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FROM L-SERIES OF ELLIPTIC CURVES
TO MAHLER MEASURES

MATHEW ROGERS AND WADIM ZUDILIN

ABSTRACT. We prove the conjectural relations between Mahler measures and
L-values of elliptic curves of conductors 20 and 24. We also present new hyper-
geometric expressions for L-values of CM elliptic curves of conductors 27 and 36.
Furthermore, we prove a new functional equation for the Mahler measure of the
polynomial family (1 4+ X)(1+Y)(X +Y)—aXY, a €R.

1. INTRODUCTION

The Mahler measure of a two-variate Laurent polynomial P(X,Y) is defined by

m(P) = // log |P(e*™ e*™)| dt ds.
[0,1]2

In this paper we are mostly concerned with the Mahler measures of three polynomial
families,

m(«) ::m(oz+X+%+Y+%),

g(a) = m((l +X)1+Y)(X+Y) - aXY),

n(a) =m(X*+Y%+1-aXY).
Based on numerical experiments, Boyd observed that these functions can be related
to the values of L-series of elliptic curves [7]. For example, he hypothesized that

m(8) = 4m(2) = fr_fL(E, %), (1)
o(1) = $n(V3) = SL(E'2), &)

where E and E’ are elliptic curves of conductors 24 and 20, respectively. The primary
goal of this article is to present rigorous proofs of (1) and (2). In the remainder of
the introduction we will briefly describe our method, define notation, review facts
about Mahler measures, and present additional theorems.
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The modularity theorem provides the key to proving Boyd’s formulas, because it
allows one to reformulate his conjectures in more elementary terms. The modularity
theorem shows that L-functions of elliptic curves can be equated to Mellin transforms
of weight-two modular forms. For a generic elliptic curve E, we can write

Mo
L(E,2)=—/O % (q)dg,

where f(e*™7) is a modular form of weight 2 on a congruence subgroup of SLy(Z).
The choice of f(q) is predetermined by the elliptic curve E. For instance, if E has
conductor 20, then f(q) = e3e?,. If E has conductor 24, then f(q) = ese4e6e12. For
brevity we use the following notation for the eta product:

| | e
ej=rei(q) =g [J(1—=¢") = D (—1)rg O/
k=1 n=-—oo

Our first step is to find modular functions x(q), y(q), and z(¢) which depend on
f(q), such that

_/0 logq (q)dq=/0 z(q)logy(q) dz(q).

q
Next express = and y as algebraic functions of z. If we write z(q) = X(z(q)), and
y(q) = Y (z(q)), then the substitution reduces L(F,2) to a complicated(!) integral
of elementary functions:
(1)
L(E,2) = X(z)logY(z)dz.
z(0)

The final step is to relate the integral to Mahler measures. In order to accomplish this
reduction, it will be necessary to use many properties of hypergeometric functions.

Let us note that m(«), n(a) and g(«) can all be expressed in terms of hyperge-
ometric functions. These formulas provide an efficient way to compute the Mahler
measures numerically. It was shown by Rodriguez-Villegas [15] that for every a € C,

2 §7 §7 17 1 16
m(a) = Re (loga - ¥4F3(22722’ 9 ?)); (3)
o2
— . 4
) (1)

furthermore [11] if & > 0, then
More involved hypergeometric expressions are known for g(a) and n(«) [16, Theo-
rem 3.1]; in particular, the formulas

m(a) = %Re3F2< ’12’12

2
% g 1.1 27«
(v +4)3

S 4511 27
_ %% p(zow bt A2
<a—2w43<2,%2 Ma—zw)) ©)



FROM L-SERIES OF ELLIPTIC CURVES TO MAHLER MEASURES 3
and

4 5

31 3 1a 1

2 27
n(a) = Re <loga — 54}73( 5% 5)) (6)

are valid for |a| sufficiently large. Formula (5) holds on the real line if o € R\ [—4, 2].

It is a subtle but important point that our proofs are essentially elementary. The
modularity theorem shows that L(F,2) = L(f,2), however the formulas we prove
for L(f,2) are true unconditionally. For example, many of Boyd’s conjectures can
be restated as relations between Mahler measures and the quadruple lattice sum [16]

F(b,c) == (b+1)*(c+1)*

° (_1)n1+n2+n3+n4

X )
nl:z_oo ((6n1 + 1)2 4 b(6n2 + 1)2 + ¢(6n3 + 1) + be(6ny + 1)2)2
i=1,2,3,4

so that the above examples can be written as

m(8) = 4m(2) i—‘jF(z, 3). (8)
o(1) = $n(V32) = 5 F(1,5) @

Formulas (8) and (9) are true even without the modularity theorem. In fact, one sig-
nificant aspect of Boyd’s work, is that it provides a recipe to relate slowly-converging
lattice sums to hypergeometric functions. For more details, many other conjectural
examples as well as for state-of-art in the area, the reader may consult [7], [15]
and [16].

