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On the notion of guessing model

Matteo Viale

Abstract

We introduce the notion ofguessing model. This notion is a mean to at-
tribute to accessible cardinals combinatorial propertieswhich can be used in
combination with inaccessibility to characterize variouslarge cardinals rang-
ing from supercompact to rank to rank embeddings. The majority of these
large cardinals can be described by properties which are expressible in terms
of elementary embeddingj : Vγ → Vλ. The key observation is that such
embeddings are uniquely determined by the image structuresj[Vγ]. These
structures will be the prototypesguessing models. We shall show that by the
same elementarity argument by which the structurej[Vγ] attributes combi-
natorial properties to the ordinalj(crit( j)), a guessing modelM will attribute
analogue combinatorial properties to the cardinalκM = jM(crit( jM)), where
jM is the inverse of the transitive collapse ofM. κM will always be a reg-
ular cardinal but can consistently be a successor cardinal.Applications of
our analysis will be proofs of the failure of the square principle and of the
singular cardinal hypothesis assuming the existence of guessing models. In
particular the failure of square shows that existence of guessing models is a
very strong assumption in terms of large cardinal strength.

1 Guessing models

Definition 1.1. Let W be a transitive model ofZFC. R ∈ W is a suitable initial
segmentif1:

• R is a transitive set,

• R is a model of all axioms ofZFC except eventually the replacement schema
and the powerset axiom,

1We adopt standard terminology as taken for example from [1].The reader who may feel
unfamiliar with it may have a quick look to section 1.1 below.
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• Rsatisfies either the replacement axiom or the powerset axiom,

• P(X)W ⊆ R for all X ∈ R.

In order to simplify notation and without loss of generalitythe reader may
assume all along the paper that we are working in some transitive modelW for
ZFC with class many strongly inaccessible cardinal and thatR = Wθ for some
inaccessible cardinalθ.

Tipically R = HW
θ

for someW-regular uncountable cardinal orR = Wα for
some ordinalα are the two kind of suitable initial segmentsR we shall be inter-
ested. Most of our results and definitions apply to a wider family of transitive
structuresR than those captured by the above definition but, in our current state of
knowledge, it is not worth the prize to specify all the times the exact assumptions
on these structures that we need to carry out the argument.

Let X be any set, we define, whenever this makes sense:

κX = min{α ∈ X : α is an ordinal andX ∩ α , α}.

Definition 1.2. Let R be a suitable initial segment andM ≺ R. Given a cardinal
δ < κM, X ∈ M andd ∈ P(X) ∩ Rwe say that:

• d is (δ,M)-approximatedif d∩ Z ∈ M for all Z ∈ M ∩ PδR.

• d is M-guessedif d ∩ M = e∩ M for somee ∈ M ∩ P(X).

M ≺ R is aδ-guessing model for Xif every (δ,M)-approximated subset ofX is
M-guessed.

M ≺ R is aδ-guessing modelif for all X ∈ M, M is aδ-guessing model forX.

M ≺ R is aguessing modelif for someδ < κM, M ≺ R is aδ-guessing model.

We shall show in section 3, exploiting ideas of Magidor [4], that many large
cardinal axioms above supercompactness are equivalent to the existence of appro-
priateℵ0-guessing models. For uncountableδ, the notion ofδ-guessing model is
motivated by the core results of [6] and [7]. For example one of the main results
of [7] can be rephrased as follows:
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It is relatively consistent with the existence of a supercompact cardi-
nals that there isW model ofZFC in which for eventually all regularθ
there is anℵ1-guessing modelM ≺ HW

θ
with κM successor of a regular

cardinal.

On the other hand in [6] it is shown that the proper forcing axiom PFA implies
that for every regularθ ≥ ℵ2 there areℵ1-guessing modelsM ≺ Hθ with κM = ℵ2.

In the two papers we have also backward results, for example one of the main
results of [6] can be stated as follows2:

AssumeV ⊆W are a pair of transitive models ofZFC which have the
κ-covering andκ-approximation property for someκ inaccessible in
V. Then the existence of anℵ1-guessing modelsM ≺Wθ with κM = κ
implies thatκM is at least a|θ|V-strongly compact cardinal inV.

The first two results above show thatδ-guessing models for uncountableδ
are a mean to transfer manyvery large cardinalfeatures ofinaccessiblecardi-
nals to regularaccessiblecardinals and the latter result above combined with the
characterization we give in 3 of very large cardinals shows that this is a two way
correspondance: the existence of aδ-guessing model modelM in some transitive
class modelW of ZFC will most often be a sufficient conditions to show thatκM
is a very large cardinal in some transitive inner modelV of W.

By very large cardinalswe intend large cardinals axioms which are currently
out of reach using fine structural inner models, i.e. cardinals whose strength is
at least in the range of strong compactness. In view of the above considerations
guessing models appears to be of central interest in all consistency problems re-
lated to this type of large cardinal axioms.

1.1 Notation

The notation used is mostly standard and in most cases is recovered from [1]. If
W is a transitive model ofZFC, for a cardinalθ in W we let HW

θ
be the set of

z ∈ W whose transitive closure has size less thanθ in W, for an ordinalα we let
Wα be the set ofz ∈ W of rank less thanα. Ord denotes the class of all ordinals.
If a is a set of ordinals, otpa denotes the order type ofa. For a regular cardinalδ,
cof δ denotes the class of all ordinals of cofinalityδ, and cof(< δ) denotes those
of cofinality less thanδ. Given a setX and an ordinalδ, PδX = {z ∈ P(x) : |z| < δ},
[X]δ = {z ∈ P(X) : otp(z∩Ord)= δ}.

2see section 1.1 for the relevant yet undefined notions
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Clearly for W a transitive model ofZFC, (PδX)W
= {z ∈ W : W |= |z| <

δ} similarly we shall denote the relativization of various sets to the appropriate
transitive model.

