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FONTAINE’S PROPERTY (P,,)
AT THE MAXIMAL RAMIFICATION BREAK

TAKASHI SUZUKI AND MANABU YOSHIDA

ABSTRACT. We completely determine which extension of local fields satisfies
Fontaine’s property (Pm,) for a given real number m.

1. INTRODUCTION

Let K be a complete discrete valuation field with perfect residue field k. All
algebraic extensions of K are taken inside a fixed algebraic closure of K. We
denote by vk the normalized valuation of K and its extension to any algebraic
extension of K. For an algebraic extension E/K and a non-negative real number
m, we denote by Opg the ring of integers of E and by a’g/ i the set of elements
x € Op with vg(x) > m. In [2], Fontaine gave upper bounds for ramification
of Galois representations of K appearing in the generic fibers of finite flat group
schemes over Q. For this, he considered the following property (P,,) for a finite
Galois extension L/K for each non-negative real number m:

(P,,) If E is an algebraic extension of K and if there exists an Og-algebra ho-
momorphism Op — OE/GSZ}/K, then L C E.

By results of Fontaine ([2 Proposition 1.5]) and the second author ([9, Theorem
5.2]), every finite Galois extension L/K satisfies (P,,) for m > ur,/x and does not
satisfy (P,,) for m < up, g, where up/k is the maximal upper ramification break
for L/K (see Notation below for the definition). For m = up k., it is easy to see
that trivial L/K satisfies (P,,) and non-trivial tame L/K does not satisfy (P,,).
Here we call L/K tame if uz/x <1 and wild if uy, x> 1.

In this paper, we determine which wild L/K satisfies (P,,) for m = up k. The
result is the following, which shows that the answer to the question depends (only)
on the residue field of K.

Theorem 1.1. Let K be a complete discrete valuation field with perfect residue
field k of characteristic p > 0 and let L be a finite wild Galois extension of K.
Then L/K satisfies (Py,) for m = ur, i if and only if any finite extension of k has
no Galois extension of degree p.

Even if there exists a finite extension of £ having a Galois extension of degree
p (for example, if k is finite), the extension L/K still satisfies a property that is
weaker than (P,,) (see Remark B3)).
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The proof consists of four parts. In section 2] we reduce the theorem to the case
where L/K has only one jump in the ramification filtration of its Galois group. In
this case, L/K is an abelian extension. In section[3] we reduce the theorem so that
we need only totally ramified E/K for the extensions appearing in the definition of
(P). In section Ml we prove some facts on the local class field theory of Serre and
Hazewinkel ([6], [1]). In section [B we prove the theorem for the reduced case by
using the local class field theory of Serre and Hazewinkel. Note that this technique
works for more general abelian cases; see Remark 5.4
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Notation. For a complete discrete valuation field K with perfect residue field k,
we denote by vk the discrete valuation with vg(K*) = Z, by Ok the ring of
integers, by px the maximal ideal, by Ux the group of units, and by Uz the group
of n-th principal units (n > 0). All algebraic extensions of K are taken inside a
fixed algebraic closure K of K. We denote by KP (C K) the separable closure
of K, by K" the maximal unramified extension of K and by K?" the maximal
abelian extension of K. The same notation and convention are applied to k. The
absolute Galois group Gal(K®P/K) (resp. Gal(k/k)) is denoted by Gk (resp. G%).
We extend vk to K. Note that vg(K ) = Q D Z. For an algebraic extension
E/K, we denote by Og the ring of integers, by E the completion of E, and by
ep/K the ramification index of E/K. We define afy, o = {z € Op|vk(x) > m}
for a non-negative real number m. If E/K is totally ramified, an extension of the
form FK’/K’ for an unramified extension K’/K will be called an unramified base
change of F/K. For a finite Galois extension L/K, let Gal(L/K);, Gal(L/K)“
(resp. 1/, %1 K) be the ramification groups (resp. the Herbrand functions) that
are studied in [7]. Also, let Gal(L/K),), Gal(L/K)™ (resp. PL/K z/;L/K) be the
ramification groups (resp. the Herbrand functions) that are defined in [2]. Their
relations are as follows: for real numbers 7,u > —1, we have

