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The combinatorial essence of supercompactness✩
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Abstract

We introduce combinatorial principles that characterize strong compactness and
supercompactness for inaccessible cardinals but also makesense for successor car-
dinals. Their consistency is established from what is supposedly optimal. Utiliz-
ing the failure of a weak version of square, we show that the best currently known
lower bounds for the consistency strength of these principles can be applied.
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1. Introduction

It is a well-known theorem that a cardinalκ is weakly compact if and only if
it is inaccessible and theκ-tree property holds, that is, there are noκ-Aronszajn
trees. By [2], theω2-tree property can be forced from a weakly compact cardinal
and impliesω2 is weakly compact inL. The tree property thus captures the combi-
natorial essence of weak compactness, even for successor cardinals. Similarly, the
property that there is no specialκ-Aronszajn tree captures the essence of Mahlo,
see [3, (1.9)].

In the present work, we introduce principlesTP(κ, λ) and SP(κ, λ) as well
as ITP(κ, λ) and ISP(κ, λ) that achieve the same for strong compactness and su-
percompactness respectively. We present the ideals associated to the principles
ITP(κ, λ) andISP(κ, λ), prove the consistency ofISP(ω2, λ), the strongest of the
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principles, from aλ<κ-ineffable cardinal, and showITP(κ, λ) implies the failure of
a weak form of square, giving lower bounds on its consistencystrength.

Notation
The notation used is mostly standard. Ord denotes the class of all ordinals. For

A ⊂ Ord, LimA denotes the class of limit points ofA. Lim stands for Lim Ord. If
a is a set of ordinals, otpa denotes the order type ofa. For a regular cardinalδ,
cof δ denotes the class of all ordinals of cofinalityδ, and cof(< δ) denotes those
of cofinality less thanδ.

For forcings, we writep < q to meanp is stronger thanq. Names either carry
a dot above them or are canonical names for elements ofV, so that we can confuse
sets in the ground model with their names.

The phrasesfor large enoughθ and for sufficiently largeθ will be used for
saying that there exists aθ′ such that the sentence’s proposition holds for allθ ≥ θ′.

If κ ⊂ X, then

P′κX ≔ {x ∈ PκX | κ ∩ x ∈ Ord, 〈x, ∈〉 ≺ 〈X, ∈〉}

is club. Forx ∈ P′κX we setκx ≔ κ ∩ x. For f : PωX → PκX let Cl f ≔ {x ∈
PκX | ∀z ∈ Pωx f(z) ⊂ x}. Cl f is club, and it is well known that for any club
C ⊂ PκX there is anf : PωX→ PκX such that Clf ⊂ C.

If X ⊂ X′, R⊂ PκX, U ⊂ PκX′, then the projection ofU to X is U ↾ X ≔ {u∩
X | u ∈ U} ⊂ PκX and the lift ofR to X′ is RX′

≔ {x′ ∈ PκX′ | x′ ∩ X ∈ R} ⊂ PκX′.
For sections 2, 3, and 4,κ andλ are assumed to be cardinals,κ ≤ λ, andκ is

regular and uncountable.

2. Combinatorial principles for strong compactness and supercompactness

Let us call a sequence〈da | a ∈ Pκλ〉 a Pκλ-list if da ⊂ a for all a ∈ Pκλ.

Definition 2.1. Let D = 〈da | a ∈ Pκλ〉 be aPκλ-list.

• D is calledthin if there is a clubC ⊂ Pκλ such that|{da∩c | c ⊂ a ∈ Pκλ}| < κ
for everyc ∈ C.

• D is calledslenderif for every sufficiently largeθ there is a clubC ⊂ PκHθ
such thatdM∩λ ∩ b ∈ M for all M ∈ C and allb ∈ M ∩ Pω1λ.

1

1Note that this definition is slightly weaker than the one from[1] as “for all b ∈ M ∩ Pκλ” was
replaced by “for allb ∈ M ∩ Pω1λ.” However, the proofs in [1] work for this weaker definition and
the resulting stronger principleISP just the same.
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Proposition 2.2. Let D be a Pκλ-list. If D is thin, then it is slender.

Proof. Let C ⊂ Pκλ be a club that witnessesD = 〈da | a ∈ Pκλ〉 is thin. Define
g : C → PκHθ by g(c) ≔ {da ∩ c | c ⊂ a ∈ Pκλ}. Let C̄ ≔ {M ∈ CHθ | ∀b ∈
M ∩ Pκλ ∃c ∈ M ∩ C b ⊂ c, ∀c ∈ M ∩ C g(c) ⊂ M}. ThenC̄ is club. Let
M ∈ C̄ and b ∈ M ∩ Pω1λ. Then there isc ∈ M ∩ C such thatb ⊂ c, so
dM∩λ ∩ b = dM∩λ ∩ c ∩ b ∈ M asdM∩λ ∩ c ∈ g(c) ⊂ M. ThereforeC̄ witnesses
〈da | a ∈ Pκλ〉 is slender. �

Definition 2.3. Let D = 〈da | a ∈ Pκλ〉 be aPκλ-list andd ⊂ λ.

