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RECENT PROGRESS ON SINGULARITIES OF
LAGRANGIAN MEAN CURVATURE FLOW

ANDRE NEVES

Dedicated to Professor Richard Schoen on his sixtieth birthday.

ABSTRACT. We survey some of the state of the art regarding singu-
larities in Lagrangian mean curvature flow. Some open problems are
suggested at the end.
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1. INTRODUCTION

Since Yau’s solution to the Calabi Conjecture, Calabi-Yau manifolds and
minimal Lagrangians (called special Lagrangians) have acquired a central
role in Geometry and Mirror Symmetry over the last 30 years. Unfor-
tunately, the most basic question one can ask about special Lagrangians,
whether they exist in a given homology or Hamiltonian isotopy class, is still
largely open. Special Lagrangians are area-minimizing and so one could
approach the existence problem by trying to minimize area among all La-
grangians in a given class. Schoen—Wolfson [25] studied the minimization
problem and showed that, when the real dimension is four, a Lagrangian
minimizing area among all Lagrangians in a given class exists, is smooth ev-
erywhere except finitely many points, but not necessarily a minimal surface.
Later Wolfson [42] found a Lagrangian sphere ¥ with nontrivial homology
on a given K3 surface for which the Lagrangian which minimizes area among
all Lagrangians homologous to X is not a special Lagrangian and the surface
which minimizes area among all surfaces homologous to ¥ is not Lagrangian.
This shows the subtle nature of the problem and that variational methods
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2 Recent Progress on Singularities of LMCF

do not seem to be very effective. For this reason there has been increased
interest in evolving a given Lagrangian submanifold by the gradient flow for
the area functional (Lagrangian mean curvature flow) and hope to obtain
convergence to a special Lagrangian.

Initially there was a source of optimism and, under the assumption that
the tangent planes of the initial Lagrangian lie in some convex subset of
the Grassmanian bundle, Smoczyk, Tsui, and Wang [30, 32} 36 [37] proved
that the Lagrangian mean curvature flow exists for all time and converge to
a special Lagrangian. Similar results were also obtained in the symplectic
or graphical setting by Chen, Li, Smoczyk, Tian, Tsui, and Wang [IT, 30,
31, 32, 34}, 135], 36, 37, B8]. Unfortunately, the minimal surfaces which were
produced by this method were already known to exist which means that,
in order to find new special Lagrangians, one should drop the convexity
assumptions on the image of the Gauss map. The drawback in doing so
is that long-time existence can no longer be assured and, as a matter of
fact, the author showed [20] that finite-time singularities do occur for very
“well-behaved” initial conditions.

Theorem 1.1. There is L C C? Lagrangian, asymptotic to two planes at
infinity, and with arbitrarily small oscillation of the Lagrangian angle so
that the solution to mean curvature flow develops finite time singularities.

These examples all live in C? and so it was a natural open question
whether, in a compact Calabi-Yau, one could have “good” initial condi-
tions which develop finite time singularities under the flow. As a matter of
fact, Thomas and Yau [33] proposed a notion of “stability” for the flow (see
either [33] or [23] for the details) and conjectured that Lagrangian mean cur-
vature flow of “stable” initial conditions will exist for all time and converges
to a special Lagrangian. Unfortunately, their stability condition is in general
hard to check and it seems to be a highly nontrivial statement the existence
of Lagrangians which are “stable” in their sense and not special Lagrangian.
Thus Wang [39] simplified the Thomas-Yau conjecture to become

Conjecture. Let L be a Lagrangian in a Calabi-Yau manifold which is
embedded and Hamiltonian isotopic to a special Lagrangian . Then the
Lagrangian mean curvature flow exists for all time and converges to X.

Schoen and Wolfson [26] constructed solutions to Lagrangian mean curva-
ture flow which become singular in finite time and where the initial condition
is homologous to a special Lagrangian. On the other hand, we remark that
the flow does distinguish between isotopy class and homology class. For in-
stance, on a two dimensional torus, a curve v with a single self intersection
which is homologous to a simple closed geodesic will develop a finite time
singularity under curve shortening flow while if we make the more restrictive
assumption that ~ is isotopic to a simple closed geodesic, Grayson’s The-
orem [I3] implies that the curve shortening flow will exist for all time and
sequentially converge to a simple closed geodesic.

To this end, the author has recently shown [23, Theorem A] that Wang’s
conjecture is false.

Theorem 1.2. Let M be a four real dimensional Calabi-Yau and ¥ an
embedded Lagrangian. There is L Hamiltonian isotopic to ¥ so that the
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Lagrangian mean curvature flow starting at L develops a finite time singu-
larity.

In any case the upshot is that it will be hard to avoid singularities for La-
grangian mean curvature flow and so it is important to understand how sin-
gularities form if one expects to use the flow to produce special Lagrangians.
The subject is still in its infancy and so the purpose of this survey it to col-
lect some the basic techniques that have been used to tackle singularity
formation and exemplify how they can be applied in simple cases. For more
on long time existence and convergence results the reader is encouraged to
read [39] [40].

Acknowledgements: The author would like to express his gratitude to
Dominic Joyce for extensive comments that improved tremendously this
survey.

2. PRELIMINARIES

Let J and w denote, respectively, the standard complex structure on C"
and the standard symplectic form on C™. We consider the closed complex-
valued n-form given by

Q=dz1 A... Ndzy,

and the Liouville form given by

A= Z xidy; — yidx;, dA = 2w,
i=1
where z; = x; + 4y; are complex coordinates of C". We set
Bs={zeC"||z| < S} and A(R,S)={zeC"|R<|z|< S}

Given f € C1(C"), Df denotes its gradient in C" and Vf its gradient in L.
A smooth n-dimensional submanifold L in C" is said to be Lagrangian if
wr, = 0 and a simple computation shows that

Q= evoly,

where voly, denotes the volume form of L and 6 is some multivalued function
called the Lagrangian angle. When the Lagrangian angle is a single valued
function the Lagrangian is called zero-Maslov class and if

cosf > ¢

for some positive ¢, then L is said to be almost-calibrated. Furthermore, if
0 = 0y, then L is calibrated by

Re (e—“’m)

and hence area-minimizing. In this case, L is referred as being special La-
grangian.