Given a structureR = 〈R, ∈,Pi : i ∈ I〉 we shall say thatM ≺ R if M ⊆ R and
〈M, ∈,Pi ∩ M : i ∈ I〉 is an elementary substructure ofR.

For forcings, we writep < q to meanp is stronger thanq. Names either
carry a dot above them or are canonical names for elements ofV, so that we
can confuse sets in the ground model with their names. Given afilter G on �,
σG(Ȧ) = {σG(ẋ) : ∃p ∈ G p 
 ẋ ∈ Ȧ} is the standard interpretation of�-names
given byG.

The phrasesfor large enoughθ and for sufficiently largeθ will be used for
saying that there exists aθ′ such that the sentence’s proposition holds for allθ ≥ θ′.

For f : PωX → X we let Clf ≔ {x ∈ P(X) | f [Pωx] ⊂ x}. The club filter on
P(X) is the normal filter generated by the sets Clf .

S ⊆ P(X) is stationary if it is positive with respect to the club filter.
If X ⊂ X′, R⊂ P(X), U ⊂ P(X′), then the projection ofU to X is U ↾ X ≔ {u∩

X | u ∈ U} ⊂ P(X) and the lift ofR to X′ is RX′
≔ {x′ ∈ P(X′) | x′∩X ∈ R} ⊂ P(X′).

We shall need for reference and motivation of our results thefollowing defini-
tions:

Definition 1.3. Let V ⊆W be a pair of transitive models ofZFC.

• (V,W) satisfies theµ-covering property if the classPV
µV is cofinal inPW

µ V,
that is, for everyx ∈ W with x ⊂ V and|x| < µ there isz ∈ PV

µV such that
x ⊂ z.

• (V,W) satisfies theµ-approximation property if for allx ∈ W, x ⊂ V, it
holds that ifx∩ z ∈ V for all z ∈ PV

µV, thenx ∈ V.

A forcing� is said to satisfy theµ-covering property or theµ-approximation prop-
erty if for everyV-genericG ⊂ � the pair (V,V[G]) satisfies theµ-covering prop-
erty or theµ-approximation property respectively.

We shall adopt the following definitions of forcing axioms:

Definition 1.4. Given a class of forcing notionsΓ we let:

• MA(Γ) hold if for any poset� ∈ Γ and eventually all regularθ, there are
stationarily many structuresM ≺ H(θ) of sizeℵ1 which have anM-generic
filter G for �.

4



• MA(Γ)+2 hold if for any poset� ∈ Γ and eventually all regularθ, given
�-namesṠ0 andṠ1 for stationary subsets ofω1 there are stationarily many
structuresM ≺ H(θ) of sizeℵ1 which have anM-generic filterG for � and
are such thatσG(Ṡi) is stationary.

If Γ is the family of CCC posets, we shall denoteMA(Γ) by MA. If Γ is the fam-
ily of proper posets, we shall denoteMA(Γ) by PFA andMA(Γ)+2 by PFA+2. If Γ
is the family of stationary set preserving posetsMA(Γ) is Martin’s maximumMM.
We refer the reader to [1] for the definition of the relevantΓ’s. We recall however
that anyCCC partial order is proper and any proper partial order is stationary set
preserving.

2 Basic properties of guessing models

The following are basic properties of guessing models3:

Proposition 2.1. Let R be a suitable initial segment and M≺ R.

1. κM is a regular cardinal.

2. M is a0-guessing model iff it is anℵ0-guessing model.

3. If M is aδ-guessing model, then it is also aγ-guessing model for all cardinal
γ ≥ δ.

4. If M is aδ-guessing model and2<δ < κM, M is a0-guessing model.

5. If M is a0-guessing model,κM and M∩ κM are strongly inaccessible cardi-
nals.

6. If M is aδ-guessing model and for some regular cardinalγ ≤ δ, 2<γ < κM,
then M∩Ord is closed under suprema of sequences of length at mostγ, in
particular a guessing model M is always closed under countable suprema.

Proof. (1): We first showκM is a cardinal: assume not, then by elementarity there
is a bijectionφ ∈ M betweenκM andδ = |κM | < κM. Sinceδ < κM ∩ M, δ ⊆ M,
sinceφ ∈ M, φ[δ] = κM ⊆ M contradicting the very definition ofκM.

3Property(6) is a rephrasing in the terminology of guessing models of a result by Weiss (see
[7]).
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Next we showκM is regular: assume not and fixE ∈ M cofinal inκM of order
typeδ < κM. Then sinceδ ∈ M ∩ κM, we have thatδ ⊆ M and thusE ⊆ M. Now
eitherκM ⊆ M which contradicts the very definition ofκM or κM is not the least
ordinal in M such thatM ∩ κM is bounded belowκM which again contradicts the
very definition ofκM. Note that(1) holds for anyM ≺ Rand not just for guessing
models.

(2): Immediate.

(3): Immediate.

(4): Observe that ifZ ∈ M and |Z| < δ, R |= |P(Z)| ≤ 2<δ. So there is a
bijectionφ from some ordinalα < κM andP(Z). ThenP(Z) = φ[α] ⊆ M: this
follows sinceα ⊆ M becauseα < κM andα = dom(φ) ∈ M. Thus ifd ∈ R∩ P(X)
for someX ∈ R andZ ∈ M is any set of size less thanδ, d∩ Z ∈ P(Z) ⊆ M. Thus
anyd ∈ P(X) ∩ R is (δ,M)-approximated for allX ∈ M. SinceM is δ-guessing,
anyd ∈ P(X) ∩ R is M-guessed for anyX ∈ M, ThusM is 0-guessing.

(5): We first show thatκ ∩ M is a regular cardinal inR. Assume not and pick
C ⊆ κ∩M in Rof order type cf(κ∩M) < κ∩M. SinceM is 0-guessing,C = E∩M
for someE ∈ M. Now it is not hard to check that:

M |= E is an unbounded subset ofκM of order type less thanκM.

