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BROWNIAN MOTIONS ON METRIC GRAPHS II
CONSTRUCTION OF BROWNIAN MOTIONS ON SINGLE VERTEX GRAPHS

VADIM KOSTRYKIN, JURGEN POTTHOFF, AND ROBERT SCHRADER

ABSTRACT. Pathwise constructions of Brownian motions which satisfy all possible
boundary conditions at the vertex of single vertex graphs are given.

1. INTRODUCTION AND PRELIMINARIES

This is the second in a series of three articles about the construction and the basic
properties of Brownian motions on metric graphs. In the first of these articles [21],
Brownian motions on metric graphs have been defined, their Feller property has been
shown, and their generators have been determined, i.e., the analogue of Feller’s theo-
rem for metric graphs has been proved. In the present article, we construct all possible
Brownian motions on single vertex graphs (cf. below). In the third article of this se-
ries [22], this construction will be extended to general metric graphs. In a companion
article [20], which serves more as a background for this series and which can also be
read as an introduction to the topic, we revisit the classical cases [7-9, 14, 15, 18] of
Brownian motions on bounded intervals and on the semi-line R .

For a general introduction to the subject of this article we refer the interested reader
to [21], henceforth quoted as “article I”. We shall refer to equations, definitions, the-
orems etc. from article I by placing an “I”” in front. For example, “formula (1.2.4)”
refers to formula (2.4) in article I, while “definition 1.3.1” points to definition 3.1 in
article 1. Unless otherwise mentioned, we continue to use the notation and the con-
ventions set up in that article.

In the present article we solely consider a metric graph G consisting of a single
vertex v, and n, n < 400, external edges labeled Iy, k € {1,2,...,n}, each of which
is metrically isomorphic to the interval [0, +00), the vertex corresponding to 0. It will
be convenient to denote the local coordinate of a point £ in G° = G \ {v} by (k, ),
ke{l,2,...,n}, x € (0,400), instead of (I, ) as we did in paper 1.

The main ideas for the construction of Brownian motions with boundary conditions
at the vertex compatible with Feller’s theorem 5.3 are those which can be found in the
work by It6 and McKean [14,15] for the case of the semi-line R, cf. also [18, Chap-
ter 6]: The reflecting Brownian motion in the case of R, is replaced by a Walsh
process [31] (cf. also, e.g., [2]) on the single vertex graph, and then the killing and
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slowing down of this process on the scale of its local time at the vertex is used to
construct processes implementing the various forms of the Wentzell boundary condi-
tion. On the other hand, we provide a number of arguments which — at least on a
technical level — are rather different from those found in the standard literature. For
example, whenever possible, we use arguments based on Dynkin’s formula to derive
the domain of the generator (i.e., the boundary conditions). This approach appears to
be much simpler and more intuitive than the one with standard arguments [14, 15, 18]
for the semi-line R, which is based on the rather tricky calculation of heat kernels
with the help of Lévy’s theorem. Moreover, for the case of killing, instead of using
the standard first passage time formula for the hitting time of the vertex we use a first
passage time formula for the life time of the process. In the opinion of the authors this
leads to much simpler computations of the transition kernels than those in [14,15, 18]
for a Brownian motion on R .

The article is organized as follows. In several subsections of the present section we
set up some notation and discuss some preparatory results. In section 2 we recall the
construction of a Walsh process on a metric graph. In section 3 we construct a Walsh
process on the single vertex graph with an elastic boundary condition at the vertex,
while in section 4 we construct a Walsh process with a sticky boundary condition at
the vertex. The most general Brownian motion on the single vertex graph is obtained
in section 5 by combining these two constructions. In all three cases we also derive
explicit expressions of the analogues of the quantum mechanical scattering matrix on
single vertex graphs.

1.1. Feller’s Theorem and Boundary Conditions. For ease of later reference, in
this subsection we state Feller’s theorem, theorem 1.5.3, as it reads for a single vertex
graph with n edges.

Co(G) denotes the space of continuous functions on G which vanish at infinity,
and C2(G) the subspace of Cy(G) consisting of those functions f € Co(G) which
are twice continuously differentiable on G°, such that f’ vanishes at infinity and f”
belongs to Cy(G). Moreover, for a function f which is continuous on G°, and such
that for k£ € {1,2,...,n}, f(£) has a limit when { € G° approaches the vertex v
along any edge [, we set

flo) = lim_— f(§).
E—v, &€l
It is not hard to see that for all f € C2(G), k € {1,2,...,n}, the limits f’(vy) of the
derivatives exist. Theorem 1.5.3 states that the generator A (on Cp(G)) of a Brownian
motion on G is given by 1/2 times the Laplacean with domain D(A4) C C3(G),
and that there exist non-negative constants a, ¢, a # 1, and a vector b = (by, k =
1,...,n) €[0,1]", with

n
(1.1a) atct+d bp=1,
k=1
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and D(A) consists exactly of those f for which
c n
(1.1b) af(v) + 5 f'(v) = ; bi S (vr)

holds true.

1.2. Standard Brownian Motion on the Real Line. The construction of Brownian
motions on a single vertex graph with infinitesimal generator whose domain consists
of f’s which satisfy the boundary conditions (1.1) is quite similar to the construction
carried out for the half-line in [14], [15], [18]. This in turn is based on the properties
of a standard Brownian motion on the real line, cf., e.g., [10-12, 17,28, 33], and the
works cited above. For the convenience of the reader, and for later reference, we
collect the pertinent notions, tools and results here.

Let (Qz, © € R) denote a family of probability measures on a measurable space
(Y, A'), and let B = (By, t € Ry) denote a standard Brownian motion defined on
(Y, A') with Q,(By = z) = 1, 2 € R. It will be convenient to assume throughout
that B has only continuous paths. Whenever it is notationally convenient, we shall
also write B(t) for By, t > 0. Furthermore, we may suppose that there is a shift
operator  : R x 0 — Q, such that forall s,¢ > 0, Bs 0 0; = Bgy4.

We shall always understand the Brownian family (B, (Q,, € R)) to be equipped
with a filtration 7 = (J;, t > 0) which is right continuous and complete for the
family (Q., * € R). (For example, 7 could be chosen as the usual augmentation of
the natural filtration of B (e.g., [17, Sect. 2.7] or [28, Sect.’s 1.4, I11.2]).)

For any A C R, we denote by H ff the hitting time of A by B,

(1.2) HE =inf{t >0, B; € A},

and we note that for all A belonging to the Borel o—algebra B(R) of R, H f is a
stopping time with respect to J (e.g., [28, Theorem III.2.17]). In the case where
A = {z}, z € R, we also simply write H5 for H g } We shall also denote these
stopping times by HB(A) and HB(x), respectively, whenever it is typographically
more convenient. The following particular cases deserve special attention. Let xz € R.
Then we have (e.g., [15, Sect. 1.7], [17, Sect. 2.6], [28, Sect.’s 11.3, II1.3])

(1.3) Qo(HE e dt) = Q.(HE e dt) = |f g(t,z)dt,  t>0,
where g is the GauB3-kernel

(1.4) g(t,z) = ;mt e‘x2/2t, t>0,z€eR,

and

(1.5) EQ(e M) = EQ(e M) = V2l A 5o,

Moreover, for a < x < b the law of H {Ba b under @), is well-known (e.g., [15,
Problem 6, Sect. 1.7]), and its expectation is given by

(1.6) EZ(Hf ) = (z—a)(b—=).
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Denote by LB = (LE, ¢t > 0) the local time of B at zero, where we choose the
normalization as in, e.g., [28] (and which thus differs by a factor 2 from the one used
in, e.g., [12,17]): for x € R, P,—a.s.

1
B _ 1.
(L.7) Ly = lﬁno % A{s <t, |Bs| < €}), t >0,

and here \ denotes the Lebesgue measure. Thus, in terms of its a—potential (cf. [3,
Theorem V.3.13]) we have

> 1
1.8 uSg(x :Er</ e_o‘tdLB) = —e_‘/%'xl, a>0,zeR,
(1.8) 75(x) ; ¢ T

which provides an efficient way to compare the various normalizations of the local
time used in the literature. Slightly informally we can write

t
(1.9) LtB—/ 60(Bs) ds,
0

where ¢ is the Dirac distribution concentrated at 0. LB is adapted to 7, and non-
decreasing. Moreover, for every = € R, P,—a.s. the paths of L? are continuous, and
L2 is additive in the sense that

(1.10) LB, =L +1800, steR,.

Similarly as above, we shall occasionally take the notational freedom to rewrite L
as LB(t).
We will need the following well-known result (e.g., [15, Section 2.2, Problem 3]):

Lemma 1.1. The joint law of |B;| and Ly, t > 0, under Q) is given by
(1) Qo(|Bi| € dx, LF e dy) =2 2L o=@l 2 grgy 4y > 0.

