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KAZHDAN-LUSZTIG BASIS FOR GENERIC SPECHT MODULES

YUNCHUAN YIN

ABSTRACT. In this paper, we let s be the Hecke algebra associated with
a finite Coxeter group W and with one-parameter, over the ring of scalars
A = Z(q,q~1). With an elementary method, we introduce a cellular basis of
# indexed by the sets Ej(J C S) and obtain a general theory of ”Specht
modules”. Our main purpose is to provide an algorithm for W-graphs for the
?generic Specht module”, which associates with the Kazhdan and Lusztig cell
(' or more generally, a union of cells of W ) containing the longest element of a
parabolic subgroup W for appropriate J C S. As an example of applications,
we show a construction of W-graphs for the Hecke algebra of type A.

PRELIMINARIES

Let W be a finite Coxeter group with S the set of simple reflections, and let J# be
the corresponding Hecke algebra. We use a variation of the definition given in [3],
taking # to be an algebra over A = Z[q !, q], the ring of Laurent polynomials
with integer coefficients in the indeterminate ¢q. Then 57 is a algebra generated by
(Ts)ses subject to

Ts2 =1+ (q - q_l)Ts

TTTST’I" = TsTrTs e
—_———— ———
m,s factors m,s factors

(for all r,s € S).
Moreover, 7 has A-basis { T\, | w € W } where T, = Ts,Ts, - - - Ts, whenever
8182 -+ -8 is a reduced expression for w, and

T if £(sw) > £(w)

(1) T,T, =
Tsw + (g — ¢ Ty if £(sw) < £(w),

for all w € W and s € S. We also define AT = Z|qg|, the ring of polynomials in
q with integer coefficients, and let a — @ be the involutory automorphism of A
such that § = ¢~!. This involution on A extends to an involution on .7 satisfying
To=T; ' =Ts+ (¢! —q) for all s € S. This gives T, = TJ}I for all w € W. The
map € — S, h — h is a ring involution such that

Z awTy = Z awTy-1"1, aw € A

weWw weWw
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0.1. Kazhdan-Lusztig basis. There are two types of Kazhdan-Lusztig bases of
S, denoted by {Cy|w € W} and {C],|lw € W} in the original article by Kazhdan-
Lusztig [3]. It will be technically more convenient to work with the C-basis. The
reason can be seen, for example, in Lusztig [5, chap.18]. The basis element C,, is
uniquely determined by the conditions that C,, = C,, and C,, = T,, mod 5%,
where S0 := >, ooy ¢AT T, see [5]. Or more clearly

Ow - T’u) + Z py,wTya
yeW,y<w

where < denotes the Bruhat-Chevalley order on W and p,, ., € gA* for all y < w
in W. We write y < w if y < w and y # w.

The polynomials p, ., are related to the polynomials P, ,, of [3] (the Kazhdan-
Lusztig polynomials) by py.w(q) = (—q)e(w)fe(y)Pyyw(qz). That is, to get py. from
P, ., replace q by ¢?, apply the bar involution, and then multiply by (—q)tw)—4),

0.2. Multiplication rules for C-basis. For s € S,w € W, we have

—q 1Cy,if sw < w

q@Cw+ > uly,w)Cy,if sw > w.
y<w,sy<y

2) T,Cy =

The quantity (y,w), which is the coefficient of gz (¢(®)~£w)=1) jp P, ., is the
coeflicient of ¢ in (—1)é(w)_é(y)py,w. However, since Kazhdan and Lusztig show that
w(y, w) is nonzero only when ¢(w) — £(y) is odd, therefore u(y, w) € Z can also be
described as the coefficient of ¢ in —p, ., as above.

The following notion of W-graph was introduced by Kazhdan and Lusztig in [3].

Definition of W-graph. Since we have slightly modified the definition of Hecke
algebra used in [3], we are forced to also slightly alter the definition of W-graph.
We define a W-graph datum to be a triple (I, I, 1) consisting of a set T" (the vertices
of the graph), a function
Iy 1,
from I" to the set of all subsets of S, and a function
p:I'xI'—Z

such that p(d,~) # 0 if and only if {d,~} is an edge of the graph. These data are
subject to the requirement that AT, the free A-module on I'; has an #-module
structure satisfying

—q 1y ifsel,
av + X serjsersy H(0,7)0 if s & I,

for all s € S and v € T". If 7 is the A-endomorphism of AT" such that 7,(7) is the
right-hand side of Eq. ([B]) then this requirement is equivalent to the condition that
for all s, t € S such that st has finite order, we require that

(3) Ts'y =

TsTtTg oo = TtTsTt v
—_— Y
m factors m factors

where m is the order of st. (Note that the definition of 74 guarantees that
(s +q 1) (rs —q) =0forall s € S.)
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For simplicity, if (T, I, u) is a W-graph datum, we say that I' is W-graph. We
call I, the descent set of the vertex v € I', and we call p(d,~) and (v, d) the edge
weights associated with the edge {d,~}. In almost all the cases we consider it turns

out that u(vy,d) = u(d, 7).