For a smooth Lagrangian, the relation between the Lagrangian angle and
the mean curvature is given by the following remarkable property (see for
instance [33])

H = JVé.

A Lagrangian Lg is said to be rational if for some real number a
A (Hl(Lo,Z» = {GQkﬂ' ‘ ke Z}
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Any Lagrangian having H;(Lo,Z) finitely generated can be perturbed in
order to become rational and so this condition is not very restrictive. When
a = 0 the Lagrangian is called ezact and this means there is § € C°°(Lg) for
which dB = A. Furthermore, if Lg is also zero-Maslov class, it was shown in
[20, Section 6] that the rational condition is preserved by Lagrangian mean
curvature flow.

Let Lo be a smooth Lagrangian in C" with area ratios bounded above,
meaning there is Cy so that

H"(Lo N Br(z)) < CoR™ for all R > 0 and z € C".

Under suitable conditions, bounded area ratios, Lagrangian, zero-Maslov
class, and almost-calibrated are conditions which are preserved by the flow.
All solutions to Lagrangian mean curvature flow considered in this survey
are assumed to have polynomial area growth, bounded Lagrangian angle,
and a primitive for the Liouville form with polynomial growth as well.

A submanifold L of Euclidean space is called a self-expander if H = x /2
and what this means is that M; = tM is a smooth solution to mean
curvature flow for all ¢ > 0. If L is an exact and zero-Maslov class Lagrangian
in C™ then

ol
H = -5 = 2JVO=—-JV3 = V(5+20)=0

and so 8 + 26 is constant.
Given any (z9,T) in R?" x R, we consider the backwards heat kernel

r—x 2
exp (‘ |4(Tft|) )
(4n(T = )72

O(xo, T)(z,t) =

3. Basic TECHNIQUES
I will describe the main technical tools that have been used to understand

singularities.

3.1. White’s Regularity Theorem. Let (M;);>0 be a smooth solution to
mean curvature flow of k-submanifolds in R”. Consider the local Gaussian
density ratios given by

O(xo, 1) = /M ®(z0,1)(z, 0)dH".

The following theorem is proven in [4I]. Its content is that if the local
Gaussian density ratios are very close to one, the submanifolds enjoy a
priori estimates on a slightly smaller set.

Theorem 3.1 (White’s Regularity Theorem). There are g = eo(n, k), C =
C(n, k) so that if OM; N Baogp = 0 and

Oi(x,1) <14ey forall 1< R? x¢€ Byg, andt < R?,
then the C*“-norm of My in By is bounded by C/+/t for all t < R?.
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3.2. Monotonicity Formulas. In [I5] Huisken proved the following fun-
damental identity.

Theorem 3.2 (Huisken’s monotonicity formula). Let f; be a smooth family
of functions on L. Then, assuming all quantities are finite,

d - dfi .
i ], fidw T _/Lt <dt Aft> ®(zo, T)dH
(Ximo)L ? n
—/Lt ol H o+ ey | o YA

The next lemma determines test functions to be used in Huisken’s mono-
tonicity formula.

Lemma 3.3. Let (L¢)i>0 be a zero-Maslov class smooth solution to La-
grangian mean curvature flow. Then
i) There is a smooth family of functions 0y € C°° (L) such that

H=JV0, and %03 = AG? — 2|H|?;

i) Assume that Ly is also exact. There is a smooth family of functions
By € C*°(Ly) with dfy = X and

%(ﬂt +2(t —T)0,)% = A(By + 2(t — T)0,)? — 22(t — T)H — 2%

iii) If p € C°°(C™) is such that the one parameter family of diffeomor-
phisms (¢s)s>0 generated by JDp is in SU(n), then
d o

— = Ap® =2Vl
ot p = 2[Vpl%;
iv) If n =2 and p(z1, 22) = 1y2 — x2u1, then
d o 2 2
—u” = Ap* = 2|Vl
o I\

Remark 3.4. If L is special Lagrangian, the third identity implies that pu is
harmonic in L, a fact which was observed by Joyce in [19, Lemma 3.4]. The
geometric interpretation is that p is obtained from the moment map of some
group action.

Proof. The first two equations can be found in |20}, Section 6]. We now show
the third identity. It suffices to show that

dp

— = Ap.

at ~ N
For each fixed t consider the family Ls; = ¢5(L¢). It is simple to see that
L, is Lagrangian for all s and the Lagrangian angle 6, satisfies (see [33,

Lemma 2.3))

d
—0s1 = Ap.
ds 7t lu’

On the other hand, each ¢, € SU(n), which means that 0s; = 6; o $5 1 and
thus d% 05+ = —(V0;, Z). Therefore

d d
o = HDe) = —(V0.2) = oo

|s=0

Os: = Ap.
i it 1%
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To show the last identity one can either argue that the one parameter
family of diffeomorphisms generated by Z = JDy is in SU(2) or see directly
that, because each coordinate function evolves by the linear heat equation,
we have

dp
E = A/*L - 2<X1T7Y2T> + 2<}/1T7X2T>7

where X; = Dx;,Y; = Dy; for i = 1,2 and

<X;|—7Y2T> - <Y1T7X;—> = _<(JY1)T7Y2> - <Y1T7X2>

= —(JYT", Y2) — (111, Xo) = —(Yi" + V7, Xo) = —(¥1, Xo) = 0.
O

This lemma can be combined with Theorem to show

Corollary 3.5.

i)
ii)

iii)

A smooth zero-Maslov class Lagrangian which is a self-shrinker must
be a plane.

If (Lt)¢so is an exact and smoth zero-Maslov class solution to La-
grangian mean curvature flow with area ratios bounded below and
such that L., converges in the varifold sense to a cone Lo when ¢;
tends to zero then, for all t > 0,

L; = VtL,.

Let p be a function satisfying the conditions of Lemma iii) or
). If (Ly)i>0 is a smooth solution to Lagrangian mean curvature
flow such that, when t tends to zero, L; tends, in the Radon measure
sense, to a measure supported in =1 (0), then Ly C u~1(0) for all t.