Gal(L/K); = Gal(L/K)((i41)/e, ) Gal(L/K)" = Gal(L/K)"+V,

ok (i) =@r/((i+1)/esx) =1, r/k(w) =epxdpx(u+1) -1
We define the maximal upper ramification break for L/K to be the maximal real
number up, /. with non-trivial Gal(L/K)(®r/x), Set ir/k = Yk (uL/K); it is the

maximal real number with non-trivial Gal(L/K) i, ,)-

2. REDUCTION TO ABELIAN L/K

The following proposition allows us to reduce the proof of Theorem [I1] to the
case where L/K has only one jump in the ramification filtration of its Galois group.

Proposition 2.1. Let L/K be a finite Galois extension of complete discrete valu-
ation fields with perfect residue fields. Let M be the Gal(L/K)“/%)_fized subfield
of L. Then L/K satisfies (Py,) for m = ur,k if and only if L/M satisfies (Pp,)
Jorm =wur -

Note that any finite extension of the residue field of K has no Galois extension
of degree p if and only if the same holds for M, since the maximal pro-p quotient of
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the absolute Galois group of a field of characteristic p is pro-p free ([8, Chapter 2,
§2.2, Corollary 1]). Hence Proposition 2.1] allows us to reduce the proof of Theorem
[T for L/K to that for L/M.

The proposition is a direct consequence of the following lemma.

Lemma 2.2. Let K, L, M be as in Proposition[2.1l Let E be an algebraic extension
of K. Then the following are equivalent:

UL/K
E/K
(2) The field M is contained in E and there exists an Opr-algebra homomor-

phism Op — OE/aZL/x[J.

Proof. ) = ([@). First we show that M is contained in E. The case L/K is
unramified is trivial, so we assume L/K is not unramified. By assumption, there
exists an Og-algebra homomorphism 7: O, — Og/ aEL/If . Consider the composite

(1) There exists an Ok -algebra homomorphism O, — Og/a

of the inclusion Oy — Op and 7. Since up/x > upnyk, the extension M/K
satisfies (P.,) for m = up k. Hence M is contained in E.
Next we show the existence of an Oys-algebra homomorphism O, — Og/ aquL/é\y.

Let a be a generator of O as an Og-algebra, let f be the minimal polyno-
mial of a over K, and let 8 be a lift of n(a) € (’)E/alg/lf to Op. We have
v (f(B)) = up/kx by the well-definedness of . By [2 the second proposition
of §1.3], we have @[NJL/K(UK(f(B))) = vg(B — o(a)) for some o € Gal(L/K).
Hence we have vk (B8 — o(a)) > ¢p/x(up/x) = irkx. Since Gal(L/M)y =
Gal(L/K)(i/ep, ) N Gal(L/M) for i > 0 and Gal(L/M) = Gal(L/K)(y, ), We
have iz = en/kin k- Hence v (B — o(a)) > enyxin/x = ip/m- Thus we have
var(9(8)) = ur ar by [2, loc. cit.], where g is the minimal polynomial of o(a) over
M. Since O = Oklo(a)] = Onlo(a)], we can define an Ops-algebra homomor-
phism O — OE/aEL/KM by sending o(«) to 8. This proves (1) = (2.

@) = (@. By assumption, there exists an Ojs-algebra homomorphism

UL /m

n: O — OE/aE/M' Let a be a generator of O as an Og-algebra, let g be the

minimal polynomial of @ over M, and let 3 be a lift of n(a) € OE/aEL/é\ZI to Op. We

have v (g(8)) > ur/a by the well-definedness of . We have &L/M(UM(Q(B))) =
vpm (B — o(a)) for some o € Gal(L/M) by [2 loc. cit.]. Hence vy (8 — o(a)) >
ﬁL/M(uL/M) = ir/y. Using the equality iz ns = enr/kir/x obtained above, we
have vk (8 — o(a)) > i k. Thus we have vi (f(8)) > ur, x by [2 loc. cit.], where
f is the minimal polynomial of a over K. Thus we can define an Og-algebra
homomorphism Oy, — Og/ a;f/; by sending « to 8. This proves @) = (@). O

3. REDUCTION TO TOTALLY RAMIFIED E/K

In this section, we reduce the proof of Theorem [T I]to the case that the extensions
E/K appearing in the definition of (P,,) are totally ramified. To be more precise,
we consider the following property (P ):

(P) If E is a totally ramified algebraic extension of K and if there exists an
Ok-algebra homomorphism O — OE/a’g/K, then L C E.