0.3. Cells in W-graphs. Following [3], given any W-graph I" we define a preorder
relation < on T' as follows: for 7,7’ € T we say that v <r 4/ if there exists a
sequence of vertices v = 9,71, - - - Yo = 7’ such that for each i (1 < i < n), we have
both p(vi—1,7v) # 0 and I,, | € I,,. We shall refer to <r as the Kazhdan-Lusztig
preorder on I

Let ~ be the equivalence relation on I' associated to the Kazhdan-Lusztig pre-
order; thus v ~ ' means that v <r 4’ and 7' <r «. The corresponding equivalence
classes are called the cells of T'.

In this paper, the preorder <r is generated by Kazhdan-Lusztig left preorder [3]:
x < y if Cp occurs with nonzero coefficient in the expression of 7,C, in the C-
basis, for some s € S. Their equivalence classes are called left cells, see [3], [5l [11]
where right cells and two-sided cells are also defined.

0.4. Left cell module. Let € be a left cell or, more generally, a union of left cells
of W. We define an .#’-module by [€] 4 := Je/Je where

Je := (Cylw < z for some z € €) 4

Je 1= (Cyplw ¢ €, w < z for some z € €) 4

are the A-spanned modules.

This paper is organized as follows. In Sect. 1 we introduce the indexing sets
Dy, Dy for the basis of .#-module #C,,,, and E; for the so called general Specht
module. In Sect. 2, we obtain a version of cellular basis for # in general and
set up the concept of general Specht module. In Sect. 3 we show the construction
of W-graph basis by introducing a new family of E;-Kazhdan-Lusztig polynomials
Dzy, and show an inductive procedure for computing p;ys. In Sect.4 we consider
an example of type A and discuss the applications of our results, we show the
transition between Murphy basis and W-graph basis.

1. THE INDEXING SETS

For each J C S, let J = S\J(the complement of .J) and define W; = (.J), the
corresponding parabolic subgroup of W and let w; € W; be the unique element
of maximal length . Let 5 be the Hecke algebra associated with W;. As is well
known, 27 can be identified with a subalgebra of 7.

1.1. Sets Dy, Dy and Ej. Let Dj = {w € W | {(ws) > ¢(w) for all s € J}, the
set of minimal coset representatives of W/W;. The following lemma is well known,
it is also an easy consequence of [I9, Prop. 5.9].

Lemma 1.1 (Deodhar [2, Lemma 3.2]). Let J C S and s € S, and define
D;,={de Dy |[L(sd) <{(d)},
D}:s ={deDy|{l(sd)>(d) and sd € Dy},
DY, ={deDy|(sd)>{(d) and sd ¢ Dy},
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so that Dy is the disjoint union D7 U DIS U Dg)s. Then sD:}:s = Dy, and if
de D&s then sd = dt for somet € J.

Define
(4) E;y={deW|L(ds) <{(d) for all s € J and £(ds) > {(d) for all s ¢ J }
that is, E is the set of maximal coset representatives of W/W; and the minimal
ones of W/W;. Clearly {£; = §£;, where E; was introduced and written as Y
in [7].

Let <& denote the left weak Bruhat order on W. That is, x <& y if and
only if y = wz for some w € W such that ¢(y) = ¢(w) + £(x). McDonough-
Pallikaros [I5] also say that = is a prefiz of y if <o y. Given z,y € W let
[,y ={z € w | x <y z <oy} be the left interval they determine.

Let o
Dy =Djwy,

then L
Dy={deW |{(ds) < {(d) forall s € J}

is the set of longest coset representatives of Wy in W. Thus,
Ey;= D_] N Dj,
and directly from the definition,
D;= |J Ex,
JCKCS

where the union is disjoint.
Proposition 1.2. Let J C S and s € S, we define

By, ={de E;|{(sd) <((d) and sd € E; },

EIS ={de E;|{(sd) > {d) and sd € E; },

ES,={deE,| sd¢ E;}
so that E; 1is the disjoint union E; U EIS U Eg,s; then SEIS =Ej; let

ES. ={deE,|l(sd) < (d) and sd ¢ E, },

ESY ={deE;|l(sd) > ((d) and sd ¢ E; },
then E97S = Eg; U E(}: (disjoint um’on)A; if de Eg; then sd = dt for somet € J,
if de ES:: then sd = dt for somet € J.
Proof. For any d € Ej, we write d = d'wy, where d € D; and w; the longest
element of W;. Given s € S, we have either sd < d or sd > d.

Case(a): if sd < d then we have either sd € E; or sd ¢ E;. If sd € E; then
de Ej .
We now consider the case sd ¢ E;. Since d € Ej( that is, d € D; and

d € Dj)and sd < d, according to Lemma [Tl we have sd € D; . Thus sd ¢ Dy,

that is sd’ ¢ Dy, this is the case d’ € Dg,s in the statement of Lemma [[.1], so we
have sd’ > d' and sd’ = d't for some t € J, and

sd = s(dwy) = (sd)wy; = (d't)wy = (dwy)t' = dt’

where t' = wytwy € J. This is the case d € ESS_
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Case(b): if sd > d then again we have either sd € Ej or sd ¢ Ejy. If sd € E;
then d € E}:S. we consider the case sd ¢ E;.