For this reason there is a unique order preserving bijectionφ ∈ M from some
ordinalξ less thanκM into E. By elementarityξ ∈ M. Sinceξ < κM, ξ ⊆ M. Thus
E = φ[ξ] ⊆ M. ThusC = E which implies that sup(κM ∩ M) = κM, contradicting
the very definition ofκM.

Now assume 2δ ≥ κM ∩M for someδ < κM. By elementarity, sinceδ ∈ M, we
get that 2δ ≥ κM. Now letφ : 2δ → P(δ) be a bijection inM. Let X = φ(κM ∩ M).
ThenX ⊆ δ ⊆ M. SinceM is 0-guessing,X = Y ∩ M for someY ∈ P(δ) ∩ M,
sinceY ⊆ δ ⊆ M, X = Y, thusκM ∩ M = φ−1(Y) ∈ M which contradicts the
very definition ofκM. This proves thatκM ∩ M is strongly inaccessible. Now by
elementarityM models thatκM is strong limit. ThusκM is strong limit and regular
in R i.e. strongly inaccessible.

(6): Assume not for someM. Observe that for such anM, Pγ(X) ⊆ M for all
X ∈ M of sizeγ since 2<γ < κM and any bijection inM betweenX andγ lifts to a
bijection inM betweenPγ(X) and 2<γ ∈ M ∩ κM.

Now let ξ ∈ M have cofinality larger thanγ and be such that sup(M ∩ ξ) < M
has cofinality at mostγ. This means thatM∩[sup(M∩ξ), ξ) is empty. Then for any
d ∈ M of sizeγ, d∩ξ is bounded below sup(M∩ξ) else sup(M∩ξ) ≤ sup(d∩ξ) < ξ
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and sup(d ∩ ξ) ∈ M. Fix in R, d∗ = {αξ : ξ ∈ γ} ⊆ M ∩ δ increasing and cofinal
sequence converging toδ. Thend∗ ∩ d ∈ R has order type less thanγ for all
d ∈ M which have sizeγ and thus belongs toPγd ⊆ M. Thusd∗ is a (δ,M)-
approximated subset ofM. This means thatd∗ = d∗ ∩ M = e ∩ M for some
e ∈ M ∩ P(ξ). Now M |= e is an unbounded subset ofξ, thus otp(e) ≥ cf(ξ),
in particular otp(e∩ M) ≥ otp(cf(ξ) ∩ M) > otp(γ ∩ M) = γ = otp(d∗). Thus
e∩ M , d∗ which is the desired contradiction. �

Notice the immediate by-product of our results:

Remark 2.2. AssumeM ≺ Wθ is aδ-guessing model which is not a 0-guessing
model. Then 2<δ ≥ κM.

Proof. This follows by the third item above. �

Thus existence of guessing models has effects on the exponential function.
We shall see in section 6 that the existence of anℵ1-internally unbounded(see def
4.1)ℵ1-guessing modelM is an assumption strong enough to imply theSCH for
all cardinals inM.

3 Large cardinals andℵ0-guessing models.

In this section we show that most of the large cardinal axiomspresent in the liter-
ature can be formulated in terms of the existence of the appropriateℵ0-guessing
model.

3.1 Supercompactness

Magidor [4] has characterized supercompactness as follows:

Theorem 3.1 (Magidor). κ is supercompact in V iff for everyλ ≥ κ there is a non
trivial elementary embedding j: Vγ → Vλ with j(crit( j)) = κ.

The core of his argument can be rephrased in our setting as thefollowing:

Lemma 3.2. M ≺ Vλ is anℵ0-guessing model if and only if the transitive collapse
of M is some Vγ.
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Proof. We prove just one direction, the other one is proved by a similar argument.
Recall thatM ≺ Vλ is anℵ0-guessing model iff it is a 0-guessing model. Now
assumeM ≺ Vλ is a 0-guessing model. We proceed by induction onβ ∈ M ∩ λ to
show thatM ∩ Vβ collapses to someVγβ via πM ↾ Vβ. This is clear ifβ is a limit
ordinal sinceπM ↾ Vβ =

⋃
α<β πM ↾ Vα =

⋃
α<β Vγα = Vγβ .

Now consider the successor stage, i.e.β = α + 1. Vγβ = Vγα+1 = P(πM ↾ Vα).
Thus for everyY ∈ Vγβ Y = πM[XY] for someXY ∈ P(M ∩ Vα). Now M is a
0-guessing model Thus, since everyX ∈ P(Vα ∩ M) is 0-approximated, we have
that for everyY, XY is M-guessed i.e.XY = M ∩ EY for someEY ∈ M. Clearly
such anEY ∈ Vα+1. In conclusion:

Vγβ = {πM[EY] : EY ∈ Vβ ∩ M} = πM ↾ Vβ

The conclusion follows. �

Note that ifM ≺ Vλ andπM[M] = Vγ then j = π−1
M is an elementary embedding

of Vγ in Vλ.
Thus Magidor’s theorem can be reformulated as follows:

Theorem 3.3 (Magidor). κ is supercompact iff for everyλ ≥ κ there is anℵ0-
guessing model M≺ Vλ with κM = κ.

3.2 Hugeness

Recall that a cardinalκ is huge inV if for someδ > κ there is a normal fine
ultrafilter4 on [δ]κ.

Lemma 3.4. Assume that for someλ there is anℵ0-guessing model M≺ Vλ
such thatotp(M ∩ λ) ≥ κM, thenκ = πM(κM) is a huge cardinal. If moreover
otp(M ∩ λ) ≥ κM + 2 then alsoκM is huge.