Proposition 3.1. Let K be a complete discrete valuation field with perfect residue
field k, let L be a finite Galois totally ramified extension of K and let m be a non-
negative real number. Then L/K satisfies (Py,) if and only if any finite unramified
base change L'/K' of L/K satisfies (PL).
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Proof. First we assume that any finite unramified base change L'/ K’ of L /K satis-
fies (P) and show that L/K satisfies (P,,). Suppose E/K is an algebraic extension
and there exists an Og-algebra homomorphism 7n: O, — Og/ a};}/ k- We may as-
sume E/K is finite. Let K’ = ENK" and set L' = LK'. Let nf': Opr — Op/ay )
be the base change of n by Ok-. By assumption, we have L' C E. Hence L C E.
This shows that L/K satisfies (Pp).

Next we assume that L/ K satisfies (P,,) and show that any finite unramified base
change L'/ K’ of L/K satisfies (P). Suppose E/K’ is a totally ramified algebraic
extension and there exists an Og--algebra homomorphism n': Op — Og/aly K
Consider the composite of the inclusion O, < O, and 1. By assumption, (P,,) is
true for L/K. Hence L C E. Thus L' = LK’ C E. This shows that L' /K’ satisfies
(Pr)- O

4. PRELIMINARY RESULTS ON THE LOCAL CLASS FIELD THEORY OF SERRE AND
HAZEWINKEL

In this section, we provide some preliminary results on the local class field theory
of Serre and Hazewinkel ([6], [I, Appendice]). We work on the site (Perf/k)pqc of
perfect schemes over a perfect field k& with the fpqe topology (compare with [4
Chapter III, §0, “Duality for unipotent perfect group schemes”]). The category of
sheaves of abelian groups on (Perf/k)pqc contains both the category of commutative
affine pro(-quasi)-algebraic groups over k in the sense of Serre ([5]) and the category
of commutative étale group schemes over k as thick abelian full subcategories. For
i > 0, we denote by Ext}; the i-th ext functor on the category of sheaves of abelian
groups on (Perf/k)gpqc. For a sheaf A of abelian groups on (Perf/k)gpqc and a
non-negative integer i, we define the i-th homotopy group 7¥(A) of A to be the
Pontryagin dual of the injective limit of the torsion abelian groups Ext} (A, n~'Z/Z)
for n > 1. The system {Wf}izo is a covariant homological functor from the category
of sheaves of abelian groups on (Perf/k)pqc to the category of profinite abelian
groups.

First we extend the local class field theory of Serre and Hazewinkel in a canonical
way for abelian extensions with unramified part (Proposition[dIlbelow). Let K be a
complete discrete valuation field with perfect residue field k£ and let O be its ring of
integers. We define a sheaf O of rings on (Perf/k)ppqc as follows. For each perfect
k-algebra R, we set Ok (R) = W(R) @w ) Ok if K has mixed characteristic, and
Ok (R) = R®; Ok if K has equal characteristic, where W is the sheaf of the rings
of Witt vectors of infinite length and ® denotes the completed tensor product.
Let K be the sheaf of rings on (Perf/k)gpqe with K(R) = Og(R)[(1 ® mx)™],
where 7 is a prime element of Og. This is independent of the choice of mx. We
set Ux = O%. For each n > 0, the sheaf of rings Ox has a subsheaf of ideals
p% with p%(R) = Ok (R) Qo p} for a perfect k-algebra R. The presentation
Ok = projlim,,_, . Ox/p} gives an affine proalgebraic ring structure for Og.
Likewise, Uk has a subsheaf of groups U% = 1+ pl for each n > 1 (for n = 0,
we set U% = Ug). The presentation Ux = projlim,,_, ., Ux/U% gives an affine
proalgebraic group structure for Ugx. We have a split exact sequence 0 — Ug —
K* —-Z—0.