V2rt3
Let K® = (KB, r > 0) denote the right continuous pseudo-inverse of L,
(1.12) KP =inf{t >0, Lf > r}, r>0.

Note that due to the a.s. continuity of L” we have a.s. L% = r. In appendix B of [20]
we prove the following

Lemma 1.2. Foranyr > 0

(1.13) Qo(KP € dt) = %g(t, rydt,  t>0,
and

(1.14) EQ(e Py =e VP A>0
holds.

Moreover, we shall make use of the following lemma, which is similar to results in
Section 6.4 of [17], and which is proved in appendix B of [20].

Lemma 1.3. Under Qo, L? (H {B,x +x}), x > 0, is exponentially distributed with
mean .
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1.3. First Passage Time Formula for Single Vertex Graphs. In this subsection we
set up some additional notation which will be used throughout this article. Also we
record a special form of the first passage time formula, equation (1.2.6).

Let X be a Brownian motion on G in the sense of definition 1.3.1 defined on a
family (Q, A, F = (F, t > 0), (P, £ € G)) of filtered probability spaces. Let H,
be the hitting time of the vertex v. Note that for all { € G, Pe(H, < +00) = 1 (cf.
the discussion in section 1.3). For A > 0, set

(1.15) ex(€) = Ee(exp(—AH,)) = e VP& ccg,

where F¢( - ) denotes expectation with respect to P¢. The last equality follows from
formula (1.5).

Recall that we denote the natural metric on G by d. We introduce another symmet-
ric map d,, from G x G to R defined by

(1.16) dy(&;m) = d(&,0) +d(v,n), & neq,

which is the “distance from & to 7 via the vertex v”. Observe that if £, n € G do not
belong to the same edge, then by the definition of d the equality d,(£,n) = d(&,n)
holds true.

Next we define two heat kernels on G by

(1.17) p(t, &) lek g(t,d(€n)) 1, (),

(1.18) po(t,&m) = lek g(t,du(&m)) 14, (n),

witht > 0,&, 7 € G. gis the GauB—kernel defined in equation (1.4). Hence, in local
coordinates £ = (k,x),n = (m,y), x,y > 0, k, m € {1,2,...,n}, these kernels
read

1 2
1.19 t, (k,x), (m, = e~ /2ty
1 2
1.20 o (t, (k,x), (m, = —— ¢ @ty /2tg
The Dirichlet heat kernel pP on G is then given by
(1.21) pP(t.&m) = p(t,&m) = po(t.Em),  t>0,6m€G.

It is the transition density of a strong Markov process with state space G° U {A}
which on every edge of G° is equivalent to a Brownian motion until the moment of
reaching the vertex when it is killed, and A denotes a cemetery state adjoined to G
as an isolated point. (Recall from section 1.3 of article I that this process is not a
Brownian motion on G in the sense of definition 1.3.1.)

The Dirichlet resolvent RP = (RP, A > 0) on G is defined by

Hv
(122)  RPf = E§</O e MF(X)) dt)7 A>0,¢€@, feB(G).
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It is easy to see that Rf\) has the following integral kernel on G

(123) 7”)?(5»77) = TA(&??) - TU,A(£77])7 ga ne g,
where for {,n € G,

(1.24) € =310
. (&, n) = wW\S) — == ),
k=1 \/ﬁ
and
=310 0 )
Ty A6, 1) = Uk T oy
2 /o I\
(1.25)
n 1
= 3" 14,(6) —= ex(€) ex(m) L, ().
k=1 m

In particular, 7’)’? is the Laplace transform of the Dirichlet heat kernel (1.21) at A > 0.

Recall the first passage time formula (1.2.6):

S
RAf(€) = Be([ () ) + Bele™ Rap (X)),

where S is any P:—a.s. finite stopping time relative to 7. The choice S = H, gives
the following result.

Lemma 1.4. Let X be a Brownian motion on G with resolvent R = (Ry, A > 0).
Then forall A >0, ¢ € G, f € B(G),

(1.26) Ryf(€) = RYF(€) + ex(€) Raf(v)
holds true.

The following notation will be convenient. For real valued measurable functions
f» g on G, with restrictions fx, g, k € {1,2,...,n}, to the edges [}, we set

n

(f.9) = /g 1) 9(€)de = S (i 90),

k=1

where the integration is with respect to the Lebesgue measure on G, and

(frsgx) = /OOO fr(z) gr(z) da,

whenever the integrals exist.

Assume that f € Cy(G). Then for A > 0, R, f belongs to the domain of the
generator of X, and therefore to C3(G) (cf. subsection 1.1). It is straightforward to
compute the derivative of the right hand side of formula (1.26), and we obtain the
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Corollary 1.5. For every Brownian motion X on G with resolvent R = (Ry, A > 0),
and all f € Cy(G),

(1.27) (Raf) (k) = 2ean, fr) = V2ARAf(v), ke {1,2,...,n},
holds true.

1.4. The Case b = 0. The case, where all parameters by, Kk = 1,...,n, in equa-
tion (1.1) vanish, is trivial in the sense that the associated Brownian motion can be
constructed by a stochastic process living only on the edge where it started, and there-
fore it is just a classical Brownian motion on R in the sense of [18, Section 6.1].
This case is also discussed briefly in [18], but for the sake of completeness we include
it here in somewhat more detail than in [18].

Consider a standard Brownian motion on R as before, and without loss of general-
ity assume in addition that the underlying sample space is large enough such that all
constant paths in R can be realized as paths of the Brownian motion. Construct from
the Brownian motion a new process by stopping it when it reaches the origin of R, and
then kill it after an exponential holding time (independent of the Brownian motion)
with rate 5 > 0. We shall only consider starting points z € R.. If 5 = 0, then the
process is simply a Brownian motion with absorption at the origin. For example, it
follows from Theorem 10.1 and Theorem 10.2 in [5] that for every S > 0 this process
is a strong Markov process, and obviously it has the path properties which make it a
Brownian motion on R in the sense of [18, Section 6.1]. Thus, if £ € G, £ € [,
k =1,...,n, then we just have to map this process with the isomorphisms between
the edges Iy, & = 1,...,n, and the interval [0, 400) into G to obtain a Brownian
motion on G with start in £, such that it is stopped when reaching the vertex, and then
is killed there after an exponential holding time with rate 5 > 0.

Let UY = (U?, t > 0) denote the semigroup associated with this process. It is
obvious that for f € Cy(G) we get UL f(v) = exp(—pBt)f(v), t > 0. Thus for the
corresponding resolvent R = (RY, A > 0), and f € Cy(G) one finds

(1.28) ARYf(v) — f(v) + BRSf(v) =0, A >0.
Let A° be the generator of this process, and recall from lemma 1.5.2, that for all

[ € DA, A°f(&) = 1/2 f"(€), € € G. But then the identity AR = A°RS + id
implies the following formula

5 (R)(0) + 6 R () =0.

For every A > 0 R} maps Cy(G) onto D(A®). With the choice a = (14 8)! 3,
¢ = (14 B)~! this shows that the process realizes the boundary conditions of equa-
tions (1.1) withby =0,k =1,...,n.

Moreover, we can now use equation (1.26) combined with formula (1.28), to obtain
the following explicit expression for the resolvent with f € Cp(G), A > 0:

(1290  RYf(€) = RRfF(&) + eTVRED) f(p), ceg,

B+ A
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where, as before, R? is the Dirichlet resolvent.

In order to compute the heat kernel associated with this process on G, we invert the
Laplace transforms in equation (1.29). For the first term on the right hand side this is
trivial, and gives the Dirichlet heat kernel p”, cf. equation (1.21). The second term
could be handled by a formula which can be found in the tables (e.g., [6, eq. (5.6.10)]).
But this formula involves the complementary error function erfc at complex argu-
ments, and does not yield a very intuitive expression. Instead, we can simply use the
observation that ¢ — exp(—/f3t) is the inverse Laplace transform of X — (3 + \)~1.
Moreover, the well-known formula for the density of the hitting time of the origin by
a Brownian motion on the real line (e.g., [15, p. 25], [17, p. 96], [28, p. 102]) gives us
the following expression for the density of the first hitting time of the vertex

(1.30) Pe(H, € ds) = il/(sii o—d(Ev)?/2s ds, s> 0.
s

Using the well-known Laplace transform (e.g., [6, eq. 4.5.28])

< a a2 _Vox

(1.31) / e —— e /B s =V 4>0,A>0,
0 V2ms3

we infer that the inverse Laplace transform of the exponential in (1.29) is given by

P¢(H, € ds). Thus we obtain the following heat kernel

(1.32)

t
Pt &n) = o€y — ([ 0 P, € ) e (),

t d(&,v) 2
— P t,&,m)dn — / e Bt=s) ') e &) /28 g »(dn),
po(t,&m) dn (0 3 )e(n)

with &, n € G, t > 0, and ¢, is the Dirac measure at the vertex v.