Proof. Let δ ≤ λ be such that otp(M ∩ δ) = κM. Let j = π−1
M . Then j : Vγ → Vλ is

elementary,j(κ) = κM and j(κM) = δ (moreover if otp(M∩λ) ≥ κM+2,γ ≥ κM+2).
ThusM ∩ δ ∈ j([κM]κ). Now define inV the ultrafilterU on [κM]κ by A ∈ U iff
M ∩ δ ∈ j(A). U ∈ VκM+2 witnesses thatκ is huge inV. Moreover ifγ ≥ κM + 2,
U ∈ Vγ and thusj(U) ∈ Vλ witnesses thatκM is huge. �

With some more care one can also put conditions onM to guarantee that it
witnessesn-hugeness ofκM.

4An ultra filterU on [δ]κ is fine if for all α < δ, {X ∈ [δ]κ : α ∈ X} ∈ U. An ultrafilterU is
normal if for all A ∈ U and all choice functionsf on A there isB ∈ U such thatf is constant on
B.
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3.3 Rank initial segment embeddings and beyond

The following fact is an immediate outcome of Magidor’s observations:

Fact 3.5. j : Vλ+1 → Vλ+1 is elementary iff j[Vλ+1] = M ≺ Vλ+1 is anℵ0-guessing
model.

Thus the existence of anℵ0-guessing modelM ≺ Vλ+1 such that otp(M∩λ) = λ
is an equivalent formulation of the axiomI1.

PickingR = Lγ(Vλ + 1) for a large enoughγ it is not hard to define in terms
of anℵ0-guessing modelM ≺ R the axiom stating the existence of an elementary
embedding ofLγ(Vλ + 1) into itself with critical point smaller thanλ.

4 Internal closure of guessing models

In this and in the next section, we come back to an analysis of the properties
of guessing models and we also address some consistency issues regarding their
existence.

If M ≺ Vλ is anℵ0-guessing model,κM is inaccessible andPγM ⊆ M for all
γ ∈ M∩ κM. Such a degree of closure cannot be achieved forℵ1-guessing models,
however we can prove that such models have a reasonable degree of closure in
most cases. To this aim we need to recall the following definitions:

Definition 4.1. Let R be a suitable initial segment. For a modelM ≺ R and a
cardinalδ, we say thatM:

• isδ-internally unbounded ifM∩PδM is cofinal in the partial order (PδM,⊆),

• is δ-internally club ifM ∩ PδM is a club subset ofPδM,

• is δ-internally stationary ifM ∩ PδM is a stationary subset ofPδM.

We letICδR be the set ofM ≺ R which areδ-internally club,ISδR be the set of
M ≺ Rwhich areδ-internally stationary andIUδRbe the set ofM ≺ Rwhich are
δ-internally unbounded.

Recall that the pseudo-intersection numberp is the minimal size of a family
X ⊆ P(ω) which is closed under finite intersections and for which there is no
infinite a ⊆ ω such thata ⊆∗ b (i.e. a \ b is finite) for all b ∈ X. We will show the
following:
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Lemma 4.2. Assume M≺ R for a suitable initial segment R is anℵ1-guessing
model such thatp > |M|. Then M is inIUℵ1R.

Proof. Assume not and pickM ≺ R guessing model witnessing it. Pickx count-
able subset ofM which is not covered by any countable set inM. The family
{x \ z : z ∈ M ∩ Pω1M} has the finite intersection property and has size at most
|M| < p. Thus there isy ⊆ x such thaty∩ z is finite for all countablez ∈ M. Thus
y is M-approximated. Letd ∈ M be such thatd ∩ M = y. Thend is countable,
else, sinced ∈ M andω1 ⊆ M, d ∩ M is uncountable and thus different fromy.
This means thatd = d ∩ M = y. This is impossible sinced ∩ y is finite by choice
of y. �

Theorem 4.3. AssumeMM. Then for evey regularθ ≥ ℵ2 the following sets are
stationary:

1. the set ofℵ1-guessing models M≺ Hθ of sizeℵ1 which areℵ1-internally
club,

2. the set ofℵ1-guessing models M≺ Hθ of sizeℵ1 which areℵ1-internally
unbounded but notℵ1-internally stationary,

3. the set ofℵ1-guessing models M≺ Hθ of sizeℵ1 which areℵ1-internally
stationary but notℵ1-internally club.

For item(1) PFA suffices and for item(3) PFA+2 suffices.

Proof. In [6] we showed the following:

Assume� is a poset with theω1-approximation andω1-covering prop-
erties which collapsesP(X) toℵ1, then there is inV� aCCC-poset�̇�
such that for eventually allθ, any modelM ≺ Hθ in V of sizeℵ1 which
has a� ∗ �̇�-generic filter, is guessing all (ℵ1,M)-approximated sub-
sets ofX.

Now if X = Hλ and� is a poset with theω1-approximation andω1-covering
properties which collapsesP(X) to ℵ1 andM ≺ Hθ in V of sizeℵ1 has a� ∗ �̇�-
generic filter, we get thatM ∩ Hλ ≺ Hλ isℵ1-guessing of sizeℵ1.

Kruger in [2] and [3] has shown that for everyλ there are stationary set pre-
serving posets�i for i < 3 all with theω1-approximation andω1-covering proper-
ties and all collapsingP(Hλ) to ℵ1 and that each one has the following property:
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• any modelM ≺ Hθ in V of sizeℵ1 which has a�0 ∗ �̇�0-generic filter, is
such thatM ∩ Hλ is internally club,

• any modelM ≺ Hθ in V of sizeℵ1 which has a�1 ∗ �̇�1-generic filter, is
such thatM ∩ Hλ is internally unbounded but not internally stationary,

• any modelM ≺ Hθ in V of sizeℵ1 which have a�2 ∗ �̇�2-generic filter is
such thatM ∩ Hλ is internally stationary but not internally club.

Actually�1 and�2 are semiproper while�0 is proper. Combining our and Kruger’s
results we can get the desired conclusion of the theorem. �

5 Isomorphism types of guessing models

In this section we will show that for guessing modelsM which are internally
club, the isomorphism type is uniquely determined by the ordinal M ∩ κM and the
order-type of the set of cardinals inM. In the case of 0-guessing models this is
Magidor’s result that any 0-guessing modelM ≺ Vλ is isomorphic to someVγ,
however when we want to extend this result toℵ1-guessing models we must put
some extra condition to constrain the variety of possible isomorphism types.