• d is called acofinal branch of Dif for all a ∈ Pκλ there isza ∈ Pκλ such that
a ⊂ za andd ∩ a = dza ∩ a.

• d is called anineffable branch of Dif there is a stationary setS ⊂ Pκλ such
thatd ∩ a = da for all a ∈ S.

Combining these two definitions, we can define the following four combinato-
rial principles.

Definition 2.4. • TP(κ, λ) holds if every thinPκλ-list has a cofinal branch.

• SP(κ, λ) holds if every slenderPκλ-list has a cofinal branch.

• ITP(κ, λ) holds if every thinPκλ-list has an ineffable branch.

• ISP(κ, λ) holds if every slenderPκλ-list has an ineffable branch.

Remark 2.5. The reader should note that the principleTP(κ, κ) is just the tree
property forκ. Also, if κ is an inaccessible cardinal, then everyPκλ-list is thin.
ThereforeTP(κ, λ) andSP(κ, λ) as well asITP(κ, λ) andISP(κ, λ) are equivalent
if κ is inaccessible. Furthermore this means an inaccessible cardinal κ is weakly
compact if and only ifTP(κ, κ) holds, and it is ineffable if and only ifITP(κ, κ)
holds.

Remark 2.6. The following implications hold.

1. ISP(κ, λ) impliesSP(κ, λ),
2. ISP(κ, λ) impliesITP(κ, λ),
3. ITP(κ, λ) impliesTP(κ, λ),
4. SP(κ, λ) impliesTP(κ, λ).
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We will see that 1 and 3 can not be reversed. For ifκ is a strongly compact cardinal
that is not supercompact, then by Theorem 2.9SP(κ, λ) holds for allλ ≥ κ, but
by Theorem 2.10 we have thatITP(κ, λ) cannot hold for allλ ≥ κ. This is also
true for smallerκ. One can show that the Mitchell collapse preservesSP(κ, λ).
However, by Theorem 5.7, if the Mitchell collapse produces amodel in which
ITP(κ, λ) holds, then also in the ground modelITP(κ, λ) holds, so that again col-
lapsing a strongly compact cardinal that is not supercompact yields a model in
which SP(κ, λ) holds butITP(κ, λ) fails. Furthermore implication 2 can not be re-
versed. This follows from the fact that the forcing axiomPFA(ΓΣ) from [4] can be
seen to implyITP(ω2, λ) for all λ ≥ ω2. The paper also shows thatPFA(ΓΣ) is con-
sistent with the approachability property holding forω1. It is easily seen that this
contradictsISP(ω2, ω2), so that in any model ofPFA(ΓΣ) + “the approachability
property holds forω1” ITP(ω2, λ) holds for allλ ≥ ω2 but ISP(ω2, ω2) fails.

Jech [5] was the first to consider generalizations of the concept of a tree to
Pκλ-lists. He gave the following characterization of strong compactness.

Theorem 2.7. The following are equivalent.

1. κ is strongly compact.
2. For everyλ ≥ κ, every Pκλ-list has a branch.

Shortly after, Magidor [6] extended Jech’s result to supercompactness with the
next theorem.

Theorem 2.8. The following are equivalent.

1. κ is supercompact.
2. For everyλ ≥ κ, every Pκλ-list has an ineffable branch.

By Remark 2.5 we can rephrase Theorems 2.7 and 2.8 in the following way.

Theorem 2.9. Supposeκ is inaccessible. Thenκ is strongly compact if and only
if TP(κ, λ) holds for everyλ ≥ κ.

Theorem 2.10. Supposeκ is inaccessible. Thenκ is supercompact if and only if
ITP(κ, λ) holds for everyλ ≥ κ.

The advantage of these new formulations is thatTP(κ, λ) andITP(κ, λ) are not
limited to inaccessible cardinals, as we will see in section5.
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3. The corresponding ideals

The principlesITP(κ, λ) and ISP(κ, λ) have ideals canonically associated to
them.

Definition 3.1. Let A ⊂ Pκλ and letD = 〈da | a ∈ Pκλ〉 be aPκλ-list. D is called
A-effable if for every S ⊂ A that is stationary inPκλ there area, b ∈ S such that
a ⊂ b andda , db ∩ a. D is calledeffable if it is Pκλ-effable.