1.5. Killing via the Local Time at the Vertex. We recall from remark 1.3.2, that
we may and will consider every Brownian motion X on G with respect to a filtration
F = (Ft, t > 0) which is right continuous and complete relative to (P, £ € G), and
such that X is strongly Markovian with respect to .

In this subsection we suppose that X is a Brownian motion on the single vertex
graph G with infinite lifetime, and such that the vertex is not absorbing. This entails
(cf. section 1.3) that X leaves the vertex immediately and begins a standard Brownian
excursion into one of the edges. Therefore we get in this case for the hitting time H,, of
the vertex P,(H, = 0) = 1, i.e., v is regular for {v} in the sense of [3]. Consequently
X has alocal time L = (L;, t > 0) at the vertex (e.g., [3, Theorem V.3.13]). Without
loss of generality, we suppose throughout this subsection that L is a perfect continuous
homogeneous additive functional (PCHAF) of X in the sense of [33, Section I11.32].
That is, L is a non-decreasing process, which is adapted to JF, and such that it is a.s.
continuous, additive, i.e., Ly1s = Ly + Ls 0 0y, and forall § € G, P (Lo = 0) =1
holds true. Moreover we may and will assume from now on that X and L are pathwise
continuous.
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Killing X exponentially on the scale of L, we can construct a new Brownian mo-
tion X on G. We shall do this using the method of [17, 18].
Let K = (K, s € Ry) denote the right continuous pseudo-inverse of L:

(1.33) K,=inf{t >0, L, >s}, seR,,

where — as usual — we make the convention that inf () = +o0c. The continuity of L
entails that for every s € R, Lg, = s. Clearly, K is increasing, and due to its right
continuity it is a measurable stochastic process. Fix s € R . It is straightforward to
check that for every t € R,

(1.34) (K, <t} = {L; > s}.

Because L is adapted, the set on the right hand side belongs to F;, and since F is
right continuous, equality (1.34) shows that for every s € R, K is a stopping time
relative to F. We remark that since L only increases when X is at the vertex v, the
continuity of X implies that for every s € Ry we get X (K;) = v on {K; < +0o0}.
On the other hand, we shall argue below that L a.s. increases to 400, so that we get
X(Ks) =vas.forall s € Ry.

Let 5 > 0. Bring in the additional probability space (R4, B(R. ), Pg), where Pg
is the exponential law with rate 8. Let S denote the associated coordinate random
variable S(s) = s, s € R.. Define

O=0xRg,
A=A BR,),
P:=P:®Ps, (€.
We extend X, L, K, and S in the canonical way to these enlarged probability spaces,

but for simplicity keep the same notation for these quantities.
Set

(1.35) (g =inf{t >0, Ly > S},

and observe that since K is measurable we may write (g3 = Kg. Thus as above we
get X ((g) = v. Define the killed process

(1.36) X, = Xi, £ <Cp,
A, t> (s

Since this prescription for killing the process X via the (PCHAF) L is slightly
different from the method used in [3, 33], we cannot use the results proved there to
conclude that the subprocess X of X is still a strong Markov process. However, it
has been proved in [20, Appendix A] that the strong Markov property is preserved
under this method of killing, i.e., Xisa strong Markov process relative to its natural
filtration (actually relative to a larger filtration, but we will not use this here). Now we
may employ the arguments in section 2.7 of [17], or in section I11.2 of [28] to conclude
that X is a strong Markov process with respect to the universal right continuous and
complete augmentation of its natural filtration.
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It is clear that X has a.s. right continuous paths which admit left limits, and that its
paths on [0, {g) are equal to those of X, and thus are continuous on this random time
interval. Moreover, it is obvious that for every { € G°, we have P¢((g > H,) = 1.

Therefore, up to its hitting time of the vertex, X is equivalent to a Brownian motion
on the edge to which £ belongs, because so is X. Altogether we have proved that —
under the hypothesis that L is a PCHAF, which will be argued below in all cases that
we consider — X is a Brownian motion on G in the sense of definition 1.3.1.

There is a simple, useful relationship between the resolvents R and R of the pro-

cesses X and X, respectively. Recall our convention that all functions f on G are
extended to G U {A} by f(A) =0.

Lemma 1.6. Forall A > 0, f € B(G), £ € G,

(1.37) Ry f(€) = Raf(€) — ex(€) Eu(e7) Raf(v)

holds true, where ey, is defined in equation (1.15).

Proof. For A >0, f € B(G),£€G

Ryf(§) = E¢ (/0Cﬁ e MF(Xy) dt)
= ()~ Be(e [T e (X))

0

By construction, the last expectation value is equal to

ﬁ/ e_ﬁs/ e_/\tE§<e_)‘K5f(Xt+K5)) dtds,
0 0

where we used Fubini’s theorem. Consider the expectation value under the integrals,
and recall that for fixed s € Ry, K, is an F—stopping time, while X is strongly

Markovian relative to /. Hence we can compute as follows
E{ (e—)\KS f(Xt+K5)) _ Eg <6_)\K5 E£ (f (Xt-i-Ks .FKJ))
= E <€_AKS Ex(k.) (f(Xt))>
= Be(e7M%) Bu(£(X0)),
where we used the fact that a.s. X (K) = v. So far we have established

RAf(€) = Raf(§) — Ec(e7%) Ryf(v).

In order to compute the expectation value on the right hand side, we first remark that
because L is zero until X hits the vertex for the first time, we find that for given
s € Ry, Kg > H,, and therefore Ky = H, + K; o f,. Hence, and again by the
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strong Markov property,
Ee (e—AKS) _ Eg(e_’\H” e—)\KsoHv)
— B (e—)\HU Eg(e—)\KSoHU

= B (M) B, (),

Integrating the last identity against the exponential law in the variable s, we find with
formula (1.15)

Fit,))

Ee(e77) = ex(§) Ey(e ),
and the proof is finished. ([

Remark 1.7. Formula (1.37) is quite useful, because if the resolvent of X is known,
then — in view of equation (1.15) — it reduces the calculation of R to the computa-
tion of the Laplace transform of the density of (g under P,.

2. THE WALSH PROCESS

The most basic process — which on a single vertex graph plays the same role as a
reflected Brownian motion on the half line — is the well-known Walsh process, which
we denote by W = (W;, t > 0). It corresponds to the case where the parameters a
and c in the boundary condition (1.1) both vanish. This process has been introduced
by Walsh in [31] as a generalization of the skew Brownian motion discussed in [15,
Chapter 4.2] to a process in R? which only moves on rays connected to the origin.

A pathwise construction of the Walsh process in the present context is as follows.
Consider the paths of the standard Brownian motion B = (B, ¢ > 0) on R, and
its associated reflected Brownian motion |B| = (|B|, t > 0), where | - | denotes
absolute value. Let Z = {t > 0, B, = 0}. Then its complement Z¢ is open, and
hence it is the pairwise disjoint union of a countable family of excursion intervals I; =
(tj,tj+1), 7 € N. Let R = (Rj, j € N) be an independent sequence of identically
distributed random variables, independent of B, with values in {1, 2, ..., n} such that
Rj, j € N, takes the value k € {1,2,...,n} with probability wy, € [0,1], >, wi =
1. Now define Wy = vift € Z,andif t € I;, and R; = k set Wy = (k,|B;]). In
other words, when starting at £ € G°, the process moves as a Brownian motion on the
edge containing £ until it hits the vertex at time H,, and then W performs Brownian
excursions from the vertex v into the edges Iy, k € {1,2,...,n}, whereby the edge
li 1s selected with probability wy.

As for the standard Brownian motion on R (cf. subsection 1.2), we may and will
assume without loss of generality that W has exclusively continuous paths.

Walsh has remarked in the epilogue of [31], cf. also [2], that it is not completely
straightforward to prove that this stochastic process is strongly Markovian. A proof
of the strong Markov property based on Itd’s excursion theory [13] has been given
in [29,30]. A construction of this process via its Feller semigroup can be found in [2]
(cf. also the references quoted there for other approaches).
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Next we check that the Walsh process has a generator with boundary condition at
the vertex given by (1.1) with a = ¢ = 0. Let f € D(A"). At the vertex v Dynkin’s
form for the generator reads

oo B ER) - 1)
@.1) A" (v) = lim E.(HP,) ’

where H’, is the hitting time of the complement of the open ball B.(v) of radius
€ > 0 around v.

Lemma 2.1. For the Walsh process E,(HY,) = €.