We will prove many additional theorems with the strategy we have described. For
instance, we will construct new hypergeometric evaluations

3¢k 11 3(2 2 2
F(173):—(3) 3F2<3’2371‘1)— (3)3F2<37 3’1‘1)7
3

27 18 32

272log2 T (%) 119 1 I3(2) 2 2 4 1

— F,l 3.3 i __ 37 B[ 3,3 S
25 |78 TR [T

27 3-
for the L-series of CM elliptic curves of conductors 27 and 36. We also prove
elementary integrals for lattice sums which are not associated to elliptic curves:
F(3,7), F(6,7) and F'(3/2,7). Finally, we will derive a new functional equation

)y ()

1
g(4p(1+p))+g( = . Y2 T <p<l

5 =
for the Mahler measure g(«). This last formula resembles some of the functional
equations due to Lalin and Rogers [12].

We will conclude the introduction with a word about notation. This paper involves
a large number of g-series manipulations, and draws heavily from Berndt’s versions
of Ramanujan’s Notebooks [3, 4, 5|, and from Ramanujan’s Lost Notebook [1]. For

F(1,1) =

Y
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this reason, we have chosen to preserve Ramanujan’s theta function notation

plg)= Y a%,  WUlg)=) ¢
n=0

n=—oo

We will also define the notation for signature-three theta functions in the next
section.

2. CONDUCTOR 27

In this section we will look at the CM elliptic curves of conductors 27 and 36,
as well as at some non-elliptic curve lattice sums. Recall that elliptic curves of
conductor 27 are associated to e3e3, and elliptic curves of conductor 36 are associated

to eg [13]. Define
3

11 3
H(x) ::/ ﬂge—mdq.
0

q €1 €3

The following lemma shows that certain values of (7) are expressed in terms of H(x).

Lemma 1. The following relations are true:

OF(1,3) = —H(1), (10)
144F(1,1) = —16H(§) +H(1—12), (11)
27 8 1 1
SLR(3,7) = SH(1) ~ H(T) - EHG), (12)
i—;F(G, 7) = 41—9H<%) +H(14) - %H(2), (13)

27 3 2 1 1 7 1 1
%F<§’7) = ?H@ - zH@ B @H<ﬂ)-

Proof. Equation (10) follows from the definition of H(x). Formula (11) follows from
integrating a modular equation equivalent to Somos [19, Entry ts69 39]:

—~

14)

3,3 3,3
€€ €, €
1-36 4-9 64 0.

€3€12  €12€3 o
We can recover (12) by integrating a modular equation equivalent to Ramanujan [4,
pg. 236, Entry 68]:

3,3 3.3

€5€ e;e

37 1-21
+ L2

€1€21 €3€7

2 2 2 2
e1e3 + Tezey; + 3ejezerea =

Equation (14) follows from a modular equation equivalent to Somos [19, Entry
I42,8,56]1
3.3 3.3 3.3 3.3
ere eqe ere ese
1€2 | %% A% 5 €72
€3€14  €2€21 €362 €21€14

= 3ezeseqea1,
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and (13) follows from a modular equation equivalent to Somos [19, Entry 2425 ¢4]:

3.3 3.3 3.3 3 3
€9€o1 |, €3€14  €o€ €14€91
+ 3 - 5 7 = —3616667642.
€6C7 €142  €1€¢ €42€7 ]

In the next proposition we will reduce H(x) to an integral of signature three theta

functions. Recall that .

m2 mn n2
alg)= Y gmrm

m,n=—00

and
o) = 5 (Bala®) — ala).  cla) = 5 (ala") — a(a)).

The functions a(q), b(¢) and c(q) were studied in great detail by Ramanujan [5].
They form the basis of his theory of signature-three theta functions.