Definition 3.2. We let

IIT [κ, λ] ≔ {A ⊂ Pκλ | there exists a thinA-effablePκλ-list},

IIS[κ, λ] ≔ {A ⊂ Pκλ | there exists a slenderA-effablePκλ-list}.

By FIT[κ, λ] andFIS[κ, λ] we denote the filters associated toIIT[κ, λ] and IIS[κ, λ]
respectively.

Note thatITP(κ, λ) and ISP(κ, λ) now say thatIIT[κ, λ] and IIS[κ, λ] are proper
ideals respectively. By Proposition 2.2 we haveIIT [κ, λ] ⊂ IIS[κ, λ].

Proposition 3.3. IIT[κ, λ] and IIS[κ, λ] are normal ideals on Pκλ.

Proof. SupposeD ⊂ Pκλ andg : D → λ is regressive. SetAγ ≔ g−1′′{γ}. Let
f : λ × λ → λ be bijective, and definefα1 : λ → λ by fα1(α0) ≔ f (α0, α1). We
show that ifAγ ∈ IIT[κ, λ] for all γ < λ, thenD ∈ IIT[κ, λ], and that ifAγ ∈ IIS[κ, λ]
for all γ < λ, thenD ∈ IIS[κ, λ].

In the thin case, that is, ifAγ ∈ IIT [κ, λ] for all γ < λ, let 〈dγa | a ∈ Pκλ〉 be a thin
Aγ-effablePκλ-list for γ < λ. Let Cγ ⊂ Pκλ be a club witnessing〈dγa | a ∈ Pκλ〉 is
thin. SetC ≔ ∆γ<λCγ. We may assume that for alla ∈ C and allα0, α1 < λ

f (α0, α1) ∈ a↔ α0, α1 ∈ a. (1)

Fora ∈ C ∩ D set
da ≔ f ′′g(a)d

g(a)
a ,

and setda ≔ ∅ for a ∈ Pκλ − (C ∩ D). If c ∈ C anda ∈ C ∩ D are such thatc ⊂ a
andg(a) < c, then

da ∩ c = ∅. (2)

For if g(a) < c, then by (1) we haveda∩c = f ′′g(a)d
g(a)
a ∩c ⊂ rng fg(a)∩c = ∅. Thus for

fixedc ∈ C we have{da∩c | c ⊂ a ∈ C∩D} ⊂ { f ′′γ dγa∩c | γ ∈ c, c ⊂ a ∈ C∩Aγ}∪{∅}.
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For γ ∈ c we havec ∈ Cγ and thus, asCγ witnesses〈dγa | a ∈ Pκλ〉 is thin,
|{dγa ∩ c | c ⊂ a ∈ C∩Aγ}| < κ. Therefore|{da∩ c | c ⊂ a ∈ Pκλ}| < κ, which shows
〈da | a ∈ Pκλ〉 is thin.

If Aγ ∈ IIS[κ, λ] for all γ < λ, let 〈dγa | a ∈ Pκλ〉 be a slenderAγ-effablePκλ-list
for γ < λ. Let Cγ ⊂ P′κHθ be a club witnessing〈dγa | a ∈ Pκλ〉 is slender, whereθ
is some large enough cardinal. SetC ≔ ∆γ<λCγ. We can again assume that for all
M ∈ C andα0, α1 < λ f (α0, α1) ∈ M ↔ α0, α1 ∈ M. In addition, we may require
that

〈M, ∈, f ↾ (M × M)〉 ≺ 〈Hθ, ∈, f 〉 (3)

for everyM ∈ C. As above we defineda ≔ f ′′g(a)d
g(a)
a for a ∈ (C ↾ λ) ∩ D and let

da ≔ ∅ otherwise. By the same argument that led to (2), we have

da ∩ b = ∅ (4)

if b ∈ Pκλ, a ∈ (C ↾ λ) ∩ D, b ⊂ a, andg(a) < b. To show〈da | a ∈ Pκλ〉 is slender,
let M ∈ C andb ∈ M∩Pω1λ. Seta≔ M∩λ. If M < D, thenda∩b ⊂ da = ∅ ∈ M,
so assumeM ∈ D. Thenda ∩ b = f ′′g(a)d

g(a)
a ∩ b = f ′′g(a)(d

g(a)
a ∩ f −1

g(a)
′′
b). If g(a) < b,

then by (4)da ∩ b = ∅ ∈ M, so supposeg(a) ∈ b. Then f −1
g(a)
′′
b = b, so by the

slenderness of〈dg(a)
ã | ã ∈ Pκλ〉 we havedg(a)

a ∩ f −1
g(a)
′′
b ∈ M. Thus, asg(a) ∈ b ⊂ M,

by (3)da ∩ b = f ′′g(a)(d
g(a)
a ∩ f −1

g(a)
′′
b) ∈ M.