For a finite extension L/K with residue extension k'/k, we can define sheaves
OL,k7 Lk, UL,k and Uz,k on (Perf/k)quc and sheaves OL,kH Lk/7 UL,k' and
U} ., on (Perf/k')pqc in similar ways. For example, in the mixed case, we define
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O x(R) = W(R)®w &) Oy for a perfect k-algebra R and O .. (R') = W(R")@w @)
Oy, for a perfect k’-algebra R’ etc. When L/K is totally ramified, we can omit the
subscript k (= k') without ambiguity.

Proposition 4.1. There ezists a canonical isomorphism 75 (K*) = G2 and a
commutative diagram with exact rows

0 —— mf(Ug) —— 7f(KX) —— 78(2Z) —— 0

(1) lz lz lz

0 —— T(K*/K) —— G% —— G —— 0.
Here G32 (resp. G3P) is the Galois group of the mazimal abelian extension K*° /K
(resp. k*®/k) and T denotes the inertia group. The left vertical isomorphism is
the reciprocity map of the local class field theory of Hazewinkel ([I, Appendice,
§7.3]). The right vertical isomorphism is dual to the isomorphism H*(Gy,Q/Z) =
Exti(Z,Q/Z).

The proof below requires a lemma on calculation of Tate cohomology. Let G be
a finite group and let A be a sheaf of G-modules on (Perf/k)gpqc. For a perfect
k-algebra R, let {C(G, A(R))}icz be the standard complete resolution of the G-
module A(R). The functor C*(G, A): R+ C*(G, A(R)) is a sheaf of abelian groups
on (Perf/k)gpqc, which is isomorphic to a finite product of copies of A. We define the
i-th Tate cohomology sheaf of G with values in A, denoted by fli(G, A), to be the
i-th cohomology of the complex {C*(G, A)}icz. The sheaf H'(G, A) is associated
with the presheaf R — H'(G, A(R)) of Tate cohomology groups.

Let L/K be a finite Galois extension with residue extension &’'/k and set G =
Gal(L/K), g = Gal(k'/k) and T, = T(L N K*®/K). We regard these groups as
constant groups over k. Let Z[g] be the group ring regarded as an étale group
over k. Let Ig (resp. Ig) be the augmentation ideal of Z[G] (resp. Z[g]). We
set No = > ,cc0 € Z[G]. The sheaves Uy, L; are sheaves of G-modules on

(Perf/E)pge-
Lemma 4.2. The Tate cohomology sheaf H'(G, L;) vanishes for all i € Z.

Proof. First we show that the sheaf H(G, L)) is represented by an affine scheme.
The groups Uy, i, L} and Z[g] are the Weil restrictions of Uy s, L}, and Z, respec-
tively, from £’ to k. Thus we have an exact sequence 0 — Uy, — L — Z[g] — 0.
This short exact sequence gives a long exact sequence

o HTYG, Zfg) S HY(G,ULy) — HY(G,LY) — H'(G,Zlg) % -
and a short exact sequence
0 — Coker(d;_1) — H'(G, L)) — Ker(d;) — 0,

where d; is the coboundary map. The group ﬁi(G, Uy ) is affine since Up y, is
affine. The group H*(G,Z[g]) is étale since Z[g] is étale. Moreover, the étale group
Hi(G,Z[g)) is finite since G is finite and Z[g] is finitely generated over Z ([7, Chap.
VIII, §2, Cor. 2]). Hence H(G,Z[g)) is affine. Thus Coker(d;_1) and Ker(d;) are
affine. Therefore H'(G, L)) is affine.