Given a setM we letCardM be the set of cardinals inM andχM : CardM →

supM ∩ Ord be the characteristic function ofM which mapsα 7→ sup(M ∩ α).
This theorem intends to generalize Magidor’s lemma 3.2 on the isomorphism

type of 0-guessing models.

Theorem 5.1. Assume M0 and M1 ≺ Hθ areℵ1-guessing models which are inter-
nally club and moreover that:

• κM0 = κM1 = κ,

• M0 ∩ κ = M1 ∩ κ,

• 2ℵ0 ≤ κ,

• otp(CardM0) = otp(CardM1).

Then M0 and M1 are isomorphic.
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Proof. The proof goes by induction on otp(CardM0) \ κM = otp(CardM1) \ κM = ξ.
Let {αηi : η < ξ} = CardMi \ κMi . We show that for any ordinalη < ξ,

(M0 ∩ α
η

0,P(αη0) ∩M0, ∈) is isomorphic to (M1 ∩ α
η

1,P(αη1) ∩M1, ∈). This suffices,
since it is well known that two submodelsM0,M1 of Hθ such that otp(M0)∩Ord =
otp(M1∩Ord) and which are isomorphic on sets of ordinals are fully isomorphic.

Base case:α0 = κ = κM

Clearly the identity map defines an isomorphism of the ordinal Mi ∩ κ with itself.
Since 2ℵ0 ≤ κ, there is a bijectionφ in Mi betweenPω1κ andκ. Using this bijection
φwe get that alsoM0∩Pω1κ = M1∩Pω1κ. We extend the identity map onM0∩Pω1κ

to an isomorphism of (M0∩ κ,P(κ) ∩M0, ∈) with (M1∩ κ,P(κ) ∩M1, ∈) using the
guessing property of eachMi as follows:

d ∈ M0 ∩ P(κ) iff d ∩ M0 is M0 ∩ κ-approximated iff d ∩ M1 is M1 ∩ κ-
approximated iff d ∩ M1 = e(d) ∩ M1 for some e(d) ∈ M1 ∩ P(κ).

The mappingπ0 which is the identity onM0 ∩ κ and sendsd 7→ e(d) is an
isomorphism of (M0 ∩ κ,P(κ) ∩ M0, ∈) with (M1 ∩ κ,P(κ) ∩ M1, ∈).

The idea is to extend step by step to allαηi ∈ CardMi this isomorphism first
showing thatM0 ∩ Pω1α

η

0 is isomorphic toM1 ∩ Pω1α
ξ

1 and then extend the iso-
morphism to the full structures (Mi ∩ α,P(αξi ) ∩ Mi, ∈) using the key property of
guessing models. We will need the assumption that the modelsare internally club
to handle the limit stages of countable cofinality.

Now assume the induction has been carried up to some ordinalη < ξ by
defining a sequence of coherent and unique isomorphismsπβ of (M0∩α

β

0,P(αβ0)∩
M0, ∈) with (M1 ∩ α

β

1,P(αβ1) ∩ M1, ∈) for all β < η.
To defineπη we proceed by cases according to whether:

1. αη0 is a limit cardinal of uncountable cofinality,

2. αη0 is a successor cardinal,

3. αη0 is a limit cardinal of countable cofinality.

α
η

0 is a limit cardinal of uncountable cofinality

We start with the first case. First of all sinceMi ∩ Ord is closed under countable
suprema, we get that sup(Mi ∩ α

η

i ) are ordinals of uncountable cofinality. This
means that

⋃
β<η πβ ↾ M0 ∩ β defines an isomorphism ofM0 ∩ α

η

0 with M1 ∩ α
η

1.
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Sinceαηi have uncountable cofinalityMi ∩ Pω1α
η

i =
⋃
β<η(Mi ∩ Pω1α

β

i ). Thus
we get that

⋃
β<η πβ ↾ M0 ∩ (αβ0 ∪ Pω1α

β

0) defines an isomorphismπ∗ of (M0 ∩

Pω1α
η

0, α
η

0 ∩ M0) with (M1 ∩ Pω1α
η

1, α
η

1 ∩ M1).
Now we can apply the same trick as before to extend the isomorphismπ∗ to

P(αη0) ∩ M0:
Pick d in this set. Thend is M0 approximated, thusd1 = π

∗[d ∩ M0] is M1-
approximated, thusd1 = e(d) for some uniqued ∈ M1 ∩ P(αη1). Let πη extendπ∗

by sendingd to e(d). Thenπη is the desired isomorphism of (P(α)∩M0, α∩M0, ∈)
with (P(α) ∩ M1, α ∩ M1, ∈) which extends all theπβ.

α
η

i is the successor ofαβi

We are givenπβ isomorphism of (P(αβ0) ∩M0, α
β

0 ∩ M0, ∈) with (P(αβ1) ∩M1, α
β

1 ∩

M1, ∈). Any ordinalδ in αβ+1
i is coded by a binary relation onαβi whose transitive

collapse isδ. Now letφi ∈ Mi be functions fromαβ+1
i to P(αβi ) such that for each

γ < α
β+1
i , φi(γ) codesγ.

Then we can extendπβ to π∗ on M0 ∩ α
β+1
0 as follows,π∗(γ) = δ iff φ1(δ) =

πβ(φ0(γ)). Notice that this also induces an isomorphism of (M0∩Pω1α
η

0, α
η

0∩M0, ∈)
onto (M1 ∩ Pω1α

η

1, α
η

1 ∩ M1, ∈) which sendsa ∈ M0 ∩ Pω1α
η

0 in π∗[a].
Now we proceed as before: Pickd in P(αη0)∩M0. Thend is M0-approximated,

thusd1 = π
∗[d∩M0] is M1-approximated, thusd1 = e(d) for some uniqued ∈ M1∩

P(αη1). Let πη extendπ∗ by sendingd to e(d). Thenπη is the desired isomorphism
of (P(αη0) ∩ M0, α

η

0 ∩ M0, ∈) with (P(αη1) ∩ M1, α
η

1 ∩ M1, ∈) which extendsπβ.