Proof. Since by construction W has infinite lifetime, H,’, is the hitting time of the
set of the n points with local coordinates (k,¢), & = 1,...,n. Therefore, by the
independence of the choice of the edge for the values of the excursion, it follows that
under P, the stopping time H,)’. has the same law as the hitting time of the point € > (
of a reflected Brownian motion on R, starting at 0. Thus the statement of the lemma
follows from equation (1.6). U

From the construction of W we immediately get
n
By (F(W(HE))) = 3 widilo),
k=1

with the notation fi(z) = f(k,x), x € Ry. Inserting this into equation (2.1) we
obtain

n
AW =1 -2 _
f(v) =lime kz_l wi(fr(e) = f(v)),
and since f’(vy) exists (cf. section L.5) it is obvious that this entails the condition

(2.2) > wif(vr) = 0.
k=1

For later use we record this result as

Theorem 2.2. Consider the boundary condition (1.1) witha = ¢ = 0, and b €
[0,1]™. Let W be a Walsh process as constructed above with the choice wy, = by,
k e{1,2,...,n}. Then the generator A" of W is 1/2 times the second derivative on
G with domain consisting of those f € C’g(g ) which satisfy condition (1.1b).

For the remainder of this section we make the choice ¢« = ¢ = 0, wy = by,
ke{l,2,...,n}in(1.1).

Next we compute the resolvent of W. Let A > 0, f € Cy(G), and consider first
& = v. Without loss of generality, we may assume that W has been constructed
pathwise from a standard Brownian motion B as described above, and that B is as in
subsection 1.2. Then we get

Eo(fV) = 3 bmES (fu(|Be))).
m=1
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Hence we find for the resolvent R™ of the Walsh process

.30 2r0) = [ ) S0 i
with resolvent kernel r{’ (v, n), n € G, given by
n —V2Xd(v,n)
e
(2.3b) ry(v,n) = E 2y, —————1;,,(n),
X (v,m) 2 N3N i (1)

and where the integration in (2.3a) is with respect to the Lebesgue measure on G.

Now let £ € G. We use the first passage time formula (1.26) together with formu-
lae (1.15) and (2.3), and obtain

Lemma 2.3. The resolvent of the Walsh process on G is given by

(2.42) vr(E) = /g e mdn,  A>0,E€G, f € B),
with

n 1
(2.4b) rV(€m) = A& n) + k;I exk(€) S, o exm(n),
(2.4¢) S = 2Wm — Ok,

where 1) is defined in equation (1.24), and where e i, e ., denote the restrictions of
ex (cf. (1.15)) to the edges i, ,, respectively.

Remark 2.4. The matrix S* = (S}c"m, kkm = 1,... ,n) is the scattering matrix
as defined in quantum mechanics. We briefly recall its construction in the present
context, for more details the interested reader is referred to [23]. SY is obtained from
the boundary conditions at the vertex v in the following way. Consider a function
f on G which is continuously differentiable in G° = G \ {v}, and such that for all
k=1,...,n the limits

F=foe) = lim_f(§)

E—v, &€y,

Fp=f'(ox) = lim__f'(€)

E—v, E€l9

exist. Define two column vectors F', F' € C", having the components F, and F}, k =

1,...,n, respectively. Furthermore, consider boundary conditions of the following
form
(2.5) AF + BF' =0,

where A and B are complex n X n matrices. The on-shell scattering matrix at energy
FE > 0is defined as

(2.6) Sap(E)=—(A+iVEB) ™ (A—iVEB),
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which exists and is unitary, provided the n x 2n matrix (A, B) has maximal rank (i.e.,
rank n) and ABT is hermitian. These requirements for A and B guarantee that the cor-
responding Laplacean is a self-adjoint operator on L?(G) (with Lebesgue measure).
Observe that under these conditions the boundary conditions (2.5) are equivalent to
any boundary conditions of the form CAF + CBF’ = 0 where C is invertible. Also
Sca,c(E) =S4 p(E) holds true. For the Walsh process at hand, concrete choices
for A and B are given by

0 0 0 0 0 by by by bu_1 bn

1 -1 0 0 0 0 0 0 0 0

0 1 -1 0 0 0 0 0 0 0
A=10o o0 1 0o o0 | B"= :

: : 00 0 ... 0 0

0 0 0 1 -1 00 0 ... 0 0

Then (2.5) is the condition that f is actually continuous at the vertex v, i.e., f(vg) =
f(vm), k, m = 1,...,n, and that (2.2) is valid (with wy, = by, k € {1,2,...,n}).
Obviously, (A", B”) has maximal rank. However, A% (B%)T is hermitian if and only
if all by, are equal (i.e., by = 1/n, k = 1,...,n). Nevertheless, (2.6) exists also in the
non-hermitian case, and Sqw pw(E) = S* holds for all E > 0 due to the relations
AYSY = — A%, and B S* = B". In addition, the following relations are valid:

2.7) sU = (5%)7,

(2.8) det S¥ = (—1)"*1,

Furthermore, SY is a contraction, and the associated Laplace operator is m-dissipative
on L2(G) since trivially Im(ABT) = 0, cf. Theorem 2.5 in [19]. When all by, are equal,
such that A¥(BY)T = 0, then S¥ is an involutive, orthogonal matrix of the form

(2.9 SY =—-142P,.

P, is the matrix whose entries are equal to 1/n. P, is a real orthogonal projection,
that is P, = Pl = P! = P2 ltis also of rank 1, that is dimRanP, = 1. The
relation (2.4b) giving the resolvent in terms of the scattering matrix is actually valid
in the more general context of arbitrary metric graphs and boundary conditions of the
form (2.5), see [19,24].

It is straightforward to compute the inverse Laplace transform of the right hand
side of formula (2.4b), and this yields the following result.
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Lemma 2.5. Fort > 0, £ n € G the transition density of the Walsh process on G is
given by

n

@210)  pU(t,&m) =P Em) + D 1,(€) 2w g(t, do(€,m)) 11, (),

k,m=1

Q.11) =p(t,&m) + Y 1,(&) Sing(t do(€,m)) 1, ()

k,m=1

p(t,€,m) is defined in equation (1.17), pP (t,&,n) in equation (1.21), g is the Gaufs-
kernel (1.4), and d,, is defined in equation (1.16).

Remark 2.6. Alternatively p* (¢, £, n) can also be written as

pw(tafaﬁ) = P(tafﬂl)

£ 30 10(©) [ Pel, € ds) St gt = s.dv.) 1, ()

k,m=1

2.12)

Even though this formula appears somewhat more complicated than (2.11), it exhibits
the role of the scattering matrix S, that is, it describes more clearly what happens
when the process hits the vertex.

3. THE ELASTIC WALSH PROCESS

In this section we consider the boundary conditions (1.1) with 0 < @ < 1 and ¢ =
0. The corresponding stochastic process, which we will denote by W€, is constructed
from the Walsh process W of the previous section in the same way as the elastic
Brownian motion on R is constructed from a reflected Brownian motion (cf., e.g.,
[14], [15, Chapter 2.3], [18, Chapter 6.2], [17, Chapter 6.4]).

In more detail, the construction is as follows. Consider the Walsh process W as
discussed in the previous section. We may continue to suppose that W has been
constructed pathwise from a standard Brownian motion B, as it has been described
there. But then the local time of W at the vertex, denoted by L™, is pathwise equal
to the local time of the Brownian motion at the origin (and we continue to use the
normalization determined by (1.8)). It is well-known (e.g., [15,17, 18, 28]) that L™
has all properties of a PCHAF as formulated in subsection 1.5 for the construction
of a subprocess by killing W at the vertex. We continue to denote the rate of the
exponential random variable S used there by 5 > 0. Let W€ be the subprocess so
obtained. In particular (cf. 1.5), W* is a Brownian motion on G, and in analogy with
the case of a Brownian motion on the real line we call this stochastic process the
elastic Walsh process. We write (g ¢ for the lifetime of W (i.e., for the random time
corresponding to (g in subsection 1.5).

We proceed to show that the elastic Walsh process W€ has a generator A€ with
domain D(A€) which satisfies the boundary conditions as claimed. In other words, we
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claim that there exist a € (0,1) and b, € (0,1), k € {1,2,...,n}, witha+) , by =
1, so that for all f € D(G),

(3.1) af () = brf'(ve)
k=1

holds. To this end, we calculate A€ f(v) in Dynkin’s form. We shall use a notation
similar to the one used in subsection 1.5. Namely, let P, and E, denote the probability
and expectation, respectively, on the probability space extended by (R, B(R.), Ps),
while the corresponding symbols without * are those for the Walsh process without
killing.

For € > 0 and under W* let Hy . denote the hitting time of the complement B (v)*
of the open ball Be(v) of radius € > 0 with center v. Then Hy . = Hy'. A (g0,
where as before H,,’. is the hitting time of Be(v)© by the Walsh process W. (Note that
B¢ (v)€ contains the cemetery A.) We find

(3.2) (f(We (HE,) ) (Zwkfk ) HY. < (30)-

The probability in the last expression is taken care of by the following lemma.