Since sd = s(d'wy) = (sd')wy, where d’ € DIS ( according to the above discus-
sion, the case d’ € D(}’S can not happen , and clearly d' ¢ D7 ). So sd € Dy, and
by the assumption sd ¢ E;, we have sd ¢ D ;.

Applying Lemma [Tl to the set D;, we have sd = dt for some t € J, which is
the case d € ES: (]

For w € W we set L(w) = {s € S;sw < w},R(w) = {s € S;ws < w} and refer
them to be the left and right descent set of w.

Lemma 1.3. [3][5, Prop.8.6] Let w,w’ € W, then

(a) if w<gw, then R(w') C R(w). If w ~¢ w', then R(w") = R(w).

(b) if w <g W', then L(w'") C L(w). If w ~g W', then L(w') = L(w).

The linear map ey : #; — A defined by €;(Ty,) = ewq ) for any w € Wy is
an algebra homomorphism, called the sign representation. We denote by Ind?(a 7)s
the #7-module obtained by induction from ¢ ;.

We now introduce the element C,,, in the Kazhdan-Lusztig C-basis of 7. By [5]
Cor. 12.2], it has the expression

CwJ = Euqu(wJ) Z qu_g(w)Tw-
weW;
Lemma 1.4. [8 Lemma 2.8] The followings hold

(a) For any w € Wy, we have TyCyp, = €4,q ") C,,, .
(b) We hcwe_Cﬁu = €w,q "W P;C,,,, where Py = Y wew, ¢t
(¢) The set Dy = D jwy is a union of left cells in W, we have
Dy={weW|w<,ws},
and [Dy|4 = Ind5 () = H#C,,, (isomorphisms as left 7 -modules).
Proposition 1.5. For J C S, then
(1) Ej is the left cell, or union of left cells with right descent set J.

(2) The Bruhat order < for the elements of Ej is exactly the weak order <. If
z,y € Ey and x <y, then [x,y]x CEjy.
Proof. (1) is directly from Lemma 1.3 and 1.4.

(2) is from Prop. 1.2. O

Remark For convenience, in the following sections we still use the usual nota-
tions of Bruhat order <, < for the weak Bruhat orders < ¢, < & for the elements of
E;, unless indicated.

1.2. Some multiplication rules. For J C S, let M7/ = 2#C,,, be a #-module,
then

Lemma 1.6. (1) Let J C S, then M7 is a free A-module with basis
{TwCw, | w € Dy}, or alternatively {T,,Cy, | w € Dy}.
the multiplication of F€ with respect to this basis:
TswCuw, +(q—q¢ HTWCy, ifwe Dj, orwe D,
Ts(TwCuwy) = § TswCu, ifw e D}:s orw € ﬁ;s
—q T C, ifwe DY, orwe EOJ)S

,S
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forall s e S.
(2) For w € Ej, we have :

TS’UJOU)J + (q - qil)TwOwJ wa € E;,s

Tswcw lf’w S .EHLS
Ts(TwCuw,) = _1 ! . 'é’)_
—q  TwCy, ifweEy,
qTwCw, + TwCltuw, if w e Eg::,t =wlsweJ

Proof. (1) M is spanned by the elements T,,C,,,, where w € W; however, if
w=dv ford e Dy and v € Wy, then T,,C,, = avq’l(”)Tde‘,. It follows that M7
is a free A-module with the basis shown and it remains to verify the multiplication
formulae.

According to Eq. (1) we immediately get the first two rules. By the multiplica-
tion formula for the C-basis elements( Eq. (2)), we have:

TCO — —q1Cy, if s 6{
s qCuw, +Csp, ifselJ

if we DY, let t =w 'swand t € J then sw = wt < w, we have

To(TwCu,) = [Tow + (¢ — ¢ )Tw|Cu,
= [Twt + (¢ — ¢ )T Cu,
= [Tw(TT ) + (¢ — ¢ )T Cu,
= Tthilcm +(q - qil)TwaJ
=Ty [Tt + (q_l - Q)} Cuw, +(q— q_l)TwaJ
= —q¢ 'T,Cy,.

(2) Ifwe Eg: and t = w™'sw € J, again by the multiplication rules for C,,,

Ts (Twcw‘]) = Tw (TthJ) = Tw (quJ + Otw)

2. A CELLULAR BASIS AND GENERIC SPECHT MODULES

The concept of ”cellular algebras” was introduced by Graham-Lehrer [I4]. Tt
provides a systematic framework for studying the representation theory of non-
semisimple algebras which are deformations of semisimple ones. The original defi-
nition was modeled on properties of the Kazhdan-Lusztig basis [3] in Hecke algebras
of type A. There is now a significant literature on the subject, and many classes
of algebras have been shown to admit a ”cellular” structure, including Ariki-Koiki
algebras, g-Schur algebras, Temperly-Lieb algebras, and a variety of other algebras
with geometric connections.