α
η

i is a limit cardinal of countable cofinality

Fix (βi : i < ω) ∈ M0 ∩ M1 increasing sequence converging toη such thatαηi are
regular cardinals.

We get that
⋃

i<ω πβi defines an isomorphismπ∗ of (X0 ∩ M0, α
η

i ∩ M0, ∈) with
(X1 ∩ M1, α

η

1 ∩ M1, ∈), whereXi =
⋃

j<ω Pω1α
β j

i is the family of countable and
bounded subsets ofαηi .

Now observe that, since bothMi are internally club,Mi∩Pω1α
η

i are club subsets
C∗i of Pω1(Mi ∩ α

η

i ). By going to the order typeξ of Mi ∩ α
η

i we get that bothC∗i
collapse to club subsetsC′i of Pω1ξ. Let C = C′0 ∩ C′1 andCi be the clubs in
Pω1Mi ∩ α

η

i which collapse toC.
Then every element inCi belongs toMi andπ∗ can be extended to an isomor-

phism of the structures ((Xi ∩ Mi) ∪Ci ,Mi ∩ α
η

i , ∈). We want to extendπ∗ further
to an isomorphism of the structures (Mi ∩ Pω1α

η

i ,Mi ∩ α
η

i , ∈). So pickd ∈ Ci and

13



consider the treeTd = {e∩ d : e ∈ X} ordered bye<d f iff f ∩ supe= eand there
is someα

β j

i ∈ sup f \ supe.
Notice the following property ofTd:

For d ∈ Ci and e∈ Mi ∩ (Pω1α
η

i \ Xi), e ⊆ d if and only if(e∩ α
β j

i :
j < ω) is an infinite branch of Td.

Let us identify an infinite branch ofTd by the corresponding subset. By the above
property for anye ∈ Mi ∩ (Pω1α

η

i \ Xi) eventually alld in Ci haveehas an infinite
branch ofTd.

Observe thatTd ∈ Mi is a tree of heightω and if d is in C0, we have thatπ∗

induces in the natural way an isomorphism of (Td ∩ M0, <d) with
(Tπ∗(d) ∩ M1, <π∗(d)), let us call againπ∗ this isomorphism..

Now Td andTπ∗(d) are trees of size at most 2ℵ0 ≤ κ. Moreover ifη is the order
type of d, Td andTπ∗(d) are both isomorphic to the unique treeT0 ⊆ Mi ∩ Pω1κ

contained inPω1η which is uniquely defined by the collapseπd of d to its order
type. So let us denote byπd : Td → T0 andππ∗(d) : Tπ∗(d) → T0 these uniquely
defined isomorphisms living repectively inM0 andM1. On the other hand remark
thatT0 ∈ M0 ∩ M1.

So there is an injectionφ in M0∩M1 between the infinite branches ofT0 andκ.
Let, for an infinite branchx of Td (Tπ∗(d)), φd(x) = α iff φ(πd[x]) = α (φπ∗(d)(x) = α
iff φ(ππ∗(d)(x)) = α).

Thus the mapπ∗d : M0∩Pω1d→ M1∩Pω1π
∗(d) which mapse 7→ e∗ iff φd(e) =

φπ∗(d)(e∗) induces a unique natural isomorphism of the set of infinite branches [Td]
of Td with the set of infinite branches ofTπ∗(d).

Recall thatξ = otp(Mi ∩ α
η

i ) andC is the transitive collapse ofCi induced by
the collapseπi of Mi∩α. Consider the directed structure ({(η, d) : η < M0∩κ), d ∈
C},≤) with (η, d) ≤ (γ, e) iff d ⊆ eandφ−1

π−1
i [d]

(η) = φ−1
π−1

i [e]
(γ).

Let us call sets of the form{(αd, d) : d ∈ E} points iff E ⊆ Ci is upward closed
and for alld ⊆ e ∈ E (αd, d) ≤ (αe, e).

All our efforts amount to the following of which we omit a rigorous proof:

Fact 5.2. Any e∈ Mi ∩ Pω1α
η

i determines the point p(e) = {(φd(e), πi[d]) : d ∈
Ci , e ⊆ d} and conversely any point{(αd, d) : d ∈ E} uniquely determines sets
ei ∈ Mi such that(αd, d) ∈ p(ei) for all (αd, d) ∈ p.

Now we can extendπ∗ to a full isomorphism of the structures (Mi∩Pω1α
η

i ,Mi∩

α
η

i , ∈) mappinge to the uniquee∗ such thatp(e) = p(e∗).

14



Finally we can extendπ∗ to πα by the usual trick employed in the previous
cases.

This completes the proof of the theorem. �

5.1 Faithful models

In this section assumeθ is inaccessible inW. The above characterization of iso-
morphism types forδ-guessing,δ-internally club models is not completely satis-
factory since it could be the case that two such modelsM0,M1 ≺ Wθ have the
same isomorphism type, are such thatκM0 = κM1 = κ andM0 ∩ κM = M1 ∩ κM but
for some cardinalλ ∈ M0 ∩ M1 \ κ, χM0(λ) = χM1(λ) andχM0 ↾ λ , χM1 ↾ λ. We
shall show that for 0-guessing models this cannot be the case, thus we would like
that this rigidity property of 0-guessing models holds alsofor arbitrary guessing
models. We shall see that in models ofMM there is a stationary set ofℵ1-guessing
models which have this rigidity property. Let

Gδκ = {M ≺Wθ : M is aδ-guessing model andκM = κ}

ForS stationary subset ofP(Wθ), let T(S) = {χM ↾ γ : M ∈ S, γ ∈ Card∩ M}.