Thus, to show the vanishing of H(G, L} ), it is enough to show the vanishing of
the group of its k-points. We have H*(G, L) (k) = H'(G, Ly (k)) = H(G, (K" @
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L)*). By [7, Chap. XIII, §5, Exercise 2, a)], we have H (G, (K™ @k L)*) = 0.
This completes the proof of the lemma. ([

Proof of Proposition [{-1] First we construct a homomorphism 75 (K*) — Gal(L/K)*
for each finite Galois extension L/K. We keep the above notation for the exten-
sion L/K. Let Uy 4/, be the kernel of the composite of the map L; — Z[g]
defined in the proof of Lemma 2] and the augmentation map Z[g] — Z. We have
an exact sequence 0 — Up pr/p — L; — Z — 0. Using Lemma 2] we have
0= ffﬁl(G, Z) = ﬁO(G, UL, k’/k) = UK/NGUL,k//k- Hence Ng: UL,k’/k — Ug
is surjective. Similarly we have G*P = fliQ(G, 7) > fl’l(G, Uy, r/k). The group
fl_l(G, Uy /) is the quotient of the kernel of the norm map Ng: Uy, 4/, — Uk
by the product IgUy, /i of the ideal I and the G-module Uy, ;. /5. Thus we have

an exact sequence 0 — G2 — Up we/Ic UL, 1wk Ne Ug — 0 and hence an ex-

act sequence 0 — G*P — L} /1c UL ik N¢ K* — 0. The resulting long exact
sequence of homotopy groups gives a homomorphism 7§ (K*) — 7§ (G?*P) = Gab.

Next we show that the homomorphism 7F(K*) — G2 = Gal(L/K)*" and its
limit 7F (K*) — G4 satisfy the required properties. The map L, — Z[g] gives a
surjection Uy, ;s — Iy and hence a surjection IgUp x//p — Igz. Therefore we have
a following commutative diagram with exact rows and columns:

0 0 0
0 —— T. —— Upi/(UrkNIcUp k) Uk 0
2 00— G» —— L /IcUL 1 i K> 0
0 —— g —— Zlg) /13 Z 0

0 0 0

By the resulting long exact sequences of homotopy groups and by passage to
the limit, we get the required commutative diagram (). The map 7§ (Ug) —
T(K*/K) coincides with the reciprocity map of the local class field theory of
Hazewinkel. Hence it is isomorphism. Also the map 7f(Z) — G3" is an isomor-
phism. Thus the map 7F(K*) — G% is an isomorphism as well. O

In the rest of this section, we prove some lemmas needed for the next section.

Lemma 4.3. Let E/K be a finite extension with residue extension k'/k and let
Ng/k: EY — K* be the norm map. Then we have nf(Ker(Ng/k)) = Gal(E N
K*/K).

Proof. First we reduce to the case where E//K is separable. Let F' be the separable
closure of K'in E. Then £ = F(wllp/q) for a prime 7p of Op and ¢ = [E : F]. Since ¢
is a p-power and N, is the g-th power map, the map Ng,r gives an isomorphism
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E; 5 F; and hence an isomorphism Ker(Ng/x) = Ker(Np/k). Thus we may
assume E/K is separable.

Next we reduce to the case where E/K is Galois. Take a finite Galois extension F
of K containing E. The map Ny 5, gives an isomorphism Ker(Ng )/ Ker(Ng ;) =
Ker(Ng k). Hence we have 7r§(Ker(NE/K))/wg(Ker(NE/E)) =~ mf(Ker(Ng/ ).
On the other hand, we have Gal(ENK?"/K)/Gal(ENE?*"/E) =~ Gal(ENK?" /K).
Comparing them, it follows that we may assume E/K is Galois.

We show the lemma for Galois E// K. The short exact sequence 0 — Ker(Ng,x) —

E — K* — 0 gives a long exact sequence
k g g
cee = ﬂ'f(E;) — T (K*) — ﬂ'g(Ker(NE/K)) — 7T§(E;:) — 7p (K*X) = 0.