As we discussed above, 7 is the one-parameter Hecke algebra associated to
finite Weyl group W. Furthermore, if 57 is defined over a ground ring in which
"bad” primes for W are invertible, Geck [9] used deep properties of the Kazhdan-
Lusztig basis and Lusztig’s a-function, he showed that J# has a natural cellular
structure in the sense of Graham-Lehrer.
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For the purpose of this paper, we show a new version of cellular basis of 7.
Thus, we also obtain a general theory of ”Specht modules” for Hecke algebras of
finite type.

We introduce an A-linear anti-involution: * : ¢ — JZ by T, = T,,-1 for
w € W. Clearly, C;, = Cy,; for any J C S and let 2,y € D (or x,y € Dy), we
define myy = T,Cy, TJ. Then m;y = my,. For convenience, we use the indexing

set Dy in the following context.
Remark If J = () then D; = W, as an A-modules, M? = 2 so the elements

{May | 2,y € Dy}

certainly span 7. L
In order to show that ¢ is cellular, we have to show that mg, with z,y € Dy,
can be written as an A-linear combination of {m, | u,v € Ex,J C K}.

Lemma 2.1. For any x € Dj, we have

T.Cuwy = > 10TeCuy+ Y 1uTuCuy.

z'€Ey u€EK,JCK
where 14,7, € A.

Proof. As we have found Dj = U FEk, where the union is disjoint. If z € E;
JCKCS
there is nothing to prove; suppose that © ¢ E;, then « € Ex where K 2 J. By
Prop. 1.2 we have z = wwg and wx = gwy where w € W (or more exactly w € D)
and g € DX = D; N Wk, with £(z) = {(w) + {(wg) and L(wg) = £(g) + L(wy).
Since T,Cy,, is the sum of Cy,,, = Cy, and a linear combination of terms Cj,,,
where h € DI and h < g (this is the special case of [10, Prop.2.3]). On the other
hand, Ch,, is the sum of T;,C,,, and an A-linear combination of terms T¢C\,,,
where f < h,f € DI. As a result, T,C,, is the sum of Cy, and an A-linear
combination of these terms T¢C,,,. Thus

TCECUJJ = Tw(ng)OwJ
= Cwy q_é(w‘])Tw (T4Cuw,)

= €wy q_é(wJ)Tw (CwK + Z rfoCwJ)
f<g,reD¥

=rwTwCux + > 1.T.Cu,

zGD_J,z<wg

where ry,7¢,7, € A. By induction, each term T.C,,, has also the required form.
O

Lemma 2.2. Let J C S and suppose that x,y € Dy, then there exist Tary, Tuw € A

such that
Myy = § T/ yMyg'y + E Tuv My -
z'eEy ueE‘K,vem,JgK
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Proof. By Lemma 2.1, we have
My = TopCu, Ty

=[ Y reTwCuy+ D ruTuCuy]T;

z'€EEy wEEK,JCK
= E 7o Ty Cop, Ty + E "o TuCuy T,
z'€E; wEEK, JCK

and
C'UJKT; = (TwaK)*

where T,Cy,. € H#Cyy, this implies T,Cyyc € (Ty,Cuy | v € Di) 4, as required.
O

Let Ql® = {J | J C S} be a set ordered lexicographically.
Theorem 2.3. The Hecke algebra 7 is free as an A-module with basis
M = {my, | u,v € Ej for some J C S}.

Proof. We first show that M spans . by showing that whenever z,y € D then
Mgy can be written as a A-linear combination of terms m,, in M. When J = §
this is clear because J#C,,, 5 = AC,,,. If J # S, by Lemma 2.2 , we have

Mgy = § T/ yMgty + § Tuv My,

T'eEy (u,v),JCK

where 1,74, € A, and the second sum is over the pairs (u,v) where u € Ef,
v € Dg. However, mjy, = my, so by induction on the elements of Qe again ( start
with J = S, clearly C = Cy,), msy can be written as an A-linear combination

of elements of M. Finally, let J = (), then ¢ = #C,,, 5 .
Therefore M spans J# .

By Wedderburn’s theorem dim(#) = |W|= Y. |M(J)|?, where
JCs

M(T) = {muyy | u,v € E; for a fixed J,J C S}.
Hence the set M has the correct cardinality. 0

Define 7 to be the A-module with basis
{Muyy | w,v € Ek for some K such that J C K C S}.

where we write J C K when J C K and J # K. Similarly, we define #7 to be
the #-module with basis m,, where u,v € Fx with J C K C S.