Remark 3.6.

a)

b)

Assuming almost-calibrated, the first statement was proven by Wang
in [35] (see also [9] for a similar result in the symplectic case). The
second statement was proven in [22].

It is important in i) that we assume L to have bounded Lagrangian
angle and no boundary. Otherwise, as it was pointed out by Joyce,
the universal cover of a circle or half circle in C would be counterex-
amples.

It is important in ii) that we assume L; to be smooth for all ¢ > 0
because otherwise the result would not be true. For instance, for
curve shortening flow, oy could be {(z,y)|zy = 0} for all t <2 and
o =Vt — 203 for all t > 2, where o3 is a self-expander asymptotic
to o9.

Proof. To prove i) set Ly = \/—tL which is a smooth solution to Lagrangian
mean curvature flow for ¢ < 0. Choose (zg,T) = (0,0) and consider

0(t) = [ 02®(xo, T)dH".
Ly

Scale invariance implies that 6(t) is constant as a function of ¢ and so its
derivative must be zero. Hence, combining Theorem with Lemma i)
we have that L has H = 0. Moreover, L is a self-shrinker and so it must
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have 2 4+ 2H = 0, which means that L is a smooth minimal cone. Thus, L
must be a plane.

To prove the second statement note that the function ; can be defined
as

ﬁt<x>=/( 2+ A
Y(Pt,T

where p; belongs to Ly and ~(py, x) is any path in L; connecting p; to x.
Because Ly is a varifold with - = 0 we have that A = 0 when restricted to
Ly and thus, from varifold convergence and the fact area ratios are bounded
below, we have that when t; tends to zero [, converges uniformly to a
constant which we can assume to be zero. As a result, we obtain that

(1) = /L (260, + 5,)°®(0, 1)dH"

has 7(t;) tending to zero. Furthermore, we have from Theorem and
Lemma [3.3]ii) that

d
—(t §—2/
P02/

which means that (¢) is non-increasing and so it must be zero for all ¢.
Therefore 2tH — 2~ = 0 on L; and this implies L; = v/tL;.

To show iii) note that from Lemma iii) and Theorem |3.2] we have for
allt < T

n 2
UH — ‘ ®(0,1)dH"

d
dt Jp,
The result follows because

p2®(0, T)dH™ < 0.

: 2 n __
}/1_13(1) Lt,u ®(0,T)dH" = 0.

O

3.3. Poincaré type Lemma. In order to study blow-ups of singularities it
is important to have a criteria which implies that a function a; on N* with
L? norm of the gradient converging to zero must converge to a constant. It is
simple to construct a sequence N' (not necessarily Lagrangian) converging
(in some suitable weak sense) to a disjoint union of two spheres S1, Sy and a
sequence of functions a; with L? norm of the gradient converging to zero so
that «; tends to 1 on S7 and —1 on S5. The next proposition gives conditions
which rule out this possibility.

Lemma 3.7. Let (N?) and (i) be a sequence of smooth k-submanifolds in
R™ and smooth functions on N* respectively, such that the following proper-
ties hold for some R > 0:

a) There exists a constant Do such that
H¥ (NN Bsg)) < DoRF for alli e N
and
(Hk(A)>(k—1)/k;

for every open subset A of N* N Bsg with rectifiable boundary.

< DyH* 1 (0A)
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b) There exists a constant Dy such that for all i € N

sup |Vai| +R™' sup |ay| < Dy.
NiNBsg NiNBsgr

lim V| 2dH* = 0.
1— 00 NiﬂB3R
d) ON’NBsg =0 and N*N By contains only one connected component
which intersects BR.

There is a such that, after passing to a subsequence,

lim sup |a; —al=0.

11— 00 NiﬁBR
Remark 3.8. A version of this lemma with stronger hypothesis was proven in
[20, Proposition A.1]. Hypothesis a) is needed so that we have some control
on the sequence N°. Note that it rules out the example, described above, of
N degenerating into two spheres. Hypothesis b) is also needed because if
Nt = {(z,w) € C?| zw = 1/i}, it is not hard to construct a sequence «; for
which c¢) is true but «; does not tend to a constant function. Finally, the
last hypothesis is needed because otherwise the lemma would fail for trivial
reasons.

Proof. Throughout this proof, K = K(Dg, D1, k) denotes a generic constant
depending only on the mentioned quantities. Choose any sequence (;) in
N'"N Br. After passing to a subsequence, we have

lim z; =29 and lim o;(2;) =«
1—00 1—00

for some xy € Bg and a € R. Furthermore, consider a sequence (g;) con-
verging to zero and define

N&*J = a7 Yo —gj,a + gj]).
The sequence (e;) can be chosen so that, for all j € N,

lim HF 1 (ON®* N B3g) =0

1— 00

because, by the coarea formula, we have

lim H" ({ai = s} N B3g)ds = lim |V |dHF
1—=00 J_ 5o 100 N*NBspr
1/2
< lim KRF/? ( / |Vozi]2d’Hk) =0.
1— 0 N’LOB?’R

Lemma 3.9. For every j € N
lim inf H* (N>*7 0 Bg(z0)) > KR".

1— 00
Proof. Given y; € N*, denote by Br(yl) the intrinsic ball in N* of radius
r. We start by showing that H*(B,(y;)) > Kr* for all y; € Boyg N N* and
r < R. Set

v(r) = H* (B (x:))
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which has, for all » < R, derivative given by
W(r) = ML (0B, () = K(w(r) =Dk,

Hence, integration implies ¢(r) > Kr* and the claim follows. From hypoth-
esis b) there is s; = s(j, k, Do, D1, R) < R such that, for all i sufficiently
large, st (7;) C NI and thus
HE (Bs(z;) N N-T) > Ks* forall s <s;.
Set o
pij(s) = HF (NPT 0 By(s))
which has, by the coarea formula, derivative satisfying
|z —
" 9B, (z)Niei |(@ = @) T|
= H*1 (0 (Bs(2;) N N9)) — {1 (By(a;) N ONH)

(k=1)/k

dHF > 1 (0B (i) N NDT)

> K (’H’f (Bs(z:) N Ni’a’j)) — HE1 (AN 0 Bag)