In both cases we arrived at aPκλ-list 〈da | a ∈ Pκλ〉 such that for a clubC ⊂ Pκλ
that is closed underf and f −1 we have

da = f ′′g(a)d
g(a)
a

for everya ∈ C∩ D, andda = ∅ for a ∈ Pκλ − (C∩ D). Suppose thatD < IIT[κ, λ]
for the thin case orD < IIS[κ, λ] for the slender case. Then there areS ⊂ C ∩ D
stationary inPκλ andd ⊂ λ such thatda = d∩a for all a ∈ S. Sinceg is regressive
we may assumeS ⊂ Aγ for someγ < λ. But then ford̃ ≔ f −1

γ

′′
d anda ∈ S it

holds that

dγa = f −1
γ

′′
f ′′γ dγa = f −1

γ

′′
da = f −1

γ

′′
(d∩ a) = f −1

γ

′′
d ∩ f −1

γ

′′
a = d̃ ∩ a,

contradicting〈dγa | a ∈ Pκλ〉 being effable. �

It is standard to verify that ifλ < λ′, thenIIT[κ, λ] ⊂ {A′ ↾ λ | A′ ∈ IIT [κ, λ′]}
andIIS[κ, λ] ⊂ {A′ ↾ λ | A′ ∈ IIS[κ, λ′]}. This implies the following proposition.
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Proposition 3.4. Supposeλ ≤ λ′. ThenITP(κ, λ′) impliesITP(κ, λ), andISP(κ, λ′)
impliesISP(κ, λ).

It is easy to check cofω ∩ κ ∈ IIT[κ, κ]. The following theorem is the two
cardinal analog of this observation.

Theorem 3.5. Supposecf λ ≥ κ. Then

{a ∈ Pκλ | Lim a∩ cofω ⊂ a} ∈ FIT[κ, λ].

Proof. Let A ≔ {a ∈ Pκλ | ∃ηa ∈ Lim a− a cf ηa = ω} and fora ∈ A let ηa be a
witness. Forδ ∈ cofω ∩ λ let 〈dδν | ν < τδ〉 be an enumeration of{d ⊂ δ | otpd =
ω, supd = δ}. Fora ∈ Pκλ andδ ∈ Lim a∩ cofω let

νδa ≔ min{ν < τδ | sup(dδν ∩ a) = δ}.

Fora ∈ A set
da ≔ dηa

ν
ηa
a
∩ a,

and fora ∈ Pκλ − A let da ≔ ∅.
Then〈da | a ∈ Pκλ〉 is A-effable, for suppose there were a cofinalU ⊂ A and a

d ⊂ λ such thatda = d ∩ a for all a ∈ U. Let a ∈ U. Since cfλ ≥ κ there exists
b ∈ U such thata∪Lim a ⊂ b. But then otp(db∩a) < ω, contradictingdb∩a = da.
〈da | a ∈ Pκλ〉 is also thin, for leta ∈ Pκλ. Let

Ba ≔ {d
δ

νδa
∩ a | δ ∈ Lim a∩ cofω} ∪ Pωa.

Then|Ba| < κ. Let b ∈ A with a ⊂ b, and supposedb ∩ a < Pωa. Sincea ⊂ b, we
haveνδb ≤ ν

δ
a for all δ ∈ Lim a ∩ cofω. Because|db ∩ a| = ω we also have that

dηb
ν
ηb
b

∩ a = db ∩ a is unbounded inηb. Thereforeνηba ≤ ν
ηb
b , so thatνηba = ν

ηb
b . But

this meansdb ∩ a = dηb
ν
ηb
a
∩ a ∈ Ba. �

Whenκ is inaccessible, the filterFIT[κ, λ] has some additional simple but help-
ful properties. These will be used in section 5.

Proposition 3.6. Let κ be inaccessible. Then

{a ∈ P′κλ | κa inaccessible} ∈ FIT[κ, λ].
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Proof. As κ is inaccessible,{a ∈ P′κλ | κa strong limit} is club. So it remains to
showA≔ {a ∈ P′κλ | κa singular} ∈ IIT [κ, λ]. SupposeA < IIT [κ, λ], and fora ∈ A
let da ⊂ a be such that supda = κa, otpda = cf κa. Then there exists a stationary
S ⊂ A such thatda = d ∩ a for all a ∈ S. We may assumeκa = δ for someδ < κ
and alla ∈ S. But if a, b ∈ S are such thata ⊂ b andκa < κb, then otpdb > δ, a
contradiction. �

Proposition 3.7. Let κ be inaccessible. Let g: Pκλ→ Pκλ. Then

{a ∈ P′κλ | ∀z ∈ Pκaa g(z) ⊂ a} ∈ FIT[κ, λ].