Lemma 3.1. Foralle, 5> 0,

1
1+eB

(3.3) Py(HY, < (so) =

Proof. We may consider the Walsh process W as being pathwise constructed from
a standard Brownian motion B on the real line as in the previous section, and we
shall use the notations and conventions from there. Then it is clear that under P,
and under P, H,’, has the same law as the hitting time of the point € in Ry by the
reflecting Brownian motion | B| under Q, that is, as H {B_QE} of the Brownian motion

B itself under (). Let K™ denote the right continuous pseudo-inverse of L". For
fixed s € R we get

{(KY < HY.} = {L"(HY,) > s}.
Hence
P,(KY < H}.) = P,(L"(H,,) > s)
= Qo(L” (Hf_e’e}) > s).

In appendix B of [20] is shown with the method in [17, Section 6.4] that under () the
random variable L7 (H {Bfe 6}) is exponentially distributed with mean €. So we find

Py(KY < HY,) = e™*/".
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We integrate this relation against the exponential law with rate 3 in the variable s, and
obtain

o0
R@m>H&%ﬂ—6/ J&RMY<H&MS
0

1
C1+4ef
We used the fact that due to the continuity of the paths of W we have (g0 # Hy',. U

We insert formula (3.3) into equation (3.2), and obtain

A% () = lim E(lH) (B.(r(vemz)) - 1)

1

L € 1 " frle) — f(v)
W R e 5T o )

Obviously EU(HSE) < E,(HY.) = € (cf. lemma 2.1). Since the last limit and

f(vg), k€ {1,2,...,n}, exist and are finite, we get as a necessary condition
n
(3.4) > wef(vr) = Bf(v) = 0.
k=1

Thus we have proved the following theorem.

Theorem 3.2. Consider the boundary condition (1.1) with a € (0,1), b € [0,1],
and c = 0. Set

b
(3.5) wp=—* k=1,....n B=-—"
1—a 1—a

and let W€ be the elastic Walsh process as constructed above with these parameters.
Then the generator A® of W€ is 1/2 times the second derivative on G with domain
consisting of those f € CZ(G) which satisfy condition (1.1b).

Remark 3.3. Note that condition (1.1a) entails that if w; and g are defined by (3.5)
then wy, € [0,1], k =1,...,n, >, w, =1, and 5 > 0. Therefore the choice (3.5) is
consistent with the conditions on these parameters required by the construction of the
elastic Walsh process W*°.

Next we compute the resolvent R of the elastic Walsh process. As a byproduct
this will give another proof of theorem 3.2. Moreover, it will provide us with an
explicit formula for the scattering matrix in this case. In contrast to the calculations
in [15, Chapter 2.3], [18, Chapter 6.2] for the classical case with G = R, we do
not use the first passage time formula (1.26), but instead we use formula (1.37). This
simplifies the computation considerably.
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Let f € Cyp(G), A > 0, and £ € G. In the present context formula (1.37) reads
$F(E) = RYF(€) — ex(§) Eu(e790) RY f(v),

where R" is the resolvent of the Walsh process without killing, and e) is defined
in (1.15). The Laplace transform of the density of (3 o under P, is readily computed:

Lemma 3.4. Forall \, 5 > 0,

B8
B+V2N

Proof. As remarked before, we may consider L" to be equal to the local time at the
origin of the Brownian motion B underlying the construction of W, and therefore the
analogous statement is true for the right continuous pseudo-inverse K of L*. As
above let K2 denote the right continuous pseudo-inverse of L? (cf. 1.2). Then for
S € R+,

By (e7¥00) =

B, (e M) = B (¢ M)
= e*\/ﬂs,

where we used lemma 1.2. Hence
E, (e—/\Cﬁ,o) = 5/00 o~ (B+V20)t dt,
0
which proves the lemma. O

With lemma 3.4 we obtain the following formula

B
T Brvan

Note that RY f is in the domain of the generator of the Walsh process, and therefore
satisfies the boundary condition (2.2):

(3.6) \(&) = RYF(E) (&) BY S (v).

> wi(RYf) (k) = 0.

k=1
On the other hand, we obviously have ¢\ (vy) = —v2A forall k € {1,2,...,n}.
Thus with >}, wy = 1 we find,

n

e r\/ \/ﬁ w
Zwk( ,\f) (vk) :Bmef(U%

k=1

while equation (3.6) yields for £ = v

V22 RY f(v).

RS f(v) = EERV e
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The last two equations show that for all f € Cy(G), A > 0, we have

n
> wi(BSf) (vr) = B RS S (v).
k=1
Since for every A > 0, R§ maps C(G) onto the domain of the generator of V¢, we
have another proof of theorem 3.2.

Upon insertion of the expressions for the resolvent kernels of the Walsh process,
equations (2.3), and (2.4), with the same notation as in lemma 2.3 we immediately
obtain the following result:

Lemma 3.5. For A > 0, §, n € G the resolvent kernel of the elastic Walsh process
We is given by

n

67 rien) =REn+ 3 )2 773 )
(3.7b) =€+ D ensle) SinN) = ealo).

k,m=1

with the scattering matrix S°

V2 s
B_i_\/ﬁ m kms

Remark 3.6. Note that in contrast to the case of the Walsh process, this time the scat-
tering matrix is not constant with respect to A > 0. Also, when 5 = 0, formula (2.4c)
is recovered, as it should be. In analogy with the discussion in remark 2.4, the bound-
ary conditions for the elastic Walsh process is given by the matrices

(3.7¢) Sim(A) =2 A>0,k,me{l,2,...,n}

0 0 o ... 0 g w; Wy W3 ... Wp_1 Wp
1 -1 0 0 0 0 0 0 0 0
o1 =1 0 0 . 0 0 0 ... 0 0
A=1|o 0o 1 o 0l:B=]0 0 o N E
0 0 0 1 -1 0O 0 0 ... 0 0
such that

S9(N) = Spe pe(E = —2)\)
— —(A° 4 V2ABY) ! (A° — V2ABY),

Observe that for k, m € {1,...,n} the matrix element S§,_ (\) of the scattering
matrix is obtained from the resolvent kernel as

Slim(A) - \/ﬁ Eliyrgv(ri(éjn) - r)x(&”))a
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where the limit on the right hand side is taken in such a way that £, n converge to v
along the edges [}, l,,, respectively. S, () in turn fixes the data wy, and 3, e.g., via
the behavior for large A, that is from the behavior at “large energies”

1
= S (Bt i S5, (0), forallk e (12, n)

and

0 limyoo SE, (N

B = \/2)\< g+ B oo S () - 1), forall A\, and all k, m € {1,2,...,n}.
Skm + S&m(N)

Alternatively, the data can be obtained from the small A behavior, that is the threshold

behavior, of the scattering matrix, since from

Wm

1
= lim ——=(S},,(A) + 0rm forallk € {1,2,...,n},
/8 AiOQ\/ﬁ(k () k ) { }

we obtain
gt = 1(zn: Stm(A) + 1) forallk € {1,2,...,n},
2V2A\ =
and therefore
T ATV2(Sg (N) + )
" limag A1/ (S S + 1)

Furthermore we remark that in the context of quantum mechanics in the self-adjoint
case wy, = 1/n, k = 1,...,n, the boundary conditions of the elastic Walsh process
are interpreted as the presence of a d—potential of strength /3 at the vertex.

forall k, k' € {1,2,...,n}.

In order to compute expressions for the transition kernel of the elastic Walsh pro-
cess, we use the following two inverse Laplace transforms which follow from formu-
lae (5.3.4) and (5.6.12) in [6] (cf. also appendix C in [20]) (A > 0, > 0, x > 0):

m L1 1 B B82t/2 \/?
(3.8) s eo(dt)—ﬁ(ﬁ_ge t erfc(ﬁ §)>dt,

1 _ /*2)\ [:71 6 ,3 +/82t/2 €T \/?
. R ——— = — —eP? fe| — — .
59 6+\/ﬁe glt-w) =5 erc(\/ﬂJrﬁ 2)

Then the inverse Laplace transform of the scattering matrix S¢ is given by the follow-
ing measures on R :

1
S (dt) = (2w, — Opm) €0(dt) — 2wy, 5 \/ﬁ dt

2 B%t/2 t
+ wyfBe erfc(ﬁ\/;> dt,

with k, m € {1,2,...,n}. Moreover, for ¢t > 0, z > 0, let us introduce

(3.11) gs0(t, ) = g(t,z) — geﬁw%ﬂ erfc(% n 5\/5).