Theorem 2.4. (1) The A-linear map determined by
mu’u }H mUU

for all my, € M, is an anti-isomorphism of J€.
(2) Suppose that h € F and that uw € Ej, there exist v, € A such that for all
vE KRy
hmyy = Z PwMyy Mod A
wek;
Consequently, {M,Q'*} is a cellular basis of 7.
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Proof. (1) The *-endomorphism and the A-linear map determined by my,, — My
coincide since m?, = my, for all my, in M. This proves (1) since x is an anti-
isomorphism of 7

(2) We argue by induction on J € Q. By (1), if J = S then #C,,, # = AC.,,
there is nothing to prove. Suppose that J C S. First we consider v = w;. Since
M is a basis of 7, for any h € J# we may write

hmyw, = Z Ty My
z,y€Ek,KCS
for some ry, € A. Now hm,,, belongs to M7, clearly, if rzy 7 0 then J C K
further, if J = K then we must also have v = wj. Hence,
(5) hmMy ., = Z TeMgw, mod AT
zcky

where 75 = 75 4, € A. This completes the proof of (2) when v = w;.

Now, if K 2 J and u,y € Ex then my,T; = (Tymy,)* € K C A7 by
induction on J € Q!¢%. Therefore, we can multiply the Eq. (B) on the right by 777,
to complete the proof. ([l

So we can now introduce the following:

Definition 2.5. Let S/ = (T,,C,,, + 7 | u € Ej) 4, then S7 is an #-submodule
of #7 | #7. We call this the generic Specht module of # associated with .J.

The bar involution for S”7. For all z, y € E; we define elements R,y € Aby
the formula

(6) T,Cuw, = Y ReyTuCu, mod 7,
zel

We can easily derive the following formulae which provide an inductive procedure
for calculating these elements in S”.

Proposition 2.6. Let xz, y € Ey. If s € S is such that {(sy) < {(y) then

Rz sy ifx € E;)S
5 R 1 —¢)R ifx e ET
Ry (mod 27 = 3 Tomsu & (¢ —q)Rasy fa 1e
—qR; sy if x € EJ_’S
q_lRLsy ifx € Eg:

We may use induction on £(y) to establish that R, , = 0 unless # < v in the
weak Bruhat partial order on Ej; this follows from the fact that if sy <& y and
r < sy then both x < y and sz <& y. It is also easily seen that R, , = 1.

3. W-GRAPHS FOR GENERIC SPECHT MODULES

Let &, be a left cell, or more generally, a union of left cells containing w,
then the transition between the bases of the left cell module [€,,,] 4 and the generic
Specht module S is described as the following:

Theorem 3.1. The 5#-module S” has a unique basis { Cy, | w € E;} such that
Cy=C,y for allw € Ej, and

Cyp = ZPyﬁwTyC’w‘, mod 7

yeEE,
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for some elements P, ,, € At with the following properties:
(i) Py,wzo ny%w»
(ii) Pyw=1;

(ili) Py has zero constant term if y # w.

Comparing with the original Kazhdan-Lusztig’s polynomials in [3], we called
{Pyw | y,w € E;} the family of E;j-relative Kazhdan-Lusztig polynomials. We
shall show that the basis {C,, | w € E;} give S the structure of a W-graph. That
is, there is a W-graph A with vertex elements {C,, | w € E;}. Before showing the
proof of Theorem Bl we describe the edge weights and descent sets for A.

Given y, w € E; with y # w, we define an integer p(y,w) as follows. If y < w
then u(y,w) is the coefficient of g in —P, .

We write y < w if y < w and p(y,w) # 0.

The (left) descent set associated with the vertex element Cy,(w € Ej) of A is

Iw)={se€ S| {l(sw) < l(w)}
:{SES|w€E;S}U{s|wEE3:;}
In accordance with the notation introduced in Section 2, we define
Ay ={weE;|sel(w)}
:{w|w€E5)S oerEg)’;},
and similarly AT = {w € E; | s ¢ I(w)}. Our proof of Theorem [3] will also

incorporate a proof of the following result, which will be an important component
of the subsequent proof that A is a W-graph.

Theorem 3.2. Let v € E;. Then for all s € S such that {(sv) > {(v) and sv € E;
we have
T.Cp = qCy + Cop + Y p(2,0)Cs,
zeEy

where the sum is over all z € A such that z < v.

The following is the proof of Theorem 4.1.

Proof. Uniqueness is proved similarly with that of [3] Theorem 1.1], we omit the
details.

Existence. We give a recursive procedure for constructing elements P, ,, satisfy-
ing the requirements of Theorem B.Jl We start with the definition

Pyyw, =1

so that C,, = C,, holds for w = wy, as do Conditions (i), (ii) and (iii).