Proof. Suppose not. Then

B≔ {a ∈ P′κλ | ∃za ∈ Pκaa g(za) 1 a} < IIT [κ, λ].

So letS ⊂ B be stationary andz ⊂ λ be such thatza = z∩ a for all a ∈ S. For all
a ∈ S we haveµa ≔ |za| < κa, so there are a stationaryS′ ⊂ S andµ < κ such that
µa = µ for all a ∈ S′.

Suppose|z| > µ. Then there isy ⊂ z such that|y| = µ+ < κ. But S′′ ≔ {a ∈
S′ | y ⊂ a} is stationary and for everya ∈ S′′ we haveza = z∩ a ⊃ y ∩ a = y,
which impliesµ = µa = |za| ≥ |y| = µ+, a contradiction.

SinceS′ is cofinal, there is ana ∈ S′ such thatz∪ g(z) ⊂ a. But thenza =

z∩ a = z andg(za) = g(z) ⊂ a, so thata < B, contradictingS′ ⊂ B. �

4. The failure of a weak version of square

We define a weak variant of the square principle that is natural for our appli-
cation. It is a “threaded” version of Schimmerling’s two cardinal square principle
that is only defined on a subsetE of λ.

Definition 4.1. A sequence〈Cα | α ∈ Lim ∩ E ∩ λ〉 is called a�E(κ, λ)-sequence
if it satisfies the following properties.

(i) 0 < |Cα| < κ for all α ∈ Lim ∩ E ∩ λ,
(ii) C ⊂ α is club for allα ∈ Lim ∩ E ∩ λ andC ∈ Cα,

(iii) C ∩ β ∈ Cβ for all α ∈ Lim ∩ E ∩ λ, C ∈ Cα andβ ∈ Lim C,
(iv) there is no clubD ⊂ λ such thatD ∩ δ ∈ Cδ for all δ ∈ Lim D ∩ E ∩ λ.
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We say that�E(κ, λ) holds if there exists a�E(κ, λ)-sequence.�(κ, λ) stands for
�λ(κ, λ).

Note that�τ,<κ implies�(κ, τ+) and that�(λ) is�(2, λ).

Theorem 4.2. Supposecf λ ≥ κ and�cof(<κ)(κ, λ) holds. Then¬ITP(κ, λ).

Proof. Let A ≔ {a ∈ Pκλ | Lim a ∩ cofω ⊂ a}. By Theorem 3.5,A ∈ FIT[κ, λ].
So it remains to showA ∈ IIT [κ, λ]. We may assume supa < a for all a ∈ A. Let
〈Cγ | γ ∈ Lim∩cof(< κ)∩λ〉 be a�cof(<κ)(κ, λ)-sequence. Forγ ∈ Lim∩cof(< κ)∩λ
let Cγ ∈ Cγ, and setda ≔ Csupa ∩ a for a ∈ A, otherwiseda ≔ ∅. Then, since
Lim a∩ cofω ⊂ a,

supda = supa (5)

for everya ∈ A.
〈da | a ∈ Pκλ〉 is thin, for leta ∈ Pκλ. Set

Ba ≔ {(C ∩ a) ∪ h | ∃η ∈ Lim a C ∈ Cη, h ∈ Pωa} ∪ Pωa.

Then|Ba| < κ. Letb ∈ A, a ⊂ b, and supposedb∩a < Pωa. Letη ≔ max Lim(db∩

a). Thenη ∈ Lim Csupb, so there is aC ∈ Cη such thatdb∩η = Csupb∩b∩η = C∩b,
sodb∩a∩η = C∩a. Since|db∩a−η| < ω, this meansdb∩a = (C∩a)∪(db∩a−η) ∈
Ba.
〈da | a ∈ Pκλ〉 is alsoA-effable. For suppose there were a cofinalU ⊂ A and

d ⊂ λ such thatda = d ∩ a for all a ∈ U. Thend is unbounded inλ by (5). Let
δ ∈ Lim d∩ cof(< κ)∩ λ. We will showd∩ δ ∈ Cδ, which contradicts the fact that
〈Cα | α ∈ Lim ∩ cof(< κ) ∩ λ〉 is a�cof(<κ)(κ, λ)-sequence, thus finishing the proof.
For everya ∈ U such thatδ ∈ Lim(d ∩ a) we haveCsupa ∩ a = da = d ∩ a, and
thusδ ∈ Lim Csupa, so that there is aCa ∈ Cδ such thatd ∩ a ∩ δ = Ca ∩ a. But
since|Cδ| < κ, there is a cofinalU′ ⊂ {a ∈ U | δ ∈ Lim(d ∩ a)} such thatCa = C
for someC ∈ Cδ and alla ∈ U′. But then we haved∩ δ∩ a = C∩ a for all a ∈ U′,
which meansd ∩ δ = C ∈ Cδ. �

As a corollary, we get a well-known result originally due to Solovay [7].