(3.10)
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Lemma 3.7. Fort > 0, &, n € G, the transition density p® of the elastic Walsh process
is given by
n

(312) pe(ta 57 77) = pD(tv g’ 77) + Z 1lk (g) 2wm 95,0 (ta dv (Ea 77)) 1lm (77)7
k,m=1

and alternatively by

n t
pEn =ptem+ 3 1,00 ([ Py e ds)
(3.13) e 0

X (Sim % g(-, d(v, 77))) (t— 8)) 1, (n),

where * denotes convolution.

4. THE WALSH PROCESS WITH A STICKY VERTEX

In this section we construct Brownian motions on G with @ = 0 in the boundary
condition (1.1).

Consider the Walsh process W on G from section 2 together with a right continu-
ous, complete filtration F*, relative to which it is strongly Markovian. Furthermore,
we denote its local time at the vertex v by LY (cf. section 3).

Again we follow closely the recipe given by Itd6 and McKean in [14] (cf. also [18,
Section 6.2]) for the case of a Brownian motion on the half line. For v > 0 introduce
a new time scale 7 by

4.1) Tt t 4 yLY, t>0.

Since L is non-decreasing, 7! is strictly increasing. Moreover, we have 771(0) =
0 and lim;_, 1 o 7 () = 400, which implies that 7 exists, and is strictly increasing
from R+ onto R, too. As is shown in [18, p. 160], the additivity of L* entails the
additivity of 7 on its own time scale, i.e.:

Lemma 4.1. Forall s, t > 0, a.s. the following formula holds true
(42) T(S + t) = ’7'(8) + T(t) o 97-(5).

It is easily checked that for every ¢t > 0, 7(t) is an F*—stopping time, and since 7
is increasing, we obtain the subfiltration 7*° = (F;, t > 0) of F* defined by F} =
Frn t € Ry. Moreover, we set FY, = o(FP, teRy)and Fy =o(F7, t € Ry),
and find 75, C FY. Standard calculations show that the completeness and the right
continuity of /" entail the same properties for F°. (For details of the argument in
the case where G = R we refer the interested reader to section 3 of [20].)

Define a stochastic process W* on G, called Walsh process with sticky vertex, by
(43) Wts == WT(t)7 t e R+.

Observe that when W is away from the vertex, L" is constant, and therefore in this
case 7! grows with rate 1. On the other hand, when W is at the vertex, 7~ ! grows
faster than with rate 1, and therefore 7 increases slower than the deterministic time
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scale ¢t — t. Thus W* “experiences a slow down in time” until W has left the vertex.
In this heuristic sense the vertex is “sticky” for W?*, because it spends more time there
than W.

Note that because L has continuous paths, 7~ ! and therefore also 7 are pathwise
continuous. Consequently, W?* has continuous sample paths. Since W has contin-
uous paths, it is a measurable process, and hence for every ¢ > 0, W, is ]-';”(t)—

measurable, that is, W* is F*-adapted. Set 6] = 0.(;). With the additivity (4.2) of 7
we immediately find

(4.4) Wiofy =W:, s teR,.

Thus 6° = (0;, t € R.) is a family of shift operators for W*.

Next we show the strong Markov property of W?* relative to F* following the
argument sketched briefly in section 6.2 of [18] for the case G = R . First we prove
the simple Markov property of W?® with respect to F*. To this end, let s, ¢ > 0,
¢ € G,and C € B(G). Then we get with (4.4)

Pe (Wi, € C|F}) = Pe(WS 007 € C| FY)
= Pe(Wrs) 0 bty € C| Fiy)
= P, (Wr() € C)
= PW,;" (WSS S C),
where we used the strong Markov property of W with respect to . As a next
step we prove that W* has the strong Markov property for its hitting time /7] of the
vertex. By construction, W and W have the same paths up to the hitting time of
the vertex, and in particular H; is also the hitting time of the vertex by W, that is,
H$ = H,. Moreover, since L*(H,) = 0, we get that 7~ *(H,) = H, = 7(H,), as
well as 0°(H,) = 0(H,). Assume now thatt > 0, € G, and C' € B(G). Then on
{H, < +0o0} we can compute with the strong Markov property of W as follows
Pe(Ween, € C| Flp,) = Pe(W¢ o 0y, € C| F,)
= PE(WT(t) o QHU eC } f}ulv)
= P,(Wyy € O)
It is readily checked that Fj; C Fp , and therefore we get in particular the strong
Markov property of W* with respect to H{;, = H,, in the form

4.5) Pe(Wiips € C| Fip,) = P.(W7 € C).

Finally, with the strong Markov property of the standard one-dimensional Brownian
motions on every edge and the strong Markov property (4.5) just proved we can apply
the arguments of the proof of theorem 1.4.3 to conclude that W* is a Feller process.
Hence it is strongly Markovian relative to the filtration F°.
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By construction, W* is up to time [ equivalent to a standard one-dimensional
Brownian motion, and it has continuous sample paths. Hence, altogether we have
shown that W* is a Brownian motion on G in the sense of definition 1.3.1.

Now we want to compute the generator of W?¥, and first we argue that v is not
a trap for W#°. To this end, we may consider W as constructed from a standard
Brownian motion B as described in section 2. Let Z denote the zero set of B. Given
s > 0 we can choose ty > s in the complement Z€ of Z. Consider t = 7 1(t),
ie,t = to+ yLj. Obviously t > s, and 7(t) € Z°. Therefore B, # 0, and
consequently Wy = W_ ) # v.

Theorem 4.2. Consider the boundary condition (1.1) with a = 0, ¢ € (0,1), and
b e [0,1]". Set

by, c
= k=1,... =
1_07 ) 7n7 f)/ 1_C7

and let W? be the sticky Walsh process as constructed above with these parameters.
Then the generator A® of W* is 1/2 times the second derivative on G with domain
consisting of those f € C2(G) which satisfy condition (1.1b).

(4.6) W

Before we prove theorem 4.2 we first prepare two preliminary results. Let € > 0,
and let H, . denote the hitting time of the complement of the open ball B¢(v) with
radius € and center v by W*. Recall that H,’. denotes the corresponding first hitting
time for the Walsh process WW.

Lemma 4.3. P,—a.s., the formula
4.7 Hie = H}jje + 'yLw;,JE
holds true.

Proof. Let W, and therefore also WW?, start in the vertex v. Since W* and W have
continuous paths with infinite lifetime we have for all v > 0

Hy =inf{t >0, d(v,W,@) = €},
and in particular for v = 0,
HY. =inf{t >0, d(v,W;) =¢}.
Moreover, as argued above, both infima are a.s. finite. Set
o=Hy + ’yngie.

Then 7(0) = H,’,, and therefore

d(v,W3) = d(v, WT(J))

= d(v, Wpy,)

= €.
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Consequently we get H,; . < o. To derive the converse inequality we remark that

= d(v, W)
which implies
T(H;.) > H,)..
Since 7 is strictly increasing this entails
H? > Tﬁl(H;‘:e) =0,

v,e =

and the proof is finished. ([

Corollary 4.4. For every v > 0,
4.8) E,(Hj,) = € +7e
holds.

Proof. By construction, the paths of T starting in v hit the complement of B.(v)
exactly when the underlying standard Brownian motion B (cf. section 2) starting at
the origin hits one of the points +e on the real line. Thus under P,, L (H,’.) has
the same law as L7 (H {B_E 1) under Fy. Lemma 1.3 states that under Py this random
variable is exponentially distributed with mean . Then equation (4.8) follows directly
from lemmas 4.3, and 2.1. O

Given these results, we come to the

Proof of theorem 4.2. Let wg, k = 1,...,n, and v be defined as in (4.6), and note
that due to the condition (1.1a) on by, & = 1,...,n, and ¢, we have wy, € [0,1],
k=1,...,n, >, w, =1, as well as v > 0. Hence we can construct the associated
sticky Walsh process W*¢ as above.

Let A® denote the generator of W* with domain D(A®). Then we have for f &
D(A?®), A% f(v) = 1/2f"(v) (cf. lemma 1.5.2). On the other hand, we can compute
A? f(v) via Dynkin’s formula as follows

B, (H(W*(H;,) ) = £(v)

A’ f(v) = lim
J(©) €0 E,(H;,)
iy () = )
€l0 €4+ e
where we used corollary 4.4. Since the directional derivatives of f at v
fla) = fv)

f'(vg) = lim

. ke{lL,2,...,n},
a—v, a€ly d(a, ’U) { n}

exist (cf. section 1.5), we obviously get the boundary condition

(49) 310 == Y wf ()
k=1
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as a necessary condition. Finally, inserting of the values (4.6) of the parameters wy,
k=1,...,n,and 7 into equation (4.9) we complete the proof of theorem 4.2. ]

Next we shall compute the resolvent R® of the Walsh process with sticky vertex.
Similarly to the alternative proof of theorem 3.2 for the elastic Walsh process, as a
byproduct we obtain an alternative proof of theorem 4.2. We begin with the following

Lemma 4.5. Let A > 0, f € Cy(G). Then

(4.10) S (@) = m (27 (e5.1) = VAL ()

holds, where
@.11) (€)= wper6), Ee€luk=1,...n
and e), is defined in equation (1.15).