Proposition 1. Suppose that x > 0, then

(o) = 2 [ bt g (3550 ) 2 (19

Proof. Begin by setting ¢ = e~ then
H(z) = —(2%)2/ u——=
0

We will use the following Eisenstein series expansion [1, pg. 406]:

3 0 n/3 n
€3 _ 4q 9
S (1 )

Rearranging the series, and then applying the involution for the eta function, we
find that

3 3]
€ —2mnku —2mnku
3= Z X_g(n)(e 2mnku/3 e mnk ), (16)
1 n,k=1
3 V3 =
I X_g(,r,) (6—27rrs/(9:cu) . 6—27rrs/(3:cu)). (17)
€3z Tu it

Therefore, the integral becomes

27)%/3 o

H(l’) _ _( 7T?E \/_ Z X_g(n’f’)/ (6—27rnku/3 . 6—27mku)
n,k,r,s>1 0

X (6—27rrs/(9:cu) . 6—27rrs/(3:cu)) duw.

Use linearity and a u-substitution, to regroup the integral:
27)%/3 o
H(SL’) _ _( 7T) \/_ Z X_3(n7”)/ e—27rnku(€—27rrs/(3mu)
0

T
n,k,r,s>1
. 46—27rr8/(9:cu) + 36—27rrs/(27xu)) du.
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Finally make the u-substitution u + ru/k. This permutes the indices of summation
inside the integral and we obtain

27 2\/g rX—-3(Tn >~ —2mnru [ —2mks/(3zu
H(:)s):—( )x Z :]1( )/0 ¢ 2mnru (2rks/ (1)

n,k,r,s>1

o 46—27rks/(9mu) + 36—27rks/(27xu)) du.

Simplifying reduces things to

(1 _ e—27rs/(9xu) )4

X lOgl:[ (]_ _ e—27rs/(27:cu))3(]_ _ e—27rs/(3xu)) du.

Notice that the product equals a ratio of Dedekind eta functions (all of the ¢'/?
terms have cancelled out). Applying the involution for the eta function, we obtain

iy = - CE [ ( " (e

etru > (1 _ e—27rs(9xu))4
x1 du.
Og( 3 o (1 _ e—27rs(27gcu))3(1 _ e—27rs(3xu)))

—27u

, and then use the product expansion c(q) = e3/e; [5, pg. 109], to

H(x) \f/( 3" rxca(r)d )log(B clq” >)dq (18)

(@*)) q
To simplify the Eisenstein series, notice that

Set ¢ = e
obtain

n,r=1

Im(627rin/3)

and therefore

where

(19)

By Ramanujan’s Eisenstein series for a?(q) [5, pg. 100], we have

2a*(q) = 3L(¢*) — L(q),

so it follows that
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Finally, if we use

a(e®™q) = b(q) + iV3c(q?),
then

Im a®(e*™q) = 2v/3b(q)e(q”),
which implies

- 1
> rx=s(rn)g™ = 3b)eld’). (20)
n,r=1
Substituting (20) into (18) concludes the proof of (15). O

In the next proposition, we will pass from an integral involving modular functions,
to a purely elementary integral. In order to accomplish this, we will use the inversion
formulas for signature-three theta functions.

Proposition 2. Suppose that x > 0, and assume that 5 has degree 3x over « in the
theory of signature 3. Then

2 11— 1/31_ 1— 1/3 1—(1— 1/3
Hz) = —=~ / (1—a)?(1—(1-a)'") log 1= : 35)
3v3z Jo a(l—a) pY
Now suppose that B has degree x over a in the theory of signature 3. Then
9 L AU/3(1 — ol/3 1— (1= B3
H(z) = — /O‘ L= o (135)
3v3x Jo  a(l—a) g

Proof. Let us prove (21) first. By formulas (2.8) and (2.9) in [5, pg. 93-94], we know
that

da.  (21)

da. (22)

3¢(q’) = alq) — b(a).
Therefore (15) reduces to

H(z) = 3\2/7%93

<—27T gFl(%, %; 1;1— a))
= ex
! P V3 2FiI(3.31a)

/0 b(q) (a(q) — b(g)) log alg

Now set

and notice that
a2(q)@ __ Gdo
g a(l—a)
It is also known [5, pg. 103] that b(q)/a(q) = (1 — a)/? and c(q)/a(q) = o*/3.
Substituting these relations completes the proof of (21). Equation (22) follows if we

first let ¢ — ¢'/? in (15), then use
b(q"?) = a(q) — c(a),
and finally make the same substitution for q. 0J

While it is known that algebraic relations exist between « and [ for all rational
values of z, it is very difficult to apply those relations except in a few cases.
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Theorem 1. We have