Corollary 4.3. Supposeκ is supercompact. Then¬�cof(<κ)(κ, λ) for all κ ≤ λ with
cf λ ≥ κ. In particular¬�(λ) for all λ ≥ κ with cf λ ≥ κ.

Proof. This follows directly from Theorem 2.10 and Theorem 4.2. �
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5. Consistency results

Definition 5.1. Let V ⊆W be a pair of transitive models ofZFC.

• (V,W) satisfies theµ-covering property if the classPV
µV is cofinal inPW

µ V,
that is, for everyx ∈ W with x ⊂ V and|x| < µ there isz ∈ PV

µV such that
x ⊂ z.

• (V,W) satisfies theµ-approximation property if for allx ∈ W, x ⊂ V, it
holds that ifx∩ z ∈ V for all z ∈ PV

µV, thenx ∈ V.

A forcingP is said to satisfy theµ-covering property or theµ-approximation prop-
erty if for everyV-genericG ⊂ P the pair (V,V[G]) satisfies theµ-covering prop-
erty or theµ-approximation property respectively.

The following theorem was originally discovered by Mitchell [2]. We cite [8],
where it is presented in the more modern way we use. The readershould note we
use the convention that conditions are only defined on their support.

Theorem 5.2. Let κ be inaccessible,τ < κ be regular and uncountable. Then
there exists an iteration〈Pν | ν ≤ κ〉 such that forcing withPκ preserves all car-
dinals less than or equal toτ, ‖−κ κ = τ+ and forη = 0 and every inaccessible
η ≤ κ

(i) Pη is the direct limit of〈Pν | ν < η〉 andη-cc,
(ii) if Pκ = Pη ∗ Q̇, then‖−η Q̇ satisfies theω1-approximation property,
(iii) for everyν < η, Pν is definable in Hη from the parametersτ andν,
(iv) Pη satisfies theω1-covering property.

The next is a standard lemma which we will need.

Lemma 5.3. Letκ > ω be regular,Pκ be the direct limit of an iteration〈Pν | ν < κ〉.
SupposePκ is κ-cc. Let p∈ Pκ and ẋ ∈ VPκ such that p‖− ẋ ∈ PκV. Then there is
ρ < κ such that p‖− ẋ ∈ V[Ġρ].

Recall from [5] thatκ is calledλ-ineffable if every Pκλ-list has an ineffable
branch.

Theorem 5.4. Let κ, λ be cardinals,τ regular uncountable,τ < κ ≤ λ, and
〈Pν | ν ≤ κ〉 be an iteration such that for all inaccessibleη ≤ κ

(i) Pη is the direct limit of〈Pν | ν < η〉 andη-cc,

10



(ii) if Pκ = Pη ∗ Q̇, then‖−η Q̇ satisfies theω1-approximation property,
(iii) for everyν < η, Pν is definable in Hη from the parametersτ andν,
(iv) Pη satisfies theω1-covering property.

Supposeκ is λ<κ-ineffable. Then‖−κ ISP(κ, λ).

Proof. Let G ⊂ Pκ beV-generic and work inV[G]. Let 〈da | a ∈ Pκλ〉 be a slender
Pκλ-list, and letC′ ⊂ PκHθ be a club witnessing the slenderness of〈da | a ∈ Pκλ〉
for some large enoughθ.

For x ∈ Pκλ by Lemma 5.3 there isρx < κ such thatx ∈ V[Gρx]. Thus
C ≔ {M ∈ C′ | ∀x ∈ Pκλ ∩ M ρx ∈ M} is such thatPκλ ∩ M ⊂ V[GκM ] for all
M ∈ C.

Let σ ≔ (λ<κ)V. Let M̄ ∈ V be such thatM̄ ≺ HV
θ
, λ ∪ PV

κ λ ⊂ M̄, |M̄|V = σ.
Let C0 ≔ C ↾ M̄. SincePκ is κ-cc, there is aC1 ∈ V such thatC1 ⊂ C0 and
V |= C1 ⊂ PκM̄ club.

Let

E ≔ {M ∈ C1 | τ < κM , κM inaccessible inV, PV
τ (M ∩ λ) ⊂ M}.