Proof. Let A® be the generator of W* on Cp(G). From the identity A°R§ = A R3 —id,
and the definition of 7 we get

5 (B) () = A /0 TN~ £0) i)
([T (1) — ) (ds +9dL))
— \E, (/Oo e—A(s—&-’yLé”)(f(WS) — f(v)) ds).

0

In the last equality we used the fact that L™ only grows when W is at the vertex v.
By construction of the Walsh process W we have

B (e (1) — ()
—ZwkE()( I (fl|Ba)) = £0)))

:2Zwk/ / e ( fi(w) — fi(0)) ——L Tty e~ @228 g gy

2783

where we used lemma 1.1. We insert the last expression above, and use formula (1.31).
This gives

% (Rsf)"(v) = %Z Wk m1+ A /ooo eV (fi(x) = f5(0)) da
1
T V2h+ A

From the identity A°R{ = A R3 — id and some simple algebra we get the

(27 (e}, ) = VIAF (). 0



26 V. KOSTRYKIN, J. POTTHOFF, AND R. SCHRADER

Corollary 4.6. Let A > 0, and f € Co(G). Then

L . ) +1fw)

holds.

Since formula (1.27) in corollary 1.5 is valid for the resolvent of every Brownian
motion on G, we may use that formula for RS f, sum it against the weights wy, k =

1,...,n, and insert the right hand side of equation (4.12). This results in
n
1
> w(R3f) (o) = (27 (e, /) = V2Af (v)),

Pt V2A+ A

and a comparison with formula (4.10) shows that equation (4.9) holds true for f re-
placed by RS f for arbitrary f € Cy(G). As promised we thus have another proof of
theorem 4.2.

With the help of the first passage time formula we can now provide explicit expres-
sions for the resolvent R?, its kernel r* and the transition kernel p* of W¥*. Inserting
the right hand side of equation (4.12) into the first passage time formula (1.26), we
immediately obtain for f € Cy(G), A > 0,

s _ pD 1 _

where RP is the Dirichlet resolvent (1.22). Using formula (1.23) for the kernel of RP
together with (1.26), and (1.27), we get the following result.

AE) (2 (e, f) +7f(v), €€,

Corollary 4.7. For {, n € G, A > 0, the resolvent kernel 13, of the Walsh process
with sticky vertex is given by

(& dn) =& mdn+ Y exk(§) 2wm

L. (n) dn
——em
(4.14) kim—1 V2A 47

T
+ \/ﬁ—i— ’YA e)\(g) Ev(dn)v

with r)[\) defined in (1.23), and €, denotes the Dirac measure in v. Alternatively, T3 is
given by

- 1
(& dn) =ral&m) dn+ > exr(€) Sim(X) —= eam(n) dn
(4.152) k=1 V22

T e(6)e
+\/ﬁ+7>\ (&) e (dn),

where 7 is defined in equation (1.24), and

V2
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Remark 4.8. When all w,,,, m = 1, ..., n, are equal to 1/n, the matrix S*(\) takes

the form
2V 2\

1+ N U P,
which reduces to (2.9) when v = 0. S*()) is unitary for all A\ < 0. Also the S¥(\)
for different A all commute. As a consequence S°(\) has the interpretation of a
quantum scattering matrix in the sense of [23]. More precisely, S(\) stems from
the Schrodinger operator —A®, where A® is a self-adjoint Laplace operator on L?(G)
with boundary conditions of the form (2.5) with the choice

1

(4.16) 1
B=-— S%(No) — 1),

> 0 =)
for any \g for which v/2Ag + vA¢ # 0. We emphasize that the Schrédinger operator
—A? and the generator A® of the Walsh process are quite different: Not only do
they act on different Banach spaces, but also the functions in the intersection of their
domains satisfy different boundary conditions at the vertex v. As matter of fact, the
integral kernel of the resolvent (—A* + 2)\)~! of the Schrodinger operator —A® is
given by, see Lemma 4.2 in [24],

S*(N) =

1 = 1
3 (U(f; n + kz exk(§) Sim () T
,m=1
that is — up to a factor 2 — by the right hand side of (4.15a) without the last term.
In more detail and with the definition (2.6)

Sap(E=—-2\) = 5°(\)

holds for all A > 0. As a function of k (k? = E), S is meromorphic in the complex
k-plane with a pole on the positive imaginary axis at k& = 2i/~. This corresponds
to a negative eigenvalue E® = —4/42 of —A®. The corresponding (normalized)
eigenfunction )* — physically speaking a bound state — is given as

GEE \/Z 20O ceg.

So quantum mechanically the vertex v acts like an attractive potential. We view this
as a quantum analogue of the stickyness of the vertex v.

This analogy can be elaborated a bit further by inspecting the associated quantum
mechanical time delay matrix (see, e.g., [1,4,16,25-27,32])

1 —lg

(77)),

T(k)=—295k k
(k) = 5 S(h) ™! = S(h)
which in the present context gives
-2
T(k) = 7

——— P
k(4 4 k2~2)
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So T'(k) has zero as an (n — 1)—fold eigenvalue plus the non-degenerate eigenvalue

— 2y
k(4 + k2+2)’

which for v > 0 is the signal for a strict quantum delay. Observe that for k¥ — +oo,
that is for large energies, the time delay experienced by the quantum particle tends to
zero, while for £ — 0, i.e., for low energies, the delay becomes arbitrarily large. From
the physical point of view, both effects are clearly to be expected. For comparison
and in contrast to the present stochastic context, in quantum mechanics v < 0 is also
allowed for a meaningful Schrodinger operator and an associated scattering matrix.

Define for z > 0, v, t > 0,

1 2¢ 2t T V2t

“4.17) go(t,x) = — exp(— + —) erfc(— + —)
b =3 v Vot ooy
It is not hard to check that
1 2
4.18 lim tx)=g(t,z) = — e ¥ /2,
( ) 710 gO,’Y( ) g( ) \/%
Moreover, from [6, eq. 5.6.16] (cf. also appendix C in [20]) the Laplace transform is
1 VX
(4.19) Lgor(,2)(A) = ———¢€ z, x> 0.
Observe that in agreement with (4.18)
L &
Lg(-,z)(N) =—==¢ v
g(+,z)(A) T

holds. Now we can readily compute the inverse Laplace transform of formulae (4.14),
(4.15), and obtain the following result.

Corollary 4.9. Fort > 0, £, n € G the transition kernel of the Walsh process with
sticky vertex is given by

Pt & m) =pP (¢, & n)dn

(4.20) + ) 1,6 2w goy (8 do(€,m)) 11, () d
k,m=1
+7 90t d(€,v)) en(dn)

where p is defined in equation (1.21), or alternatively by

p°(t,€, dn) = p(t, &,n) dn

+ > 1,9 <2wm 90 (t, du(€,m)) dn
4.21) kom=1
~ S g (t, (&) dn) 14, (n)

+ Y90 (tv d(&, U)) €v(dn),
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and p(t, a,b) is given in formula (1.17).

We close this section with some remarks concerning the local time of W¥¢ at the
vertex v, which also serve to prepare the construction of the most general Brownian
motion on the single vertex graph G in the next section.

Let us define

(4.22) Lj =LY%, t>0,

where — as before — L* denotes the local time of the Walsh process at the vertex,
having (cf. section 3) the same normalization as the local time of a standard one-
dimensional Brownian motion (cf. (1.8)). By construction, L® is pathwise continuous
and non-decreasing. It is adapted to F*, and a straightforward calculation based on
the additivity of L and formula (4.2) shows the (pathwise) additivity property

(4.23) LP,=Li+Lob, st>0.

Thus L? is a PCHAF of (W*, F*). Furthermore, ¢ > 0 is a point of increase for L?
if only if 7(t) is a point of increase for L*, which only is the case if W is at the
vertex, i.e., if W is at the vertex. Thus, it follows that L? is a local time at the vertex
for W#. In order to completely identify it, it remains to compute its normalization,
and it is not very hard to compute its a—potential (the interested reader can find the
details for the case G = R, in [20]):

o0 1
4.24 E e Mdrd) = —— e_md(g’”), a>0,£ed.
2 E( /0 D= - ¢

5. THE GENERAL BROWNIAN MOTION ON A SINGLE VERTEX GRAPH

Finally, in this subsection we construct a Brownian motion W9 by killing the Walsh
process with sticky vertex of section 4 in a similar way as in the construction of the
elastic Walsh process (cf. section 3). W9 realizes the boundary condition (1.1) in its
most general form.

