2> 1.
The next lemma follows from the same argument as in [Deml

Lemma 7.8 ([Deml]) If A is sufficiently ample,

(7.3.17) hy = the lower envelope of (limsup 3/ K,,)"".

m— 00

holds.

Remark 7.9 In [Dem), Demailly considered the local version of Lemma[7.8,
but the same proof works thanks to the sufficiently ample line bundle A.

We note that

(7.3.18) /X ha-hf - Ky, -dV =dim H(X, Ox (A +mL) @ Z(h}))

and

(7.3.19) /X ha-h7oC K -dV = dim HO(X, Ox(A+{(moL— H))Z(h7°"))
hold. Hence by Lemma [.7]

(7.3.20) lim sup <(m0€)_” : /X WPt KL, dV> >0

£— 00
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holds. Then by Fatou’s lemma, we see that

ha-hT0 KT ha- R0 KF
(7.3.21) / limsupM > limsup/ DAL T met >0
X f{—oo (mog)” {— 00 X (mog)”

hold. In particular

mol =+
ha-hy™ - K, .,

7.3.22 lim su
(7.3.22) msup

is not identically . This implies that

(7.3.23) limsup ™o/ K;_mé

L—00

is not identically 0 and by Lemma [ and ([3]), it is finite. Let hy be a C*
hermitian metric on H with strictly positive curvature and let 7 be a global
holomorphic section of Ox (H) with divisor H such that hg(r,7) < 1 holds on
X. We set

(7.3.24) h} = (1i2nsup "o K )T h (T, 7).
—o0

Then A7 is a singular hermitian metric on L, since

. Y + 71 2 . . . .
(limsupy_,o "%/ K, , )" | 7 |? can be viewed as a singular hermitian metric

on L — H with semipositive curvature current. By the construction it is clear
that the curvature current of hJLr is bigger than or equal to the curvature of
hg. In particular the curvature current of hz is strictly positive. And by the
construction

(7.3.25) hr £ hf

holds on X. This completes the proof of Theorem [.6l
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