= K (¢ j(s))FD/F — HE=1 (9NBI 1 Byg)

for almost all s. Integration implies

R
Y (R) > K(R —rj) — H*1 (ON"9 1 Bsp) / vy @,
T

where r; = min{s;, KR/2}. Note the integral term is bounded indepen-
dently of ¢ for all ¢ sufficiently large and so

liminf v;""(R) > K(R —r;) > KR/2.
1—00 ’

This proves Lemma [3.9
O

Suppose there is y; € NN Bp converging to yo € Bpr so that a;(y;)
tends to & distinct from a. Repeating the same type of arguments we find
a closed interval I disjoint from [ov — €, & + £;] such that, after passing to a
subsequence,

lim H*(a; ' (I) N Br(yo)) > KRF.
1—00
Given any positive integer p, pick disjoint closed intervals
I17 Ty Ip

lying between I and [a — €, + €;]. Hypothesis d) implies that, for all 4
sufficiently large, o 1(Il) N Byg is not empty. Hence, arguing as before, we
find y1,...,yp in Bag such that, after passing to a subsequence,

lim H*(a;*(5)) N Br(y)) > KR,

1— 00

for all I in {1,...,p}. This implies

p
lim H*(N' 1 Byp) > lim ; HE (o' (1;) 0 Br(w))

> pKRF.



10 Recent Progress on Singularities of LMCF

Choosing p sufficiently large we get a contradiction. This proves Lemma
3.7 O

The next result gives conditions which guarantee Lemma a) holds.

Lemma 3.10. Let L be a Lagrangian in C™ such that OL N Br = 0 and
either i)

inf cosf > 6
LNBgr

or ii) n =2 and for some ¢ small enough

/ |H2dH? < e.
LNBgr

There is D = D(6,n) so that
(an(A))(nfl)/n < D/anl(aA)
for all open subsets A of L N Br with rectifiable boundary.

Proof. We follow [20, Lemma 7.1] and prove i). The Isoperimetric Theorem
[27, Theorem 30.1] guarantees the existence of an integral current B with
compact support such that 0B = dA and for which

(H(B))" /" < cH(94),

where C' = C(n). If T denotes the cone over the current A — B (see |27,
page 141]), then 9T = A — B and thus, because

Re Q) = cosf > 4,

we obtain

H(A) < 5! /

Reﬂza—l/ReQ+5—1 ReQ
A B

oT

< 5 M (B) 457! / dRe Q) < 671 (CH™ 1 (94))" "V,
T

To prove ii) we use Michael-Simon Sobolev inequality which implies (see [27),
Theorem 18.6])

1/2

(H2(A)) gc/ H| + CH(9A)
A

for some universal constant C'. In this case we have

/
() < o pew) |H|2>1 L out o)

and so we get the desired result whenever

02/ |H|? < 1/4.
LNBg
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3.4. Compactness Result. We state a compactness result for zero-Maslov
class Lagrangians with bounded Lagrangian angle. The proof can be found
in [20, Proposition 5.1].

Proposition 3.11. Let L' be a sequence of smooth zero-Maslov class La-
grangians in C™ such that, for some fized R > 0, the following properties
hold:

(a) There exists a constant Dy for which

H"(L' N Byr) < DgR™ and  sup |6;| < Dy

LiNBag
for all i € N.
(b) |
lim H" YL N Bygr(0)) =0
1—00
and
lim |H|* dH" = 0.
120 JLiNByg(0)
Then, there exist a finite set {01,...,0N} and integral special Lagrangians
currents

Li,....Ly

such that, after passing to a subsequence, we have for every smooth function
¢ compactly supported in Br(0) and every f in C(R)

i—o0 Jri

N
lim [ fO)edH" =D m;f(0;)u;(0),
=1

where p; and m;j denote, respectively, the Radon measure of the support of
L; and its multiplicity.

Remark 3.12. With the extra assumption that L? is almost-calibrated, a
similar result to Proposition was proven in [I0, Theorem 4.1]. The
proposition is optimal in the sense that given Lagrangians planes P, P
intersecting transversely at the origin and two positive integers ni, no it is
possible to construct a sequence of zero-Malsov class Lagrangians L° with
L? norm of mean curvature converging to zero and such that L’ tends to
n1P; + no Py in the varifold sense.

4. APPLICATIONS I: BLOW-UPS

Let (L¢)o<t<T be a zero-Maslov class solution to Lagrangian mean curva-
ture flow in C™ with a singularity at zy at time 7". Pick a sequence (\;);en
tending to infinity and consider the sequence of blow-ups

L’é = )‘i(LT+s>\;2 —xy) for all s < 0.

The next theorem was proven in [20, Theorem A] and in [I0] assuming an
extra almost-calibrated condition.

Theorem 4.1. There exist integral special Lagrangian current cones

Li,...,Ly
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with Lagrangian angles {01,...,0x} such that, after passing to a subse-
quence, we have for every smooth function ¢ compactly supported, every
f in C%(R), and every s < 0

lim f 0;s)p dH™ = ijf

1—00

where pj and m; denote the Radon measure of associated with L; and its
multiplicity respectively.

Furthermore, the set {9_1,...,0_]\[} does not depend on the sequence of
rescalings chosen.

When n = 2 special Lagrangian cones are simply a union of planes having
the same Lagrangian angle.

Sketch of proof. Set
@i(s):/@(o,md%n:/ (0, T)dH"
E LT+5>\Z.72
and
0;(s) = 9§q>(0,0)dH”=/ 02, ,®(0,T)dH".

) T+sA;
Lé LT+SA1.

From Theorem we have for b < a < 0
a

1) s

b B

(2) 2/: g |H|*> ®(0,0)dH"ds < 0;(a) — 6;(b).

2
(I)(O, O)dHndS = @Z((L) - @1(1))

But [; ®(0,T)dH" and [, 67®(0,T)dH" are monotone non-increasing
by Theorem [3.2] and thus

lim ©;(a) = lim [ ®(0,7)dH"™ = lim ©;(b)

1—00 t—T Ly 1—00

lim 6;(a) = lim [ 62®(0,T)dH"™ = lim 6;(b).