Now assume that w # wy and that for all v € E; with ¢(v) < ¢(w) the elements
P, , have been defined (for all z € E; ) so that the requirements of Theorem B.]
are satisfied. Thus the elements C,, are known when ¢(v) < ¢(w). We may choose
s € S such that w = sv with ¢(w) = ¢(v) + 1; note that v € E; by Lemma 1.6. In
accordance with the formula in Theorem we define

(7) Cyp=Ts—q)C, — ZM(Z,U)CZ.
e
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Since T, — q = T, — ¢, induction immediately gives C,, = C,,. We define P;)w and
P, by

(8) (Te —q)Cy= > Py, T,Cu,
yeEE,

(9) ELL(Z, U>CZ = Z Py//,wTwaJ
z=<v yeEby

and define P, ,, = ng,w - Pl:/;w'

If y € Ej then
Ty —qT, ifyeE],
Toy —q T, ifyekE;,
T,(T,—q) ifyeEy]
Tsy — qT, ify e Eg:

(Ts - Q)Tu =

where we have written ¢t = y~'sy in the case y € Ef})s. Thus we see that

(Ts - Q)Ov = Z Py,v(Tsy - qu)C’UJJ + Z Py,v(Tsy - qilTy)CwJ

yeET, YEE]
+ Y PpoTy(Ti = )Cu, + Y Pyo(Tay = 4T,)Cu,
YEES yeET T
= Z (Psy,w — qilpyw)TwaJ + Z (Psy,o = aPy,0)TyClu,
yeE], yeET,
+ Z Py,v(_q_l —q)TyCu,
yeEy
+ Z Py [(quCwJ + Ty Cruw,) — quCwJ}

Now comparing Eq. ([8) with the expression for (Ts — ¢)C, obtained above we
obtain the following formulas for the cases y € ET_ (case (a)), y € E;, (case (b)),

RS Eg; and (case (c)) and y € Eg: (case (d)):

Py v — qPy (case (a)),

(10) P Psy o — qileﬂ, (case (b)),
T (—a—a Py (case (o),

0 (case (d)).

Since C. = . cp, Py,:TyCu,, we have
Z /L(Z,’U)Cz = Z Z M(Zav)Py,zTwaJ
z=<v,zEAS yeEs z=<v,zEANS
and by comparison with Eq. (@)
(11) P, = Zu(z,v)PyJ.

z2=v
zEAS
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We may check that with P, ,, and P/, given by Eq’s (10) and (11), the elements
Py =P, ,—P],liein .AJr and satlsfy Conditions (i), (ii) and (iii) of Theorem 311
We omit the detaﬂs here. d

For convenience, let Tw = T,Cl ;- Observe that the formula for C,, in Theo-
rem [3.Il may be written as
Cw =Ty + Z P,.T,

y<w,yekE;
and inverting this gives
(12) Tu= Cot > QuuC
y<w,yck;
where the elements Q) ., (defined whenever y < w) are given recursively by
Qy,w = _Py,w - Z Qy,zpz,w'
{z|ly<z<w}

In particular, Q, ., is in AT, has zero constant term, and has coefficient of ¢ equal
to u(y, w).
We now state our main result.

Theorem 3.3. The basis {Cy, | w € E;} gives the generic Specht module S” the
structure of a W-graph, as described above.

Proof. The proof is similar with [2I] Theorem 2.6], modified appropriately. We
start by using induction on £(w) to prove that for all s € S

—q1Cy ifwe A7,
(13) T,Cyp =
qCuw+ > plz,w)C, ifwéeA;.
2€EE ,z€EAS
or more exactly
(14)
—q¢'Cy ifweE;, orweEJS,

TsCy( mod j?J) —JdqCu+Cs+ > ulz,wC, ifwe EIS.
ZEE z<w
qCuw + ,u(sz w)C, ifwe Eg:
zEE‘LS,z<w

If we E}LS then w ¢ A, and Eq. (I3)) follows immediately from Theorem
(applied with v replaced by w), since the only z € A; with u(z,w) # 0 and
0(z) = L(w) is z = sw.

For the case w € E]S , the term Cj,, can not appear in the sum of Eq. ([3).

If w € Ej,, which implies that w € A_, then writing v = sw and applying
Theorem gives

Ow = (Ts - Q)Ov - Z,LL(Z, U>Cza

where z < v and z € A for all terms in the sum. The inductive hypothesis thus
gives T,C, = —q~1C,, and since we also have Ts(Ts — q) = —q~*(Ts — q) it follows
that T,Cy = —g~'Cy, as required.
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Now suppose that w € Eg)s, and as usual let us write sw = wt. Suppose first
that t = w™lsw € J, so that w € A;. By Eq. (I2),

Co=Tu— >, QuuCy,
{yly<w,yeEs}
and since TsTy,Cy, + ¢ 1 TwCu, = T (T1Cuw, + ¢ *Cy,) = 0 we find that
(15) T,.Cw+q 'Co=— Y.  Quu(TiCy+q'Cy).
{yly<w,yeE,s}

By the inductive hypothesis,

0 if y e A7
T.Cy +q 'Cy = ,
! @+ a G Az ) iy ¢ A
zENS
and so Eq. (IA)) gives
(16) TCw+q 'Cop = — ZQy,w(q + q_l)cy + X
yEAS
y<w

for some X in the A-submodule spanned by the elements C, for z € A, . Now since
Ty =T; + (g —q 1) it follows that