Since E)¢ is the Weil restriction of E) from k' to k, we know that 7 (E) £ ¥ (EX)
for i > 0. The map 7§ (E;) — nf(K*) can be translated into the restriction map
G3» — G352 by Proposition LIl The map 7§ (E;) — 75 (K*) can be translated
into the identity map Z — Z. Hence we have 7§ (Ker(Ng/x)) = Gal(E N K**/K)
as required. (I

For the next two lemmas, let L/K be a finite wild Galois extension with a unique
jump in the ramification filtration of its Galois group. Then L/K is a totally
ramified abelian extension whose Galois group is killed by p. Set m = up/x > 1
and G = Gal(L/K). Then m is an integer by the Hasse-Arf theorem. We write

Y=Yk
Lemma 4.4. Let L/K, m, G, v be as above. Let Np/x:Up — Ug be the

norm map and Np g : UL/Ulf(m_lH_1 — Uk /UR be its quotient. Then we have

Proof. We have N/ (UY™ D) = U by [7 Chap. V, §6, Cor. 3]. Thus we
have Ker(Np, /i) = Ker(Np )/ Ker(NL/K)ﬂU%(m71)+l. Hence mff (Ker(Np k) =
& (Ker(Np i)/ (Ker(Np ) ﬁU%(m71)+1) by the right exactness of 7§. For the
numerator, we have mf (Ker(Nz,x)) = G by Lemmal3 For the denominator, we
show that the image of mf(Ker(Ny,/x) N Uf(m_l)ﬂ) in G is zero. We have

Ker(Np i) Uy gimh - gme
Y(m—1)+1 = Ker | Np/k: Pm—DH g
Ker(Ny,x) N UY U Uy
o~ Gm—l/Gm

by [7, Chap. V, §6, Prop. 9]. From our assumption on L/K, we have G™ ! = G
and G™ = 0. Taking 75, we have

7k (Ker(Ny, ) N UL Y)
wg(Ker(NL/K) N Uf(m_l)—‘_l)

IR

G.

But since 7§ (Ker(Np,x) N Uf(mfl)) >~ G by [6, §3.5, Prop. 8, (ii)], the image of

g (Ker(Np i) N Uf(m_l)ﬂ) in G is zero. Thus we have 7§ (Ker(Ny k) = G, as
desired. g
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Lemma 4.5. Let L/K, m, G and ¥ be as above. Then we have canonical isomor-
phisms

KX /Np L 2 Up= JURNL UL = Hom(Gy, G).
Moreover, if k' is a finite extension of k and K’ (resp. L') is the corresponding
unramified base change of K (resp. L), then the following diagram commutes:

K* Nyl ——— UR~ ' JURNL U Y —— Hom(Gy, G)
K/X/NL//K/L/X fr—— U;?/_l/U;?,NL//K/Uw/(mil) fr—— HOH}(Gk/,G),

where the vertical arrows are induced by the inclusions K* — K'*, U?_l — U}?/_l
and Gk/ — Gk

Proof. The inclusion induces an isomorphism from U?_l/U}{”NL/KUg(m_l) to

K*/Np,gL* by [1, Chap. V, §6, Cor. 2] with a similar argument to [7, Chap.
V, §3, Cor. 7]. By the assumption on L/K, the sequence

_ " N _
0 — G — Uy gyt D T gt g — 0

is an exact sequence of sheaves on (Perf/k)pqc by [0, §3.4, Prop. 6]. Since U%(nﬂhl)/Ule(m*l)le
is isomorphic to the additive group, we have Hl(Gk,Uqf(mfl)/Uf(mfl)H) = 0.
Thus the resulting long exact sequence of Galois cohomology of k gives an an iso-
morphism from U;(”fl/U}{”NL/KUg(m_l) to Hom(Gy,G). The commutativity of
the diagram is obvious. (Il

5. THE REDUCED CASE

Throughout this section, let K be a complete discrete valuation field with perfect
residue field k of characteristic p > 0 and let L be a wild Galois extension of K
with a unique jump in the ramification filtration of its Galois group. Then the
extension L/K is a totally ramified abelian extension whose Galois group is killed
by p. We put G := Gal(L/K) and m := ur /g > 1. By the Hasse-Arf theorem, m
is an integer.