1—00 t—T Ly 1—>00

Therefore, we obtain from (1)) and (2]) that

(3) lim // (yHPHmLy?) B(0,0)dH"ds = 0.

1—00 b

The result follows from combining Proposition with some standard facts
of mean curvature flow. O

When the initial condition is rational we obtain extra structure regarding
the behavior of blow-ups.

Theorem 4.2. Assume the initial condition is rational and, in case n > 2,
almost-calibrated. Then, for almost all so, if ¥; C Ly has 0%; N B3g = 0
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and only one connected component of 3; N Bag intersects Br then, after
passing to a subsequence, we can find j € {1,...,N} so that

lim f( 0i,50)pdH" = mf(0;) i (),

17— 00
for every f in C*(R) and every smooth ¢ compactly supported in Bg(0),
where m < m;j and j; denotes the Radon measure associated with the special
Lagrangian cone Lj given by Theorem [4.1]

This theorem is slightly different from the one stated in [20, Theorem B]|
but the proof is identical. We sketch the main idea.

Sketch of proof. For simplicity we assume the initial condition is exact. Re-
call that |V ;| = ‘xﬂ and so, without loss of generality (see (3))), we can
assume that, when s = sg or s = —1,

Tim (|H\ + VBl )CID(O,O)dH" = 0.

i—00

We now study the sequences ¥¢ and L ,

From Proposition we have that 3¢ N Byg converges in the varifold
sense to a stationary varifold ¥ with Radon measure py, which can be repre-
sented as a sum of special Lagrangian cones with multiplicities. Furthermore
in virtue of Lemmas and we conclude the existence of 3 so that

lim f(ﬁz s0) P dH" = f(B)us(¢)

1—00
for every f in C?(R) and every smooth function ¢ compactly supported in
Bg.

Similar ideas to the ones use to prove Proposition [3.11] (see [20, Lemma
7.2] for details) show the existence of sets {01, .. GQ} {B1,...,Bq}, spe-
cial Lagrangian cones L1, ... Lg, and integers my, ..., mg so that for every
smooth function ¢ compactly supported and every f in C?(R)

lim [ f(Bi—1 —2(s0 + 1)0;,—1)¢ dH" = ngf Bj = 2(s0 + 1)0;) (),

1—>00 Lz

where p1; denotes the Radon measure of associated with L;. Moreover, we
can arrange things so that the pairs (# iy 53) are all distinct and thus assume,
without loss of generality, the numbers 3; — 2(sp + 1)6; are all distinct as
well.

We now finish the proof. Let f € C?(R) be a nonnegative cut off function
which is one in 8 and zero at all but at most one element of

{B; — 2(s0 + 1)0;} %,

and ¢ a nonnegative function with compact support in Bpg.
We have from that

1—00

—1
lim/ /(|H|2+|V(ﬂiys+2(s—so)9i7s)]2>(I)(O,O)d?—[”ds—o
0 Li
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and so, using the evolution equation satisfied f; s +2(s — s0)0; s (see Lemma
3.3)), it is not hard to conclude that

lim f(ﬁZ so)pdH™ = hm f(ﬂu_l — 2(sg + 1)0; —1)pdH"

1—>00 Lz Li
Q -
Z —2(s0 +1)0;) 115 (9).
Therefore
NZ(¢) — zlir?o g (ﬁd’Hn = ilim / f(,@i,s())(ﬁd%n

<lim [ f(Bis)pdH" = ijf 2(s0 +1)0;)11(¢)-

T i—o0 L

Because fix(¢) > 0 we have that 3 = 3, — 2(so + 1)8;, for a unique jy and
thus the inequalities above become

ps () < mjo o (4)

for all ¢ > 0 with compact support in Bg. This implies ¥ = mL;, for some
m < mj, in B, and the rest of the proof follows easily O

The previous theorem does imply non-trivial statements regarding the
blow-ups of singularities. We sketch one simple application, the details of
which will appear elsewhere.

Corollary 4.3. Assume the initial condition is rational and n = 2. The
blow-up limit at a singularity cannot be two planes Py, Ps each with multi-
plicity one, distinct Lagrangian angles, and intersecting transversely at the
origin, i.e., in Theorem- 1| the case N =2, m; = mg =1, PN P, = {0},
and 01 # 92 does not occur.

Sketch of proof. We argue by contradiction and sssume L’ converges to Py +
P, for all s < 0. There is Ry sufficiently large so that for every 0 <1 < 4
and |zg| > Ro/2 we have

[ a0 < 1+ 202
P1+P

and thus, for all ¢ sufficiently large, all =2 < s < 0, and all 0 <[ < 2, we
also have
@i(l‘o, l) < @i_g(ﬂl‘o,l + 2+ S) <1+eo,

where the first inequality follows from Theorem [3.2] Thus, we obtain from
White’s Regularity Theorem that for any K large enough and ¢ suffi-
ciently large, we have uniform C*% bounds for L’ on the annulus A(Ry, K)
forall —1 < s < 0. Some extra work shows that, on the region A(Ry, K) and
for all =1 < s < 0, L% can be decomposed into two connected components
¥ 5 ¥h  where 3% _ is graphical over P; N A(Ro, K), with j =1,2.

We argue that L% N By must have two connected components for almost
all =1 < s < 0. Otherwise we could apply Theorem and conclude that
the Lagrangian angle of P, must be identical to the Lagrangian angle of P,.
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Some extra, but standard work, shows that Li N By can be decomposed
into two connected components %} s and PIA s where 23 . converges in the
Radon measure sense to P; N Bi. Hence, each Zl s 18 very close in the
Radon measure sense to a multlphclty one disk. We can then apply White’s
Regularity Theorem 1fto each (X 178)7155<0 and conclude, in a smaller ball
centered at the origin, uniform bounds on the second fundamental form of

s for all —=1/2 < s < 0 and all ¢ sufficiently large. This implies uniform
bounds for the second fundamental form of L; in a neighborhood of the
origin for all ¢ < T and hence no singularity occurs there. O

5. APPLICATIONS II: SELF-EXPANDERS

Recently, Joyce, Lee, and Tsui [19] proved the following general existence
theorem.