Theorem 5.3. The following holds:

1. T(G0
κ) is a tree of functions ordered by end extension.

2. AssumeMM. Then there is S stationary subset ofGℵ1

ℵ2
∩IC

ℵ1 such that T(S)
is a tree of functions ordered by end extension.

We need the following definition. Given a set of ordinalsS such thatS is a
stationary subset of sup(S) let:

P∗(S) = {T ⊆ S : T is stationary in sup(S)}.

Definition 5.4. M ≺Wθ is anS -faithful modelif for all T ∈ P(S) ∩ M, T reflects
on sup(M ∩ S)) iff T ∈ P∗(S).

M ≺Wθ is aλ-faithful modelif M is Eℵ0
λ

-faithful.
M ≺Wθ is afaithful modelif M is Eℵ0

λ
-faithful for all regularλ ∈ M.

The following lemma motivates the definition of faithful models:

Lemma 5.5. Assume M0,M1 ≺ Wθ are λ-faithful models for some regularλ ∈
M0 ∩ M1 andχM0(λ) = χM1(λ). ThenχM0 ↾ λ = χM1 ↾ λ.
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Proof. Let {Sα : α < λ} ∈ M0 ∩ M1 be a partition ofEℵ0
λ

in stationary sets, then:

α ∈ Mi iff Mi |= Sα is stationary iff Sα reflects onχMi (λ)

Thus
Mi ∩ λ = {α : Sα reflects onχMi (λ)}

and we are done. �

Lemma 5.6. If M ≺Wθ is a 0-guessing model then M is a faithful model.

Proof. This follows from the fact thatM is isomorphic toWγ for someγ. �

By the two lemmas the first part of the theorem is proved. To prove the second
part of the theorem we proceed as follows:

Proof. Let in W
X =
⋃
{P∗(Eℵ0

λ
) : λ < θ is regular}

Fix also inW a family {Sα : α < ω1} of disjoint stationary subsets ofω1 such that
minSα ≥ α for all α and{Sα : α < ω1} is a maximal antichain onP(ω1)/NSω1.

Let � be Cohen forcing. InW[G] whereG is W-generic for� we define the
poset� as follows.

A conditionp ∈ � is a pair (fp, φp) such that:

• fp : α + 1→W∩ (Pω1Wθ)
W[G] is a continuos map.

• φp : α + 1→ X is such that for allη < ξ ≤ α:

ξ ∈ Sη iff sup(fp(ξ) ∩ supφp(η)) ∈ φp(η).

p ≤ q if fp extendsfq andφp extendsφq. We omit the proof of the following:

Lemma 5.7. The poset� = � ∗ �̇ is stationary set preserving and has theω1-
covering andω1-approximation properties.

By MM in W, there are stationarily manyN ≺ H(2θ)+ of sizeℵ1 which have a
generic filter for the poset� ∗ ��, where�� is theCCC-poset inW� used in the
proof of theorem 4.3. For any suchN we can check the following properties of
M = N ∩Wθ:

M ≺Wθ is anℵ1-guessing faithful model which is internally club.

This completes the proof of the second part of the theorem. �
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6 Applications of guessing models

We show that the failure of the weakest forms of square principle and the singular
cardinal hypothesis are simple byproduct of the existence of guessing models. In
particular the first application yields that the existence of a guessing models has
very large cardinal strength.

6.1 The failure of square principles

Recall the following definitions:

Definition 6.1. A sequence〈Cα | α ∈ Lim ∩ E ∩ λ〉 is called a�E(κ, λ)-sequence
if it satisfies the following properties.

(i) 0 < |Cα| < κ for all α ∈ Lim ∩ E ∩ λ,

(ii) C ⊂ α is club for allα ∈ Lim ∩ E ∩ λ andC ∈ Cα,

(iii) C ∩ β ∈ Cβ for all α ∈ Lim ∩ E ∩ λ, C ∈ Cα andβ ∈ Lim C,

(iv) there is no clubD ⊂ λ such thatD ∩ δ ∈ Cδ for all δ ∈ Lim D ∩ E ∩ λ.

We say that�E(κ, λ) holds if there exists a�E(κ, λ)-sequence.�(κ, λ) stands for
�λ(κ, λ).

Note that�τ,<κ implies�(κ, τ+) and that�(λ) is�(2, λ).
The theorem below is just a rephrasing using the notion of guessing models of

the results on the failure of square principles Weiss obtained assuming his ineffa-
bility property for thin lists (see [7]).

Theorem 6.2. Suppose there is aδ-guessing model M≺ Hθ for someδ < κM.
Then for everyλ < θ such thatcf λ ≥ κM, �cof(<κM )(κM , λ) fails.

Proof. Assume not. SinceM is aδ-guessing model,M is closed under countable
suprema, thusγ = sup(M∩λ) has uncountable cofinality. Pick a sequence〈Cα |α ∈
λ, cf(α) < κM〉 ∈ M witnessing�cof(<κM )(κM , λ). Since|Cξ| < κM for all ξ < λ,
Cξ ⊆ M for all ξ ∈ M. PickC ∈ Cγ. ThenC ∩ ξ ∈ Cξ ⊆ M for all ξ ∈ M which
are limit points ofC. SinceM is closed under countable suprema, there are club
many suchξ of countable cofinality inM. Now givenz ∈ M∩Pδλ, find ξ ∈ C∩M
above sup(z) andD ∈ Cξ such thatC ∩ ξ = D. ThenC ∩ z = D ∩ z ∈ M since
z,D ∈ M. ThusC is (δ,M)-approximated. SinceM is aδ-guessing model, there
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is E ∈ M be such thatC ∩ M = E. ThenM |= E is a club subset ofλ and for all
ξ ∈ M limit points of E, E ∩ ξ ∩ M = C ∩ ξ ∩ M = D ∩ M for someD ∈ Cξ.
This shows thatM models thatE is a counterexample to〈Cα | α ∈ λ〉 being a
�cof(<κM )(κM , λ)-sequence. �

6.2 A proof of SCH

We give a proof ofSCH assuming there areℵ1-internally unbounded,ℵ1-guessing
modelsM. This assumption is known to hold in all consistent cases.