I3(L 119 I3(2 2 .29
F(1,3) = 2(73) ?,Fz(?’7 ¥ ‘ 1) - 1(83) 3F2(3’é3’§ ‘ 1)' (23)
303

Proof. If x =1 in (22), then a = 3, and we obtain a formula for F'(1, 3):
2r [t a'B(1—-a?)  1-(1—a)/?
— 0
7V3Je  all—a) o i

It is possible to simplify (24) with Mathematica. The easiest method is to make the
substitution

F(1,3) = da. (24)

I-(1-a)® & (1—a)"—3(1—a)/?
(-0 §~(—0) —3(1-0)

log al/3 3n ’

n=1

and then perform term-by-term integration using beta integrals. 0

The new formula for F'(1,3) should be compared to the well-known 4F5 evalua-
tion [16, Eq. (43)]:

81 1 1.51,1 1
o — - 303 D 4| _Z
47T2F(1,3)—10g6+1084F3< 27 2’2 ‘ 8) (25)
It seems to be a tricky task to demonstrate the equivalence of (23) and (25) by
purely hypergeometric techniques.

Note that a similar identity can be derived for H(1/3), by setting = 1/3 in (21).

3. CONDUCTOR 24

It is known that an elliptic curve E of conductor 24 is associated to the eta product
eseqsegern [13]. Thus L(E,2) = F(2,3), where F'(b, ¢) is the four-dimensional lattice
sum (7). Let us define G(z) as follows:

1 2,2 2.2
1
G(x) ::/ 0BG 2% &0t g,
0

g €1€3 €2:€6¢

It is easy to see that G(1) = —4F(2, 3). It follows that we can solve Boyd’s conductor
24 conjectures by reducing G(1) to hypergeometric functions.

Proposition 3. Let w = e*™/3. The following formulas hold for z > 0:

G(z) = z—ZIm/O wqY* (w?q*) log <4q3xqi4((qq6;)))% (26)
S 1 — _ 2_3B%1o 3x/2¢4(q6x) @
2\/533/0 (A— B)(A—3B)(A” —3B%)1 g<4q ¢4(q3m)) 7’ (27)

where A = ¢'/3¢(q) and B = ¢°/*(q°).

Proof. Begin by setting ¢ = e~2™; then the integral becomes

[e'e] 2.2 2.2
G(z) = —(zﬂ)2/ u 26 S gy
0

€163 €24€6y
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Now consider a Lambert series due to Ramanujan [3, pg. 223, Entry 3.1]:

R _ S
ereg = 1—gqn’

—1. Rearranging Ramanujan’s result, and

where x(n) has conductor 6, with x(5)
then using the involution for the eta function, we have

6%6(23 _ f: X(n)(e—wnku . e—27rnku)7 (28)
163 n,k=1
. e—27r7’s/(6xu))‘ (29)

69206?’):0 _ 2 Z X(,r,)(e—27rrs/(l2:cu)
CorCor  \/3wu rae1

Noting that x(n) is totally multiplicative, the integral becomes

87'('2 00
G(ZL’) - _ X(T’n)/ (e—ﬂnku . e—27rnku)(e—27rrs/(12mu) o e—27r7"s/(6mu)) du
V3 n,k,;zl 0

877-2 > —ZTTNRKU —ZTTrs U
= e Z X(rn)/ e~ 2mmku (9g=2mrs/(24zu)
n,k,r,s>1 0

36—27rrs/(12xu) + 6—27rrs/(6:cu)) du.

Now make the substitution u — ru/k. This step is crucially important, because it

groups the r and n indices together:

872 rx(rn) / o
G(z) = — e—27rrnu 26—27rks/(24mu)
() e n,k%g 5/ (

36—27rks/(12xu) + 6—27rk5/(6xu)) du.

Simplifying the k£ and s sums, brings the integral to
8m?2 [
G(z) = — / ( rx(rn)e_27rr”“)
\/gﬂf 0 MZN
OO (1 _ e—27rs/(12xu))3
X log ]:11: (1 _ e—27rs/(24xu))2(1 _ e—27rs/(6mu)) du

The product equals a ratio of eta functions (the ¢'/?* terms have cancelled out)
Applying the involution again, we have

6o - [ (3 rome)

n,r>1

e—37rum/2 0 (1 _ 6—247rsmu)3
x 1 du.
Og< \/i = (]_ _ e—487rsxu)2(]_ _ 6—127rs:cu)> u
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Now use the product expansion ¢'/%¢(q) = €2/e;, and simplify:

o (G (S 282)

n,r>1
T 1 4¢ 12z d
o (S e sl ) 5o

The calculation is nearly complete. To simplify the Eisenstein series, we will use