Theorem 5.1 (Joyce, Lee, Tsui). Given any two Lagrangian planes Py, P
in C™ such that neither P + P> nor Py — Py are area-minimizing , there is a
Lagrangian self-expander L which is exact, zero-Maslov class with bounded
Lagrangian angle, and asymptotic to Py + Py, meaning \/tL converges, as
Radon measures, to P; + Py when t tends to zero.

Remark 5.2.

i) The self-expander L found in [19] is explicit.

ii) In [1], Anciaux found such examples assuming L is invariant under a
certain SO(n) action. In this case the self-expander equation reduces
to an O.D.E.

The next theorem shows that self-expanders are attractors for the flow in
C2. The ideas for the proof are taken from [23, Section 4] where a slightly
more general version is proven.

Pick two Lagrangian planes P, P, in C? so that P; & P, is not area
minimizing and Py N P, = {0}. Assume (L;);>0 is an exact, zero-Maslov
class, almost-calibrated smooth solution to Lagrangian mean curvature flow
in C2.

Theorem 5.3. Fix Sy and v. There are Ry and § so that if Lo is §-close
in C* to Py + Py in A(0, Ry), then, for all1 <t <2, =121, is v-close in
C?*%(Bg,) to a smooth self-expander Q asymptotic to Py + P;.

Remark 5.4.

i) The content of the theorem is that if the initial condition is very
close, in a precise sense, to a non area-minimizing configuration of
two planes and the flow exists smoothly for all 0 < ¢ < 2, then the
flow will be very close to a smooth self-expander for all 1 <t < 2.

ii) The result is false if one removes the hypothesis that the flow exists
smoothly for all 0 < ¢ < 2. For instance, there are known examples
[20, Theorem 4.1] where Lg is very close to P; + P» and a finite-
time singularity happens at a very short time ¢;. In this case Ly,
can be seen as a transverse intersection of small perturbations of Pj
and Py (see [20, Figure 2]) and we could continue the flow past the
singularity by flowing each component of L; separately, in which
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case L; would be very close to P, + P> and this is not a smooth
self-expander.

iii) The smoothness assumption enters the proof in Lemma The
key fact is that if LoN By is connected and the flow exists smoothly,
then L; N Br will also be connected for all 0 < ¢ < 2 (this fails in
the example described above).

Sketch of proof. Consider a sequence (R') converging to infinity, a sequence
(8;) converging to zero, and a sequence of smooth flows (L¢)o<¢<2 satisfying
the theorem’s hypothesis with Ry = R, § = 6°. From compactness for
integral Brakke motions [16, Section 7.1] we know that, after passing to a
subsequence, (Li)o<t<a converges to an integral Brakke motion (L;)o<t<2,
where Lf) converges to P; + P».
Because L} converges to P, + P, we can assume, without loss of generality,

that

lim [ (83)2®(0,4)dH? = 0.

11— 00 LZO
Thus, from Theorem and Lemma ii), we get that for every 0 < s < 4

@ fm / / i.

2 . .
2tH—mJ“ O(0,4)dH? + lim [ (B + 2561)20(0, 4)dH>

71— 00 ]
L

< lim [ (B)%®(0,4)dH> =0,
11— 00 L6

which means that H = xL/2t on L, for all t > 0 and thus L; = v/tL; as

varifolds for every ¢t > 0 (see proof of [22 Theorem 3.1]). Moreover, some

technical work [23| Lemma 4.4] shows that L; converges as Radon measures

to P, + Py as t tends to zero i.e., Ly is asymptotic to P; + P,. We are left

to show that L, is smooth.

Lemma 5.5. L is not stationary.

Proof. If true, then L; needs to have H = 2+ = 0 and thus L; = L; for all
t, which means (making t tend to zero) that L; = P; + P,. We will argue
that L; must be a special Lagrangian, which contradicts the choice of P;
and PQ.

Pick K large enough. Because Lg N Bsg is connected and the flow exists
smoothly, we claim L} N By has only one connected component intersecting
By . The details can be seen in [23, Theorem 3.1, Lemma 4.5] but the basic
idea is to use the fact that L{ very close to P; + P, in A(K/2,3K) and
so, like in Corollary , we conclude that for all zp € A(K/2,3K), all i
sufficiently large, all 0 <t <1, and all 0 <[ < 1, we have

Oi(zp,1) < 1+ .

White’s Regularity Theorem implies we can control the C*“norm of L}
on A(K,2K) and some long, but straightforward work, implies the desired
claim.

From varifold convergence we have

2
lim / |zt [2®(0,4)dH3dt = 0
0 JLi

i—00
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which combined with implies that, without loss of generality,

lim [ (|H*+ |zF]?)®(0,4)dH? = 0.

1—00 L

Because L N Bok has only one connected component intersecting By, we
can use Lemma |3.7] E and Lemma [3.10} m to conclude the existence of 5 so that,
after passing to a subsequence,

lim (81 — B)*¢pdH? = 0.
1—00 L’imBK
Hence, from , we obtain
lim (B +260%)%dH? = lim (8% 4 20%)%dH* = 0
71— 00 LzlmBK 1—00 L’imBK

which means L; must be a special Lagrangian cone with Lagrangian angle

—B3/2. O
Lemma 5.6. There is C' so that

/ O(y,1)(z,0)dH? < 2—-1/C  for everyl < 2, and y € R
Ly

Proof. The details can be found in [23, Lemma 4.6]. Because Lo = P + P,
we obtain from Theorem [3.2]

/L1 (y,1)(x,0)dH? + //L

2

1
=y Oy, 1+1—t)(z,0)dH>dt

—y
l+1—w

= / ®(y,l + 1)(z,0)dH? < 2.
Pi+P

The fact that L; is not stationary allows us to estimate the second term on
the first line and find a constant C' such that

‘/ ®(y,1)(x,0)dH? <2 —1/C
Ly
for all y and [ < 2. U

The same ideas used to show Theorem can be modified to argue the
tangent cone at any point y € Li must be a union of Lagrangian planes with
possible multiplicities. The previous lemma implies it must be a plane with
multiplicity one because otherwise

lim [ ®(y,r*)(x,0)dH* > 2.
1

r—0 L

The mean curvature of L; satisfies H = x1/2 and so Allard Regularity
Theorem implies uniform C%® bounds for Li. Therefore, L is a smooth
self-expander asymptotic to Py + P,. Some extra work shows L} converges
strongly to v/tL; and this finishes the proof. O
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-

FIGURE 1. Curve y(g) U —7(¢).