Claim 5.4.1. If M ∈ E, then dM∩λ ∈ V[GκM ].

Proof. Let z ∈ P
V[GκM ]
ω1 (M ∩ λ). PκM satisfies theω1-covering property by (iv), so

there isb ∈ PV
ω1

(M ∩ λ) such thatz ⊂ b. Let M′ ∈ C be such thatM = M′ ∩ M̄.
Thenb ∈ M ⊂ M′. Therefore, by the slenderness of〈da | a ∈ Pκλ〉, dM∩λ ∩ b =
dM′∩λ∩b ∈ Pκλ∩M′ ⊂ V[GκM′ ] = V[GκM ] and thusdM∩λ∩z= dM∩λ∩b∩z ∈ V[GκM ].

Let Pκ = PκM ∗ Q̇. ThenQ̇GκM satisfies theω1-approximation property by (ii),
so sincez was arbitrary we getdM∩λ ∈ V[GκM ]. ⊣

ForM ∈ E we havePκM ⊂ M by (i) and (iii). By Claim 5.4.1 there iṡdM ∈ VPκM

such thatḋ
GκM
M = dM∩λ. Let

DM ≔ {〈p, α, n〉 | p ∈ PκM , α ∈ M∩λ, (n = 0∧p ‖−κM α < ḋM)∨(n = 1∧p ‖−κM α ∈ ḋM)}.

Then〈DM | M ∈ E〉 ∈ V andDM ⊂ M.
Work in V. Let f : M̄ → σ be a bijection. Ifλ > κ, additionally choosef

such thatf ↾ κ = id ↾ κ. If κ = λ, then{M ∈ C1 | f ′′M = κM} is club, and we may
assume it isC1. By Propositions 3.6 and 3.7

F ≔ {m∈ P′κσ | κm inaccessible, Pτ(m∩ f ′′λ) ⊂ m} ∈ FIT[κ, σ].
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As κ isσ-ineffable, there exist a stationaryS′ ⊂ F andd′ ⊂ σ such thatf ′′D f −1′′m =

d′ ∩ m for all m ∈ S′ such thatf −1′′m ∈ E. But E = { f −1′′m | m ∈ F} ∩ C1 by
our choice of f or the additional assumption onC1, so forS ≔ { f −1′′m | m ∈
S′ ∩ F} ∩C1 and forD ≔ f −1′′d′ we haveDM = D ∩ M for all M ∈ S.

Back inV[G], let T ≔ S ↾ λ and

d≔ {α < λ | ∃p ∈ G 〈p, α, 1〉 ∈ D}.

Claim 5.4.2. If a ∈ T, then da = d ∩ a.

Proof. If a ∈ T, then a = M ∩ λ for someM ∈ S. But then forα ∈ a, if
α ∈ da = dM∩λ = ḋ

GκM
M , then there isp ∈ GκM such thatp ‖−κM α ∈ ḋM. Thus

〈p, α, 1〉 ∈ DM = D ∩ M, so thatα ∈ d by the definition ofd.
By the same argument, ifα < da, thenα < d. ⊣

T is stationary inV, so it is also stationary inV[G] sincePκ is κ-cc. Therefore, by
Claim 5.4.2,〈da | a ∈ Pκλ〉 is not effable. �

Note that ifκ is λ-ineffable and cfλ ≥ κ, then by [9] it follows thatλ<κ = λ. So in
this case, Theorem 5.4 showsISP(κ, λ) is forced from the more natural condition
thatκ is λ-ineffable.

Corollary 5.5. If the theoryZFC + “there is an ineffable cardinal” is consistent,
then the theoryZFC + ISP(ω2, ω2) is consistent.

Proof. Takingτ = ω1, this follows immediately from Theorem 5.2, Theorem 5.4,
and Remark 2.5. �

Corollary 5.6. If the theoryZFC + “there exists a supercompact cardinal” is con-
sistent, then the theoryZFC + “ ISP(ω2, λ) holds for everyλ ≥ ω2” is consistent.

Proof. This follows from Theorems 5.2, 5.4, and 2.10. �

In Corollaries 5.5 and 5.6,ω2 only serves as the minimal cardinal for which the
theorems hold true. One can of course take successors of larger regular cardinals
instead.

It is worth noting that, when using the Mitchell forcing fromTheorem 5.2,
Corollary 5.6 and, when cfλ ≥ κ, Theorem 5.4 were best possible, as shows the
next theorem. Its proof can be found in [1, Theorem 2.3.5] or [10], where similar
“pull back” theorems are used in a more general setting.
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Theorem 5.7. Let V⊂W be a pair of models ofZFC that satisfies theκ-covering
property and theτ-approximation property for someτ < κ, and supposeκ is inac-
cessible in V. Then

PW
κ λ − PV

κ λ ∈ IW
IT [κ, λ],

which furthermore implies

FV
IT[κ, λ] ⊂ FW

IT [κ, λ].