Consider the sticky Walsh process W?* with stickiness parameter v > 0, right
continuous and complete filtration F*, and local time L® at the vertex. We argued
in section 4 that L® is a PCHAF for (W?#, F*), and therefore we can apply the
method of killing described in section 1.5: We bring in the additional probability
space (R4, B(R;), Pg) where Ps is the exponential law of rate 5 > 0, and the
canonical coordinate random variable .S. Then we take the family of product spaces
(Q,fl, (P, € € G)) of (Q,A, (P, € € G)) and (R4, B(R4), Pg). Define the ran-
dom time

(5.1) (g, =inf{t >0, L > S}.

Then by the arguments given in section 1.5, the stochastic process W9 defined by
Wi =W fort € [0,(s), and WJ = A fort > (3, is again a Brownian motion
on G in the sense of definition 1.3.1.

Denote by K* the right continuous pseudo-inverse of L°. Since L?® is continuous
(cf. equation (4.22)), we get L3 s =T for all r € R. Recall that the right continuous
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pseudo-inverse of the local time L* of the Walsh process was denoted by K. Then
we have the following

Lemma 5.1. For all v > 0, the following relation holds true:

(5.2) K7 = K" +qr, reRy.

Proof. For v, r € R, define the random subset
Jy(r)={t>0, L >r}

of Ry. Since L® is pathwise increasing, this set is a random interval with endpoints
K and 4-o0. The relation L}, = r implies that

Ty(r) = (K3, +o0).
In particular, we have Jy = (K, +00). Now
teJy(r) e L = LYy >r < 7(t) € Jo(r).
In other words, J,(r) = 77 (Jo(r)), and therefore K = 7 '(K") holds. From

the definition of 7! (see equation (4.1)), and the relation L3., = 7 we obtain for-
mula (5.2) [l

In the proof of lemma 3.4 the Laplace transform of the density of K, » > 0, under
P, has been determined as A — exp(—+v/2Ar). Hence we have

Py(KY € dl) = \/% e al 1>

As a consequence we find the

Corollary 5.2. Forr > 0, K has the density

T 2
(5.3) PKSedl)= —————e " 2U=mqr, 1>
( ) 27 (l — yr)3 7

Furthermore, the Laplace transform of the density of K, under P, is given by
(5.4) By (e M) = (VPR 5,

Remark 5.3. One can use lemma C.1 in [20] to check that the right hand side of
equation (5.3) is indeed the inverse Laplace transform of the right hand side of for-
mula (5.4).

Observe that (g, = K¢ and (g9 = K¢. Thus we obtain the
Corollary 5.4. Forall > 0, v > 0, the following equation holds true
(5.5) CB,'Y = CB,O + 5.

As before, Eg denotes the expectation with respect to ]55, £egd.
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Corollary 5.5. Forall 3 > 0, v > 0, A > 0, the following formula holds true

(5.62) E,(e77) = Bp(N),

with

(5.6b) )
. P BH+V2N+N

Proof. With corollary 5.2 and (g, = Kg we obtain

E, (e_)‘gﬂﬁ) = ﬁ/ E, (e_)‘Kf) e P dr
0
s

T BV AN
Denote by RY the resolvent of W9. With lemma 1.6 we immediately find the
Corollary 5.6. Forall f € Cy(G), A > 0, £ € G the following formula holds true:
(5.7) R$F(§) = R S(€) — Bp(N) ex(€) Rif (v).

Now it is easy to verify that for appropriately chosen parameters 3, v, wg, k =
1,...,n, the Brownian motion W realizes the boundary condition (1.1b).

Theorem 5.7. Consider the boundary condition (1.1), and assume that b is not the
null vector. Setr = a + c € (0, 1), and

b
=k yk=1,...,n, - ¢ , Y= c_
1—r 1—r 1—7r
Let W9 be the Brownian motion as constructed above with these parameters. Then the
generator A9 of W9 is 1/2 times the Laplacean on G with domain D(AY) consisting
of those f € CZ(G) which satisfy condition (1.1b).

(5.8) wy

Proof. As in the previous cases it is readily seen that the definition (5.8) of the pa-
rameters v, 5, wg, k = 1,...,n, is consistent with the conditions used in the above
construction of W9.

Let A9 be the generator of W9 with domain D(AY). Since WY is a Brownian
motion on G in the sense of definition 1.3.1, it follows from lemma 1.5.2 that D(AY) C
C3(G), and that for all f € D(AY), AIf(&) = 1/2f"(€), € € G. Let h € Cy(G),
A > 0. Then Rf\h € D(AY), and therefore we may compute with equation (5.7) as
follows

(RSR)"(v) = 2 (R31)" (v) — B p(A) 2A(R3A) (v)

n

wi (R3R) (vg) — B p(\) YA (R3A) (v),
1

no |2
Il
b

b
Il
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where we used the fact that, since 25/ is in the domain of the generator AS of W*, it
satisfies the boundary condition (4.9). We rewrite this equation in the following way:

%Rgh Zwk R3R) (k) + BV2X p(N) (R3R) (v)
BN (VIA+ ) (B3h) ().

Now we differentiate equation (5.7) at £ € I, k = 1,...,n, let £ tend to v along any
edge i, and sum the resulting equation against the weights wg, k = 1,...,n. Then
we get the following formula

(5.10) > we (B§R) (vr) =Y wi (R3R) (vk) + BV2X p(A) (R3R) (v),
k=1

k=1

where we used ) _, wy, = 1. On the other hand, for £ = v, equation (5.7) gives
(5.11) (R§Rh) (v) = p(A) (V2X + X)) (R3R) (v).

A comparison of equations (5.10), (5.11) with (5.9) shows that we have proved the
following formula

(5.12) %(Rgh Zwk (RSR) (vk) — B(RIR) (v).
k=1

With the values (5.8) for 3, v, and wi, kK = 1,...,n, it is obvious that f = Rf\h
satisfies equation (1.1b). Since RY is surjective from C((G) onto the domain of the
generator A9 of WY, the proof of the theorem is finished. (]

Let A > 0, f € Cy(G). Insertion of the right hand side of formula (4.13) for R3
into equation (5.7) gives us after some simple algebra the following expression for
R f:

(5.13) R§f(€) = RYF(©) + p(N) ex(€) (2(eX, f) +7f(v), €€,

where RP is the Dirichlet resolvent, e, is defined in equation (1.15), €Y in equa-
tion (4.11), and p(\) is as in formula (5.6b). From equation (5.13) we can read off
the following result:

Corollary 5.8. For &, n € G, A > 0, the resolvent kernel 'ri of the general Brownian
motion W9 on G is given by

r{(&dn) =r{Emdn+ D ear(€) 2wm p(N) exm(n) dn
(5.14) =

+7p(A) ex(§) ev(dn),
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with r)? as in formula (1.23), and p is defined in equation (5.6b). Alternatively, Tf\
can be written in the following form

- 1
A& dn) = (& m)d S8 n(n)d
(5.150 r§ (&, dn) = rA(§,n) n+k%;1€m(§) (V) 75 €2 (1)
+ 7 p(A) ex(§) ex(dn),

where 7 is defined in equation (1.24), and
(5.15b) S,gm()\) =2V2X p(\) Wy, — Ok

In order to invert the Laplace transforms in equations (5.14), (5.15), we define for
B, > 0, the following function gg , on (0, +00) x R,:

(5.16)  gp,(t,x)

1 1 st yx (s +vx)? —Bs/y
S T s/ g
7?2 V2r /0 (t — s5)3/2 exp( 292(t — 5)) ¢ %

with (¢,z) € (0,400) x R4. The heat kernel gg . is discussed in more detail in
appendix C of [20]. In particular, it is outlined there that the limits of gg~ as 8 |
0, and v | 0, yield the kernels gg (equation (3.11)) and go (equation (4.17)),
respectively. Moreover, it is proved there that the Laplace transform of gg (-, x),
x > 0, is given by

(5.17) p(N) e VPr x>,
where p is defined in (5.6b). Hence we get the

Corollary 5.9. For £, n € G, t > 0, the transition kernel of the general Brownian
motion W9 on G is given by

po(t, &, dn) = pP(t,&n)dn

(5.18) + D 1 (6) 2w gp o (¢, du(€,m)) Ly, () d
k,m=1

+ 795~ (t,d(€, ) e,(dn),

which alternatively can be written as

pI(t, &, dn) = p(t,&,n)dn

+ 30 1,06 (2wm s, (1. du(€ )
(5.19) k,m=1
— Okm g(t7 dv(§7 77))) 1lm (77) d77

+ 798 (t,d(&,v)) e (dn).
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