6. APPLICATION III: STABILITY OF SINGULARITIES

We prove a result which is related to [23, Theorem A] but, before we state
it, we need to introduce some notation.

Given any curve v : I — C, we obtain a Lagrangian surface in C? given
by

N = {(y(s) cosa,y(s)sina) | s € I,a € S'}.

Any Lagrangian which has the same SO(2) symmetry as N is called
equivariant. If p = x1yo — y1x2, it is simple to see that L is equivariant if
and only if L C p=1(0) (see [23, Lemma 7.1]).

Let ¢, ¢, and c3 be three lines in C so that c¢; is the real axis (cf
being the positive part and ¢; the negative part of the real axis), ¢z, and
c3 are the positive line segments spanned by €2 and €% respectively, with
7/2 < 03 < 03 < 7. These curves generate three Lagrangian planes in R*
which we denote by P, P», and P; respectively.

Consider a curve 7y(e) : [0,400) — C such that (see Figure [1)

e 7(¢) lies in the first and second quadrant and ~(¢)~1(0) = 0;

e v(e)NA(3,00) = c¢] NA(3,00) and v(e) N A(e, 1) = (¢] UcaUcz) N
A(e, 1);

e v(e)NBy has two connected components 1 and 2, where 1 connects
co to cf and o coincides with cs;

e The Lagrangian angle of v, arg (71%1), has oscillation strictly
smaller than /2.

For every € small and R large we denote by N (g, R) the Lagrangian surface
corresponding to Ry(eR). We remark that one can make the oscillation for

the Lagrangian angle of v as small as desired by choosing 6, very close to
/2.

Theorem 6.1. For all € sufficiently small and R sufficiently large, there
is & so that if Lo is 6-close in C*> to N(e, R), then the Lagrangian mean
curvature flow (Lt)i>0 must have a finite time singularity.

Remark 6.2.
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(’\‘6,

-

FI1GURE 2. Curve o U —0.

i) The ideas that go into the proof of Theorem|[6.1]are exactly the same
ideas that go into the proof of [20, Theorem A], with the advantage
of the former having less technical details.

ii) If Ly is equivariant the flow reduces to an O.D.E. in which case
Theorem follows from simple barrier arguments like the ones
used in [20], Section 4].

iii) It is conceivable that a solution to mean curvature flow has a singu-
larity at time 7' but there are arbitrarily small C*“ perturbations
of the initial condition which are smooth up to T + §, with ¢ fixed.
The standard example is the dumbbell degenerate neckpinch due to
Angenent and Veldzquez. Thus the interest of Theorem

Sketch of proof. Fix € small and R large to be chosen later. The strategy is
the following: If the flow (L;):>0 exists smoothly for all ¢ < 1, there will be
a singularity before some time 7' = T'(¢, R) and thus the flow cannot exist
smoothly for all time.

Suppose the theorem does not hold. We have a sequence of smooth flows
(LY)t>0 where L} converges to N(e, R). Compactness for integral Brakke
motions [L6], Section 7.1] implies that, after passing to a subsequence, (L});>0
converges to an integral Brakke motion (M;);>0. Because

lim [ p#2®(0,1)dH? =0,
71— 00 L6
we use Lemma [3.5]iii) and conclude that M; lies inside p~1(0) for all ¢.
Let o denote a smooth curve o : [0,+00) — C (see Figure [2)) so that
o~1(0) = 0, 0 U—0 is smooth at the origin, o has a unique self intersection,
and, when restricted to [sg, 00) for some sy > 0, the curve o can be written
as the graph of a function u defined over part of the negative real axis with

imfuleze((—oom)) = 0

First Claim: M; = {(0(s) cosa,o(s)sina)|s € [0,+00),a € S1}.
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It is a simple technical matter to find R; (independent of R large and &
small) so that, for all i sufficiently large, we have uniform 0120? bounds for L¢
outside Bg,. Moreover, for all Ry > R; and ¢ sufficiently large, Lf)ﬂB R, has
exactly two connected components Qio, Qé,o where Qim, Qé,o is arbitrarily
close to (P, + P») N Bg,, P3N B, respectively. Some extra work (see [23),
Theorem 3.1] for details) shows that Li N Bg, can be decomposed into two
connected components Qil,t’ Qé,t for all t < 1.

Fix v small and set Sp = 2R; in Theorem There is Ry so that for
all R sufficiently large and e sufficiently small we can apply Theorem
to (Qf 4)o<i<1 (more rigorously, we should actually apply [23, Theorem 4.1]
because Q’i’t has boundary) and conclude that, for all ¢ large enough, Qﬁ,l is
v close in C%® to a self-expander Q in Bg,. In [23, Lemma 6.1] we showed
@ to be unique and so we obtain uniform C%“ bounds for Q’Ll in Bg,.
Furthermore Qlé,o is arbitrarily close to P and some technical work (see [23],
Theorem 3.1]) shows that Q4 ; N By, is also close in C* to Ps.

In sum, we have shown uniform C*% bounds for L} N B, for all i suffi-
ciently large. As a result M; must be smooth, equivariant, and M; N Bpg,
must have one connected component v-close to Q and another connected
component close in C%® to P3. It is now simple to see that M; must be
described by a curve ¢ as claimed.

Denote by A; the area enclosed by the self-intersection of ¢ and set 77 =
2A1/7T + 1.

Second Claim: For all i sufficiently large, L! must have a singularity before
1.