So in particular, if W|= ITP(κ, λ), then V|= ITP(κ, λ).

We proceed to give lower bounds on the consistency strength of our combina-
torial principles. We first consider the one cardinal variant, showing Corollary 5.5
was best possible.

The next lemma is usually only given in its weaker version whereκ is required
to be weakly compact.

Lemma 5.8. Supposeκ is regular uncountable and the tree property holds forκ.
Let A⊂ κ. If A ∩ α ∈ L for all α < κ, then A∈ L.

Proof. Let δ ≔ κ + ω. By [2, Proposition 5.3],κ is inaccessible inL[A]. By the
usual argument, one proves there exists a nonprincipalκ-complete ultrafilterU on
PL[A]κ ∩ Lδ[A], see [2, Proof of Theorem 5.9]. LetM be the transitive collapse of
the internal ultrapower ofLδ[A] by U, and letj : Lδ[A] → M be the corresponding
embedding. Thenj has critical pointκ. As Lδ[A] |= V = L[A], we haveM |= V =
L[ j(A)], so M = Lγ[ j(A)] for some limit ordinalγ ≥ δ. It holds thatLδ[A] |=
∀α < κ A ∩ α ∈ L, so Lγ[ j(A)] |= ∀α < j(κ) j(A) ∩ α ∈ L, so in particular
Lγ[ j(A)] |= A = j(A) ∩ κ ∈ L. Therefore reallyA ∈ L. �

Theorem 5.9. Supposeκ is regular and uncountable. IfITP(κ, κ) holds, then L|=
κ is ineffable.

Proof. Again by [2, Proposition 5.3],κ is inaccessible inL.
Let 〈dα | α < κ〉 ∈ L. Then{dα ∩ β | α ≤ κ} ⊂ PLβ. So〈da | a ∈ Pκλ〉, where

da = ∅ if a < κ, is thin as|PLβ| < κ. Thus byITP(κ, κ) there is ad ⊂ κ such that
dα = d ∩ α for stationarily manyα < κ. This also meansd ∩ γ ∈ L for all γ < κ.
Therefored ∈ L by Lemma 5.8. Since{α < κ | dα = d ∩ α} ∈ L is also stationary
in L, the proof is finished. �
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The best known lower bounds for the consistency strength ofITP(κ, λ) are de-
rived from the failure of square. The following theorem is due to Jensen, Schim-
merling, Schindler, and Steel [11].

Theorem 5.10. Supposeλ ≥ ω3 is regular such thatηω < λ for all η < λ. If
¬�(λ) and¬�λ, then there exists a sharp for a proper class model with a proper
class of strong cardinals and a proper class of Woodin cardinals.

Corollary 5.11. The consistency ofZFC + “there is a κ+-ineffable cardinalκ”
implies the consistency ofZFC + “there is a proper class of strong cardinals and
a proper class of Woodin cardinals.”

Proof. If κ is κ+-ineffable, then it is inaccessible and thusηω < κ for all η < κ. By
Proposition 3.4,ITP(κ, κ) holds. By Theorem 4.2,ITP(κ, κ) andITP(κ, κ+) imply
¬�(κ) and¬�(κ+), so by Theorem 5.10 there is an inner model with a proper class
of strong cardinals and a proper class of Woodin cardinals. �

Corollary 5.12. Supposeκ is regular uncountable andλ ≥ ω3 is such thatcf λ ≥
κ andηω < λ for all η < λ. If ITP(κ, λ+) holds, then there exists an inner model
with a proper class of strong cardinals and a proper class of Woodin cardinals.

Proof. This follows from Proposition 3.4, Theorem 4.2, and Theorem5.10. �

6. Conclusion

The reader will have noted that one could also define principles corresponding
to λ-almost ineffability. However, by [12]λ-ineffability andλ-almost ineffability
both characterize supercompactness, so that considering these principles does not
seem to give any new insights.

The main motivation behind the principles we considered is of course the quest
for an inner model for a supercompact cardinal. So far the most interesting applica-
tions of the principles can be found in [10], which shows the following. Suppose
κ is an inaccessible cardinal andP is an iteration of forcings of size less thanκ
that takes direct limits stationarily often. IfP forcesPFA andκ = ω2, thenκ is
strongly compact. IfP is additionally required to be proper, thenκ is necessarily
supercompact. As this is the only known means of constructing models ofPFA
from large cardinal assumptions, it gives strong heuristicevidence on the lower
bound of the consistency strength ofPFA.
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