1 . ,
n)= _Im e27rzn/3 _ _1 ne27rzn/3 ,
() = 2 Im(e% — (-1l
and therefore
1 . .
rv(rn)a™ = — Im(L 627rz/3 — L _627rz/3 ’
D () =~ (L) — L(=e¥og)

n,r>1

where L(q) is the Eisenstein series (19). Ramanujan proved [3, pg. 114, Entry 8.2]
that

3¢ (q) = 4L(q") — L(q),

hence
m 1 4/ 2mi)3 4 2mi/3
rx(rn)q™ = —=1Im(p"(e q) — ¢ (—e q));
3 rxma™ = R I () (e )
finally by [3, pg. 40], we have
2 . )
Z T’X(’f’n)an _ 2 Im(e2m/3q¢4(e4m/3q2)). (31)
n,r>1 \/g

Substituting (31) into (30) completes the proof of (26). To reduce (26) to (27), we
can substitute the following identity into (26):

20(w?q®) = 20(¢*) = 3¢*¥(¢"®) — iV3¢*(¢"®). O

Lemma 2. We have

12 V(1= 2p)(2 —p) logm

us 1—2p
_4F(2,3 :Glz—/ dp. (32
Proof. Set x = 1 and then manipulate (26), to obtain
7T ! U*(¢%)\ dg
G(1) = —Im/ w2 (w?g) lo (16(]3 )—
gt W loe\ 19050 )
Now apply complex conjugation, then use w? = —e™/3 = —w!/2, and let wq — ¢, to

arrive at

611) = 1 [ 20 a)tog 1602100 4

V@®)) a
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Now set a(q) :=1—p*(—q)/¥*(q), and z(q) := ¥*(¢q). Then by formula [3, pg. 123,
Entry 11.1] and |3, pg 120, Entry 9.1],

q"*¢*(q) = MZQ(Q),

4
da(q) _ a(g)(1 — a(g)2*(q)
dg q
By formulas [3, pg. 123, Entry 11.1] and [3, pg 123, Entry 11.3] we also have
16q3¢8(q6) — Oé(q3)
3(q?)
Thus,
w 3
G(1) = “Tm gold) ya(g)
V(g (1 —alg))
m ' log a(¢°)

= —Im da(wq).
1™y Va1 — awg) “““Y

Note that both a(wq) and a(¢?) vary from 0 to 1 as ¢ changes in the range from 0
to 1, and that the path for the latter is purely real.
The functions a(q) and 8(q) = a(q?) are related by the modular polynomial

(0 + 8%+ 6a8)” — 16a8(4(1 + af) — 3(a + B))’ =
and admit the rational parametrization
_p2+p)° 5 P’2+p)
(1+2p)%’ 1+ 2p
with p ranging from 0 to 1 as as ¢ changes in the range. The same modular relation

and parametrization, of course, remain true when we take wq for ¢, except that in
this case the parameter p ranges along the complex curve

3
p’(2+p)
= N —_— 1
P {p 0< 172 < }

in the upper half-plane Imp > 0 joining the points 0 and —1. This gives rise to
writing G(1) as
log

pVa(l—a)

First note that the integrand, as functlon of p, is analytic in the half-plane Im p >
0, so that we can change the path of integration to the straight interval from 0 to —1
understood as the interval along the upper cut of the real axis:

logﬁ o -1 log

Secondly, along the 1nterval —1 <p< —1 /2 the integrand is purely real, so that

(33)

G(1) = I da.
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Developing now the substitution (33), computing the imaginary part and putting

—p for p, we thus arrive at (32). O
Remark. A similar recipe expresses G(1/2) in the form
0 log 8
1/2) = —1 d 4
G(1/2) = gy [ 2o (34)

for the path P given above. The substitution (33) produces an expression whose
anti-derivative could be expressed in terms of the logarithmic and dilogarithmic
functions, and we finally arrive at

2
G(1/2) =T l?())gQ.
3.1. The hypergeometric reduction. In (32), G(1) splits into two integrals of
the form
R\ = /1/A V(1= Ap)(A —p)log(1/p) dp

0 (1—p°)p
and )

a V(1= Ap)(A —p)log - AZ;

FZ()\) = / 2 dpa
0 (1—=p%)p

where A = 2.