(Ts + q_l)cw = (Ts + q_l)Cw
==Y Quulg ' +9Cy + X,
yEAT
y<w

and comparing with Eq. (I8) shows that for all y with y < w(y € Ey) andy ¢ A,
(17) Qy.w = Qyuw-

Since Q. is in AT and has zero constant term, Eq. (I7) forces Qy ., to be zero
whenever y < w and y ¢ A, . Therefore the right hand side of Eq. (3] is zero,
since 1,Cy + Cy = 0 whenever y € A7 . So

];Ch}:-—q_lc@,

as required. ([

4. APPLICATIONS TO TYPE A

Throughout this section, we apply our results to the Hecke algebra of type A.
Let W = &,, be the symmetric group acting on the left on {1,2,--- ,n}. Another
reference is the exposition by Mathas [6]. For ¢ =1,2,--- ,n — 1 let s; be the basic
transposition (7,7 4+ 1) and let S = {s1, 82, -, $n—1}, the generating set of &,,.



14 YUNCHUAN YIN

4.1. Notations. Let A = (A1, A2,---, ) be a partition of n with the notation
A F n. A standard A-tableau is a tableau whose entries are exactly 1,2,--- ,n and
which has both increasing rows and increasing columns, the set is denoted T(\).
Let t* (resp. tx) be the A-tableau in which the numbers 1,2,--- appear in order
from left to right (resp. top to bottom) and down along successive rows (resp.
columns), then t*, ¢, € T(\). For a Young tableau ¢, we put

It)={i|1<i<n-—1,i+1is in a lower position than ¢ in ¢}
and call it the descent set of t. Let
In(t)={i € I(t) | i + 1 is in the left side of 7 in t},
Li(t)={ieI(t)]i+1is directly below i in ¢}.
Lemma 4.1. [I7] For a standard tableau t of shape A b n,
(DI(t) = Io(t) U L1(t);
@I UIt)={1,2,...,n— 1}
(3)Ip(t) =0 if and only if t =ty;
() Io(t') = 0 if and only if t = t*.
The Young subgroup &, = &, x--- x &, _ of &,, is the row stabilizer of t*. Let

Dy be the set of distinguished left coset representatives of & in &,, by Dipper-
James [I] and Mathas [6], we have the following explicit description:

Dy = {w € &, | wt* is row-standard}.

As in [T, 12| [@], if ¢ is a row-standard A-tableau, the unique element d € D) such
that t = dt* will be denoted by d(t). Let w(x) be the longest element of the Young
subgroup &, an element w) is defined by t) = wyt.

Given partitions pu = (u1, t2,...) and A = (A1, A2, ...) of n, we say pu dominates
A, and write A < p, if

A S pn A Ao S F o, A Ao+ Az < g A+ o 4 ps,

we write A < p if A Qg and p # A. The partial order < on the set of partitions(or
shapes) of n will be referred to as the dominance order.

For a fixed A - n, s,t € T(\). We write s < ¢ if £(d(s)) < £(d(t)), and s < t if
s <t and s # t. We note that the notation here is different with [6][pp.31].

4.2. Cells. The cells of W = &,, may be described in terms of the Robinson-
Schensted correspondence. The correspondence is a bijection of S, to pairs of
standard tableaux (P, Q) of the same shape corresponding to partitions of n, so
that if w — (P(w),Q(w)) then Q(w) = P(w~!). In particular, the involutions
are the elements w € W for which Q(w) = P(w). If A F n, the pair of tableaux
corresponding to w () has the form (fx,ty). Hence, the tableaux corresponding
to wy(x) have shape A, where \" denotes the partition conjugate to .

If R is a fixed standard tableau then the set {w € W : Q(w) = R} is a left cell
of W and the set {w € W : P(w) = R} is a right cell of W. See [3] and also [4] for
an alternative proof of this result.

Lemma 4.2. Let A\ - n andt € T(X). The element of &,,, which corresponds to the
pair of tableaux (t)‘/ ,tar) under the Robinson-Schensted correspondence, is waw y(»)-
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The following is the corollaries of the discussion in Section 1, see also in [I5]
Lemma 3.3] and Du [16, Lemma 1.2].

Lemma 4.3. The followings hold(i) wxw;xy € Dy, (ii) dwyxy € Dy for each
prefiz d of wy, (iii) dwyny € Dy is in the same left cell as wy(yy for each prefiz d
of wy.

As in Section 1, we write E;y) = {e | e = dw;() and d is a prefix of wy}, for
any s; = (4,94 1) € S we define

By = {e€ Ejn | €(sie) < {l(e) and sie € By },
E+(/\) s, =1e € By | U(sie) > L(e) and s;e € Ejy) },
ESoys ={e€ B | sied By}

so that E(y) is the disjoint union £\ U EJ()\) U ES(/\)M, then

SiEJ(A),s E;()\)

let
EO’( s, =1e € By | Lsie) < L(e) and s;e & Ej) },
EO(J;) s, =1e € By | Usie) > L(e) and s;e ¢ Ej) },
then EY TON),ss ES(; UE 70,5 _(disjoint union); if e € EJ()\) then s,e = et

for some t € J(A), if e € ES(A) ,, then s;e = et for some ¢ € J(\), where

J(N) = SNJ(N).