Straightforward considerations (see [23, Theorem 5.3]) show that while
(M¢)e>1 is smooth we have the existence of curves oy : [0, +00) — C with

o;1(0) = 0, 0y U —0; smooth,

M; = {(04(s) cosa, 04(s) sina) | s € [0, +00),a € S},
and such that o; evolves according to

dr i zt
dt |z|?
While this flow is smooth all the curves o; have a self-intersection and so
we consider A; the area enclosed by this self-intersection and ¢; the boundary

of the enclosed region. From Gauss-Bonnet Theorem we have
/ (k,V)dH' + oy = 2 —> / (k,v)dH' > =,
Ct Ct

where oy € [—7, 7] is the exterior angle at the non-smooth point of ¢;, and
v the interior unit normal. A standard formula shows that

d - gt €T
— Ay = — k— v )ydH < — vy dH = —
ar /< W’”> "= “/a<m2’”> [

where the last identity follows from the Divergence Theorem combined with
the fact that ¢; does not contain the origin in its interior. Thus A; < Ag—nt
and so a singularity must occur at time 7' < T7.
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Angenent’s work [3] 2] implies the singularity occurs because the loop of
o collapses, i.e. o7 is smooth everywhere expect at a cusp point and some
extra work shows the curves o; become smooth and embedded for all ¢ > T'.
The idea for the rest of the argument is as follows and the details can be
found in [23, Theorem 5.1]. If 6(s) denotes the angle that o}(s) makes with
the x-axis we have

0:(0) = 20,(0) and 6;(co) = lim 6;(s) = 20,(c0).
S$—00
Set f(t) = 0;(c0) — 6;(0) = 2(6(c0) — 0,(0)). Because there is a change in
the topology of o, across T we have from the Hopf index Theorem that f(t)
jumps by 27 across T. On the other hand, the convergence of Li to M; is
strong around the origin and outside a large compact set, which means that
f must be continuous, a contradiction. O

7. OPEN QUESTIONS

We now survey some open problems which could be relevant for the de-
velopment of the field. One of the most important open questions is

Question 7.1. Let Ly be rational, almost-calibrated, and (L¢)o<t<T @ SO-
lution to Lagrangian mean curvature flow in C? which becomes singular at
time T'. Show that Lt is smooth except at finitely many points and the tan-
gent cone at each of these points is a special Lagrangian cone with some
multiplicity.

Ly is required to be rational so that Theorem can be applied and
almost-calibrated because otherwise there are simple counterexamples (see
[22, Example 1.1]). For instance, take a noncompact curve o in C with a
unique self intersection and consider L = ¢ x R C C? which is obviously
Lagrangian. The solution to Lagrangian mean curvature flow will be L; =
o+ X R which will have a whole line of singularities at some time 7.

If one can show that for each singular point xq there is #(xg) so that

(5) lim [ (6; — 0(x0))®(z0, T)dH? =0,

t—T Lt
then standard arguments prove the desired result. We now comment on the
difficulty of . For simplicity let us assume that

Oz, r?) < 3forallr <6, T—6><t<T,and z € C2.

In this case the blow up at each singular point described in Section [] will be
a union of two planes P;+P» by Theorem and three cases can happen:
dim(P, N Pp) = 2, dim(P; N ) = 0, or dim(P; N P) = 1. In the first
case the Lagrangian angles of P; and P, must be identical by the almost-
calibrated condition and so we should have 0(zp) = 0(P;) = 0(P2). In the
second case we have from Corollary [£.3] that P; and P» must have the same
Lagrangian angle and so 0(zg) = 6(P;) = 0(FP2). The third case we want
to show is impossible and this is a highly non trivial matter for reasons we
know explain.

In [19], Joyce, Lee, and Tsui found a Lagrangian N with small oscillation
of the Lagrangian angle and such that

Ny =N +tv
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solves mean curvature flow. If we blow down this flow, i.e., consider the
sequence N; = ;N /&2 with ¢; tending to zero, one can easily check that,

for all s < 0, N! converges weakly to Py + P, where P;, P, are Lagrangian
planes with Py N P = span{¢}. Thus, if we rule out the third case we would
be ruling out Joyce, Lee, and Tsui solutions as smooth blow ups, a clearly
deep fact.

In [19] the authors also found many examples of self-expanders and so a
natural problem is

Question 7.2.

o Let L C C™ be a zero-Maslov class self-expander asymptotic to two
planes. Show it coincides with one of the self-expanders of Joyce,
Lee, and Tsuz.

e Are there almost-calibrated translating solutions to Lagrangian mean
curvature flow besides the ones found by Joyce, Lee, and Tsui?

Castro and Lerma [7] solved the first question when n = 2 assuming L
is Hamiltonian stationary as well, i..e, the Lagrangian angle is harmonic.
When n > 2 it is not known whether special Lagrangians asymptotic to two
planes have to be one of the Lawlor necks, which adds interest to the pro-
posed problem. In [23] we showed the blow-down N of translating solutions
converges weakly to g with

Ye=miP+...+mpP, forall s <0 and X, = /s for all s >0,

where the planes P; intersect all along a line and X is a self-expander
asymptotic to mi1 Py +. ..+ mgPg. 1t is easy to see that X1 = o x line, where
o is a self-expander in C, and so the first step towards the second problem
would be to see if one can have £ = 3 and m; = mg = mg = 1. In [§
examples were found with unbounded Lagrangian angle.

Success in Question [7.1] would make the following problem having crucial
importance.

Question 7.3. Let L € C" be zero-Maslov class, almost-calibrated, and
smooth everywhere except the origin where the tangent cone is a special
Lagrangian cone with multiplicity. Find (Li)e<t<e a meaningful solution to
Lagrangian mean curvature flow so that L; converges to L when t tends to
zero.

Behrndt [5] made concrete progress on this problem when the multiplicity
is one and the special Lagrangian cone is stable. If would be nice to have a
solution when the tangent cone is a plane with multiplicity two.

Finally, there is no result available regarding convergence of compact La-
grangians in C™. For instance, the following question can be seen as a
Lagrangian analogue of Huisken’s classical result for mean curvature flow of
convex spheres [14].

Question 7.4. Find a condition on a Lagrangian torus in C?, which implies
that Lagrangian mean curvature flow (Li)o<i<r will become extinct at time
T and, after rescale, Ly converges to the Clifford torus.

It was shown in [21) 28] that L can be Hamiltonian isotopic to a Clifford
Torus and the flow still develop singularities before the optimal time. As
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suggested by Joyce, the first natural thing would be to see what happens to
small Hamiltonian perturbations of the Clifford torus.
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