Lemma 3. The identity
11

Fl()\> — FQ()\) =T " 3F2 (535

51

1
2

1
A2
1s true for all A > 1.
Proof. Making the change p = (1 — Ap)/(\ — p) in the integral defining F»(\) we
obtain p = (1 — Ap)/(A — p) and
Vlos(1/)

) 1/X
F2(A)=(1—A>/O (1—p2) /A = p)(A—p) "

Then we set z = 1/A? and perform the changes p = ty/z and p = t\/z, so that the
required identity becomes equivalent to
(l—z)/l Vtlog(ty/z) / V=11 —zt) log(tf)dt
o (1—22)/(1—1t)(1—2t) (1—22)V/t
111
=T - 3F2<2 27 2 Z) (35)
2 1
for 0 < z < 1. The left-hand side here is
/1 (1=t = (1= 001 = =) log(tV®) / ((1—=2) 201 - >) los(V?)
(l—zt2 Wi =) (1 — zt) o (1—z2)/t(1 —t)(1 — zt)
log(t/2) 4o /1 V1 —tlog(ty/z) "
o (L —1)(1 — zt) o (1—z2t2)\/t(1—zt)

(36)
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Our strategy is to write the series expansions of

\/tl—t (1 — zt) [(1+¢) l+e¢

T(n+HT(n+1+e)
Hn+DNn+1+@Z

n

n=0
and
00 1
ttv/1 —t
9= gus" = / v .
p— 0o (1—2t2)/t(1 — zt)
Because
1 - <%)k k_k - 2
= —=—t"2", mm,
N ; ! . zt2 mZ::
we have

- n (%# /1 th—k—1/2+e(1 . t)1/2 dt — zn: (%)k P(Qn —k+ % —+ 5)F(%)
: 0

c~ kI T@2n—k+2+e¢)

0
IETrE2n+i+e) z": (B (=2n —1—¢)y
I k! (—27’L+% —E)k

(we apply [18, (2.6.3)] to the partial sum of the o F} series to n + 1 terms)

_ FEr@n+43+¢) D4 HI(—n—e¢)
F2n+2+e) TI(n+1)I(-n+1i-¢)
5, —2n—1—¢, n—i———
X3F2< +——5 —2n+——5 1)
_ F(%)F(Qn + 5 + 8) F(n + §)F(—n — 8) , %’ —n — 1 — €
F@2n+24¢) Tn+1)I(-n+3—¢)

(we apply the Gauss summation to the oF} series)

CTBIr@2n+3+e) T'n+3)I(—n—¢c) D(=2n+3—e)I(1)
 T(2n+2+4¢) I(n+D)D(—n+3—¢) D(=2n—2e)l(d)

(finally we use the functional equations for the Gamma function)

B F(n+3HT'(n+31+¢)
S 2n+14+el(n+D)(n+1+¢)
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Therefore,

D(n+1i+4e)
DI'(n+1+¢)
(

n+3HCn+1+e) ) .
z
n+i+ie)l(n+1)I'(n+1+e¢)

%F(nJr%—l—a) <1_ n+3 )z”

- P(n+2)l(n+1+e) .
=) 7

This implies for (36) that

() 20 )logVE)
/0 o) i e vE (Gl — 26 Nezg =0

and
P((T=2t?) —2(1—1)) logt d -
o (1—22)\/t(1—t)(1— 2t) de =0
_y_terpr
~ I(n+1)*2n+1)
o~ (5)n
=T 1 2/n n
() ; n?(2n + 1)
111
=T 3F2(2732’ 2 Z)7
201
thus establishing the required identity (35). O

The method also allows us to give closed forms individually for Fj(\) and Fy()\).

Lemma 4. For A > 1,

T T 111
Fi(\) = 5 log(4>\)+§ -3F2<2’§2’12
27

1 w 331,11
_ . 27 27 7 _
>\2) 1672 4F3< 2,2,2 A2)' (37)

Proof. As we have shown in the proof of Lemma 3

Y (- - 2t log(tyz)
Fl(l/\/g) - /0 (1— Zt2)\/t(1 —t)(1 — zt)

:_/%G_ﬂ_““‘WMMW@
o (1—zt2)\/t(1 —t)(1 — zt)

dt,
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and this integral can be computed by examining the constant and linear terms in
the e-expansion of
~ = Fn+3)T(n+1+e¢)
G — =G 2"
o(2) = Gz nz 2n+1+e) F(n+1)T(n+1—|—€)

n+1

> Fn+3HT(n+2+¢)
§:@n+2+amn+mrm+2+az

i +e) F(n+HT'(n+1+¢) n+3: n
_ _\2/7\2 +ZF 2 2 ( 2 )Zn
(n+1)