We have the following observation

Eny.e = 1dwsoy [t € TN, i € Io(t)},
Ej(x ={d(t)wyn |t € T(A),i € Io(t)},
Eg(; ={d(t)wyy |t € T(N),i € I,(t')},
ESH L, = {dhwsy | €T, i € L)},
Let
Cuyiny = ew‘](x)qé(w(x)) Z cwq T,

weB )

then the following statement is a corollary of Lemma 2.1.
Lemma 4.4. [I]Mathas2 Let A+ n, then H°C,, () is a free A-module with basis

{Ta(t)Cuw, ey It @ row standard A-tableau}.
Moreover, if t is row standard and s = s;t for some 1 <i<n—1, then
Td(s)CwJ(,\) , zfz S Io(t)

TiTaw)Cuwyiny = 4 Taes)Cuosiny + (@ = )Ty Cuyry - if 1 € To(t)
_qile(t)CwJ(x)v Zfl S Il( )

where T; =T, .
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4.3. Murphy basis and W-graph basis. The following is a corollary of the main
Theorems in Section 2.
Theorem 4.5. [12,[13] For any A b n and s,t € T(X\), we define elements of H#
by

mst = Td(s)o

Wg(xn)
then the following hold (a) The set {mg|s,t € T(\) for some A+ n} is an A-basis
of #; (b) For any A\ - n, let 7 be the A-submodule of 7 spanned by all elements
mst where s,t € T(u) for some X\ <, then 7 is a two-sided ideals in .

Td(t)—l

Note that the element that we denote by T, corresponds to the element ¢*(*)T,,

in Murphy’s notation. Thus the element denoted by Cy, ,, in the above statement

is exactly as in Murphy’s work, except the associated coefficient ew‘,(k)qf(w"w).
However, this does not affect the validity of (a) and (b) since ¢ is invertible in A.
The statement in (a) can be found in Murphy [12} Th.3.9] or Murphy [13, Th. 4.17].
The statement(b) is proved in [I3, Th. 4.18].

Murphy also obtains the following result concerning the Specht modules of 7.
For any A F n, let 5> be the A-submodule of % spanned by all m, where
s,t € T(u) for some p = n such that A <0 p. Thus, we have

A=A

“w

where the sum runs over all u - n such that A < . In particular, AN is a two-sided
ideal and we have #* = HC,,,\H + P2

Definition 4.6. [6] For A - n, the Specht module S* is defined to be the left
H-module (S + Cy, ) H.

J(N)

Note that S + Cu,» 1s an element of the 7#-module %/%A so that S* is

a submodule of .77/ M. As we defined it, the Specht module S* is isomorphic to
the dual of the Specht module which Dipper and James [I] indexed by ).

For a standard A-tableau ¢ let my = my» + > = Ta(tyCu,ny + X | We have
Theorem 4.7. [8, [13] The Specht module S is free as an H-module with basis
{my|t € T(N)}, and 5>/ is a direct sum of |T()\)| copies of S™.

While
Lemma 4.8. [6] Suppose t € T(\) such that i € I1(t), then for all s € T(X)

Timgs = qmegy + Z Ty Moyt mod >
v<s

for some r, € A.
Corollary 4.9. Lett € T(\) and s = s;t for some 1 <i<n—1, then
Ms, Zfl S Io(t)
ms 4 (¢ —q~ ")mu,if i € Io(t')
—q_lmt, lf’L S Il(tl)
qmi 4+ D, gy oMMy mod X if i € I, (t).

Timy =

where r, € A.
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We apply with Theorem 4.1 and 4.3 to establish the transition between Murphy’s
basis and W-graph basis of the Specht module. We also note that in the references,
the authors related the Kazhdan-Lusztig cell module and the corresponding Specht
module in the case of symmetry group, group algebra and Hecke algebra of type A.
See Naruse [I7], Garsia-MacLarnan [I8] and MacDonough and Pallicaros [15] ect.

Theorem 4.10. For a fized A - n, we define the elements of the C-basis for S*
Cd(s)w‘,o\) =ms—(q Z Dt s,

a(t)<d(s)
= Tu(s)Cuwyn) — qut,sTd(t)CwJ(k) mod ().
ts

where s,t € T(X\) and py s € Z(q) will be defined recursively by
(18)

—q_lcd(t)wJ(A), ifi € I(t/)

qu w + Z ,LL(’U,,t)Cd w)w ,Zfl = Il (t)
TiCd(t)wJ(k) = (Hwx e I(&P (Wwr(x

1Cuatyw,ny T Csidtyw,ny T 1(2; w(u, t)cd(u)w‘](x)a if i € Io(t)

iel(u'),ut

where p(u,t) is the constant term of the polynomial py, ;.
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