The following proposition, combined with Propositions 2.1l and Bl proves The-
orem [T

Proposition 5.1. Let L/K, G, m be as above.
(1) If L/K satisfies (Pt), then k has no Galois extension of degree p.
(2) If E is a totally ramified algebraic extension of K and if there exists an O -
algebra homomorphism Op — OE/a};}/K, then there exists an unramified

Galois extension K'/K with Galois group isomorphic to a subgroup of G
such that L C EK’.

Proof. ). Assume L/K satisfies (P!). Since G = Gal(L/K) is a non-trivial
abelian group killed by p, to show that k£ has no Galois extension of degree p,
it is enough to prove that Hom(Gg,G) = 0, which is equivalent to showing that
NL/KUipL/K(m_l) = Up~! by Lemma[£R Take u € Up~'. Let f(z) = 2¢ +
Qo121 4+ 4+ a12 + ag be the minimal polynomial of a prime element 7y, of Op,.
Then the polynomial 2¢ + a._12¢7 + -+ + a17 + uag € Ok[z] is an Eisenstein
polynomial. Let mg be a root of this polynomial such that the function vk (rg —
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ory) for o € G takes the maximum at o = 1. Set £ = K(ng). Then we have a well-
defined Ok-algebra homomorphism O, — Og/ a’g/ i that sends 7 to 7g, since
v (f(mE)) = vk ((u—1)ag) > m. Since L/K satisfies (P'') by assumption, we have
L C E, which is actually an equality: L = E. Since 7y, and mg are both prime in
O, = Og, their ratio v’ := wg /7y, is in Uy, = Ug. By [2, the second proposition of
§1.3], we have @L/K(UK(f(wE))) =vg(rp —7nr) = (vp(u' —1)+1)/er k. Thus we
have vy, (u' —1) > eL/Kz/;L/K(m) —1 =11 /k(m—1). Hence u’ € Uzj”K(mil). Also

we have Ny xu' = Ny /xmp /Ny /k7L = uao/ag = u. Hence NL/KUipL/K(mfl) =

Ut This proves ().

@). Let E be a totally ramified algebraic extension of K such that there exists
an Ok-algebra homomorphism n: O, — OE/a’g/K. We may assume E/K is finite.
We regard OE/aZ}/K as an Op-module via 7. By Lemma [5.2] below, we know that
Og/ag i is finite free over Op/af, . Hence we get the corresponding norm map
N, from (Op/ag, ) = Up/Ug """ to (Op/a}, )% = Ur /U """, The map N,
can be extended to a morphism Ug /Uy """ — U /U of sheaves of abelian
groups on (Perf/k)gpqc. By the transitivity of norm, we have Np /x o N, = Ng/k,
where Ny, i U /UL — Uk /UR (vesp. Ng i : Ug/Up ™" — Uk /UR) is
the map induced by the norm map N,k for the finite extension L/K (resp. Ng,x
for E/K). Since mer/x > ¢p,x(m — 1) + 1, the map Ny, factors through the

canonical projection Uz /U “*/* — UL/UfL/K(m_1)+1. By abuse of notation, we
(m—1)+1

write Ny, x for the map UL/UILZ}L/K — Uk /U

We show that there exists an unramified Galois extension K'/K with Galois
group isomorphic to a subgroup of G such that the following holds: Let k' be the
residue field of K’ and let L' = LK', E' = EK’ and N,y be the unramified base
changes by K’/K. Then we can extend N, to an morphism ]\7,7/ so as to obtain

the following commutative diagram with exact rows of sheaves of abelian groups
on (Perf/k)epqe:

0 —— Ker(NE//K/) —_— E'% N—) K’ — 0
B/ K’

5 s !