2+ ¢) n+1)0(n+1+e)\2n+1+¢ 2n+4e

[e.e]

£ L(n+23)(n+1+¢)
2 I'(n+1)0 n+1+@@n+@@n+1+@

n=1

n

_|_

Then

) ) EVP
/0 1) e VE (68 — 23
PECD) . wlogys
“TrE RVt T

and

/0 (1- )( —zt)logt dt = L(G(2) - 2Chi(2)

e=0

1 L(n+ 3)?
-1 - 2 n
+7) T2 T(n+122n)2n+1)°
s T (1)2 1 1
= —(—2log2—1)+ = ALY . "
5(~2log2-1)+ 5> T <2n 2n—+1)z

3
= —7T10g2—|— — 4F3(2

16
Joining the latter results we obtain (37). O

Using Lemmas 2, 3, 4, the equality m(8) = 4m(2) as well as the hypergeometric
evaluations (3) and (4) of m(8) and m(2) we finally arrive at

Theorem 2. The following evaluation is true:

7.‘.2

5 m(2).
3.2. The elliptic reduction. In this subsection we give an alternative derivation
of Theorem 2. In order to accomplish this, we will use properties of the Jacobian
elliptic functions. Recall that snu depends implicitly on «, and that it is doubly

periodic, with periods 4K and 2iK’, where
1- a).

m 11 e 11
K:§2F1<2’12 Oé)> K,=§2F1<2’12

F(2,3) = —C(1) =
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We will also take the usual definition of the elliptic nome, namely

( K/) ( 2F1<;7§7171 ))
q=exp| —7m— | =exp| —7
K 2F1(2a2717a)

In the first lemma we give a Fourier series expansion for a ratio of Jacobian elliptic
functions. Formula (38) is absent from most references, however it can be derived
from results in [21].

Lemma 5. The following identity is true:

cn®u dnu s T e " 2mnu
— =+t = cos
l—asntu 4K K 14 g K
" (38)
LT ¢t m(2n+ 1)u

COS
VO £ 14 g2 K

Proof. Equation (39) is a superposition of results in [21]. Let us begin by decom-
posing the function using partial fractions

cn?udn®u (1 —sn?u)(l —asn’u)

1 —asntu 1 —asntu
(1 - Va) 1
2/ 1—/asn?u
(1+Va) 1
2y/a 1+ /asn’u

By equation (1.1) in [21, pg. 543], we can show that

—_1—

+

1 _ I(Ve, Oé) Z )" "/2 S U (39)
1 —/asn?u K Va)K 1—|—q K’
1 I1(— — ¢"/*
- (—v/«, a) N v q" cos 7mu’ (40)
1+ asn?u K (I+Va)K <= 1+¢" K

where II(a, B) is the complete elliptic integral of the third kind. Substituting (39)
and (40), we obtain

cn?u dn’u  hla) T = (" 2mnu
l—asitu K +E;1+q% S TE

LT i g2 m(2n + 1)u
cos
VO & 14 g2 I ;

where )
1— 1
h(a) = —-K — MH(\/&, a) + ( ;_\/\/__> I(—Va, ).
Finally, we are grateful to James Wan for pointing out that a more general formula
for II(m, n) implies that h(a) = 7/4 (see [22]). We will leave this final calculation
as an exercise for the reader. O
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Proposition 4. Suppose that 0 < o < 1. The following identities are true:
V(1= v?2)(1 —av?) 4 1

/ T o logvdv = m<ﬁ) + ﬁm(él\/a)

+ log v, (41)

bg1—v%dv=2m<§%)

\/1—1) )(1 — av?)
1—avt

T 1 — avt

8 /01 V(1 - (1 —av?) log(1 — av®)dv =

Proof. First notice that if we set v = snu, then (41) becomes

\/1—212 1—av2)10g q /Kcnzudn2u
vdv = —
0

1 du.
1 — avt 1 —asntu ogsnucu

We will now substitute Fourier expansions for Jacobian elliptic functions. The fol-
lowing series holds for u € (0, K) [9, pg. 917]:

2K
logsnu—log—+logsm——22n1+q <1— 7) (44)

Substitute (38) and (44) into the integral, and then integrate term-by-term. It is
necessary to use the following formula several times:

S . TU —Klog2 ifn=0,
cos — logsin — du =
0 2K

K —K/(2n) ifn>1.