We recall the following definition from [5]:

Definition 6.3. Supposeλ is a cardinal with cfλ = ω. D = 〈D(n, α) | n < ω, α <
λ+〉 is called astrong covering matrix onλ+ if

(i)
⋃

n<ω D(n, α) = α for all α < λ+,

(ii) D(m, α) ⊂ D(n, α) for all α < λ+ andm< n < ω,

(iii) for all α < α′ < λ+ there isn < ω such thatD(m, α) ⊂ D(m, α′) for all
m≥ n,

(iv) for all x ∈ Pω1λ
+ there isγx < λ

+ such that for allα ≥ γx there isn < ω
such thatD(m, α) ∩ x = D(m, γx) ∩ x for all m≥ n,

(v) |D(n, α)| < λ for all α < λ+ andn < ω.

The following simple facts are proved in the cited paper [5]:

Fact 6.4. Assumeλ > 2ℵ0 has countable cofinality. Then there is a strong cover-
ing matrixD onλ+.

Fact 6.5. Assume that for allλ > 2ℵ0 of countable cofinality, there is a strong
covering matrixD onλ+ andA unbounded subset ofλ+ such thatPω1A is covered
byD. ThenSCH holds.

Lemma 6.6. Supposeλ is a cardinal withcf λ = ω andD is a strong covering
matrix onλ+. Let θ be sufficiently large. Suppose M∈ Pω2Hθ is anℵ1-internally
unbounded model andD ∈ M. Then there is n< ω such that D(m, sup(M∩λ+))∩
x ∈ M for all x ∈ Pω1λ

+ ∩ M and m≥ n.
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Proof. Assume not and for eachn pick xn ∈ M ∩ Pω1λ
+ such thatD(n, sup(M ∩

λ+)) ∩ xn < M. Let x ∈ M be a countable set containing all thexn. x exists
sinceM is ℵ1-internally unbounded. Nowγx ∈ M by elementarity and thus there
is n0 such thatD(n, sup(M ∩ λ+)) ∩ x = D(n, γx) ∩ x ∈ M for all n ≥ n0. This
means thatD(n, sup(M ∩ λ+)) ∩ xn = (D(n, sup(M ∩ λ+)) ∩ x) ∩ xn ∈ M since
D(n, sup(M ∩ λ+)) ∩ x ∈ M andxn ∈ M. This is the desired contradiction. �

Theorem 6.7. Suppose that there are stationarily manyℵ1-guessing models M≺
Hθ which areℵ1-internally unbounded for all regularθ ≥ κ. ThenSCH holds.

Proof. Let λ be a cardinal with cfλ = ω. By [5] there exists a strong covering
matrix onλ+ and it suffices to show there is an unboundedA ⊂ λ+ such thatPω1A
is covered byD, that is, for allx ∈ Pω1A there isα < λ+ andn < ω such that
x ⊂ D(n, α).

Let θ be sufficiently large. Pick anℵ1-guessing modelM ≺ Hθ which is
ℵ1-internally unbounded and is also such thatD ∈ M. Pick a strong covering
matrixD ∈ M, and by proposition 2.1 we may assume cf sup(M ∩ λ+) ≥ ω1.
By Lemma 6.6 there isn′ < ω such thatD(m, sup(M ∩ λ+)) ∩ x ∈ M for all
x ∈ Pω1λ

+ ∩M andm≥ n′. As M is anℵ1-guessing model, this means that for all
m≥ n′ there isAm ∈ M such thatD(m, sup(M ∩ λ+)) = Am ∩ M.

Since cf sup(M ∩ λ+) ≥ ω1 and
⋃
{D(m, sup(M ∩ λ+)) |m< ω} = sup(M ∩ λ+)

there is ann < ω, n ≥ n′, such thatAn is unbounded in sup(M ∩ λ+). As An ∈ M,
this impliesAn is unbounded inλ+.

Let x ∈ M∩Pω1An. Thenx = An∩ x = D(n, sup(M ∩λ+))∩ x ⊆ D(n, sup(M∩
λ+)). ThusHθ models thatx is covered by someD(n, α). Sincex ∈ M, alsoM
models it. Since this occurs for an arbitraryx ∈ M ∩ Pω1X, M modelsPω1An is
covered byD, whence it really holds. �

7 Conclusions and open problems

We close this paper with a list of open problems and some guesses on their possi-
ble solutions:

1. Is it at all consistent that there areδ-guessing models which are notℵ1-
guessing for someδ > ℵ1? It seems reasonable to expect this is the case but
it is not clear what kind of forcing may achieve this.

2. Is it consistent that for a guessing modelM, κM is the successor of a singular
cardinal? I think that this shouldn’t be possible.
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3. AssumingPFA in W, Gℵ1
ℵ2

Wθ is stationary for all inaccessibleθ. Is it possi-
ble to build a transitive inner modelV of W such thatℵ2 is supercompact in
V? Note that this would be the case if inV, Gℵ0

ℵ2
Vθ is stationary for all inac-

cessibleθ. In [6] and [7] there are several positive partial answers when we
assume thatW is a forcing extension ofV. A possible attempt to overcome
this latter assumption would be to isolate in models ofMM some station-
ary subsetT of Gℵ1

ℵ2
Wθ, and then try to argue thatℵ2 is θ-supercompact in

L({M∩θ : M ∈ T}) or in some simple transitive class model ofZFC defined
using{M ∩ θ : M ∈ T} as a parameter to define it.
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