—_— m— N/ ’
0 —— Ker(Np rr) —— Lo julpetm= et ZE0C gengm,

The construction of ]\7,7/ is as follows. Take a prime element mg of Op. By the
isomorphism of Lemma B8, Ng/x7g defines a homomorphism yx: G — G. Let
k' correspond to Ker(x) via Galois theory. Let K’, L', E', N, be the corre-
sponding unramified base changes. The restriction x|g,,: G — G is a trivial
character. Hence the image of N g in K'* /Ny, /L' is trivial by Lemma
Thus Ng g7 can be written as Ny /g, for some prime 7w, of Op,. We
define Nn/wE := mr/. Then the commutativity of the right square follows from
the equality Np g o Ny = Ng/i as a map from Ug to Ux /UR and the equality
Ng kg = Npjgmr.
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The above diagram and the resulting long exact sequences of homotopy groups
give the following commutative diagram:

' (K™*)  —— mf (Ker(Ng k)

! Is

' (K™ /Ug) —— 7§ (Ker(Np x)).
By Proposition 1] Lemma 3] and Lemma [£.4] we can translate this diagram into

G3b, —— Gal(E'N K" /K")

| |

Gab /(Gab)™ — G = Gal(L'/K").

The horizontal arrows are restriction maps. The commutativity of this diagram
shows that L' ¢ E'’ N K'*P. Thus L C E' = EK'. This proves (). O

Lemma 5.2. The Or-module OE/a’g/K is killed by a’L”/K and is finite free over
OL/“T/K'

Proof. (For another proof, see [3, Lem. 2.1].) Put n = [L : K| = er/x and
T = OE/a’g/K. Let mx be a prime element of Ok, let w1, be a prime element of
Or, and let 8 € Og be a lift of n(ry) € OE/a’g/K. Since uw = 7} /mk is a unit,
n(w) is a unit in OE/a’g/K. Since ™ = n(u)Tk in OE/a’E/K and m > 1, we have
vk (B") = vk (k) = 1. Hence vk (8) = 1/n. Thus 7™ kills T = OL/aT/K. For
an arbitrary element v € Opg that is a lift of an element of the 7p-torsion part
T[rr] of T, we have v (By) > m. Hence vi(y) > m — 1/n = vk ("™ 1). Hence
v € Bvm=10g. Thus Tlrr] = Wzm_lT. Applying the structure theorem of modules
over a principal ideal domain, we get the result. (I

Remark 5.3. One can use Propositions[2.1] and Bl to get a generalization of asser-
tion (2] of Proposition 51l for a finite wild Galois extension L/K. The result is the
following. If F is an algebraic extension of K and if there exists an O-algebra ho-
momorphism Op — Op/ay - for m = urk, then the Cal(L/K)™)-fixed subfield
M of L is contained in F, and there exists a finite unramified subextension M’/M
of E/M and an unramified Galois extension M"' /M’ with Gal(M" /M") isomorphic
to a subgroup of Gal(L/K)™) such that L ¢ EM".

Remark 5.4. The local class field theory of Serre and Hazewinkel is useful not only
for the reduced case but for more general abelian cases. We illustrate it with a
simplified proof of the following part of Theorem [t if K is a complete discrete
valuation field with algebraically closed residue field k and L is a finite wild abelian
extension of K, then L/K satisfies (P,,) for m = up k.

The proof is given as follows. Let E be a finite extension of K and suppose there
exists an Og-algebra homomorphism 7n: O, — Og/ a};}/ - Lemma [5.2]is still valid

for this situation. Thus we have a norm map N,,: UE/UgeE/K — UL/UerL/K
relative to 1. We have the following commutative diagram with exact rows of
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proalgebraic groups over k:

0 —— Ker(Ngx) — Usr — Ugx —— 0
E/K

B v

m— N
0 —— Ker(Np ) —— Uy uywcm=+t ZW8 g um —— 0.

The resulting long exact sequences of homotopy groups gives a commutative dia-
gram

wh(Uk) = Gy —— Gal(BN K*/K) 2 af (Ker(Np/x))

Res

m (Ux/UR) 2 GR/(GR)" ——  Gal(L/K) = 7§ (Ker(Np k).
Here we used Lemmas and [4.4] which are still valid for this situation. Therefore
L C ENK®™ C E. Hence L/K satisfies (Py,) for m = ur, .

Ny,

«—
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