A substantial amount of work reduces the integral to

K 2 2 e’} n
cn®u dn®u s K 1 ¢
— 1 du=—{log— —2 —

/0 1—asniy oomtey 4<0g7r an—i—q”)

— nl—l—q2" 14+¢% 2

l i n+1/2 q2n+1 B 1
\/5 2n+1 1+ ¢\ 1+ ¢t 2)°

n=0

w|>1

Now substitute the geometric series

T 2 1 1 L
1+ 22 (1 o 5) = =3 2 kx-ak)a
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and then swap the order of summation, to obtain
K . 2 2
cn”u dn®u (1—¢?)
/071—a5n4u10gSHUdu:_ log(K4 qH 1= g )
1
(qu+22kx4 logl—q))

1—¢"
Z kx—a( log TS

Finally, by the g-series expansion for m(4/v/a) [12, Entry (2-9)], and by [3, pg. 124,
Entries 12.2 and 12.3], this becomes

/Kcn2udn2u1 q ™ T 4
— — logsnudu=——1logax — —m| —
o 1l—asn*u & 168 8 \WVa

rsa((E) ()

where « has degree 2 over /. By the second degree modular equation of Ramanujan
3, pg. 215], we know that

o = e .
(1+ a)?
Since 0 < a < 1, we can apply a functional equation of Kurokawa and Ochiai [11],
to obtain

2m(\;‘;7) =2m(2(a* + a7)) = m(4va) + m(%).

This last observation completes the proof of (41). Formulas (42) and (43) can be
proved with an identical method, except that they require Fourier expansions for
log cn u and log dn u, respectively, [9, pg. 917]. O

Alternative proof of Theorem 2. If we let p — v?/2 in (32), then

/W—vf B b

(consider a Taylor series in a), with all three formulas in Proposition 4, and the
known identity m(8) = 4m(2) [12]. O
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4. CONDUCTOR 20

In this section we will prove Boyd’s conjectures for elliptic curves of conductor 20.
Recall [13] that such curves are associated to the modular form e3e,, so it follows
that L(E,2) = F(1,5). The first step is to use Ramanujan’s modular equations
to relate F'(1,5) to an elementary integral. The elementary integral can then be
reduced to Mahler measures by substituting doubly-periodic elliptic functions, or
by using hypergeometric functions. Define S(x) as follows:

S(a) = / lojq R () (03 (q) — 5q03()) d

We will begin by expressing F'(1,5) in terms of S(x).
Lemma 6. The following relation is true:
—4F(1,5) = S(1) — S(5). (45)
Proof. First notice that
"ogq
5= 56) = [ “E12(0) - 0 (0) (5 (0) ~ 507(a)) da

0
Ramanujan showed [1, pg. 28] that

et = ¢ (¥ (q) — ¢v*(@)) (V*(q) — 59¥*(4")),
which implies

1
1
S(1) - S6) = [ 2BLe224q = —4F(1,5).
o 4 (]

Next we will apply our trick to obtain a transformation for S(z).
Proposition 5. Suppose that x > 0. Then

) = = [ a2 og (551 ) L. (46)

©*(q) ) q

Proof. Begin by setting ¢ = e~2™, then
S(SL’) — —(271')2/ ue—ﬂmu/2w2(e—2mbu> (e—wu/2w2(e—27ru> o 56—57ru/2w2(6—107ru)) duw.
0

We will use the following Lambert series expansion (which follows from [3, pg. 139,
Example 4]):

e~ TITU 2 —27r:cu —7mnkzu/2 —mnkxu
/ @b E X—af ?—e )-
n,k=1

By the involution for the psi function and by [3, pg. 114, Entry 8.1], we have

—TTUu —ZTu —OoTTU —1lUmu 1 —T/Uu —T U
e () — BT (70 = (P2 (—e T — P (—eTTO))

1 oo
= Z (—1)*x_g(r)(e7™rs/u — g=mrs/(Bw))
u

r,s=1
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Therefore, the integral becomes

S() = —@nf 3 (1)) [ (e e

n,k,r,s>1 0
% (e—ﬂrs/(u) . e—7r7"s/(5u)) du.

Use linearity and a u-substitution, to regroup the integral:

S(ZIZ’) _ —(271')2 Z (_1)5X_4(n,,,,)/ e—ﬂnkxu(2e—7rrs/(2u) _ 26—7r7’5/(10u)

n,k,r,s>1 0
. e—m"s/u + e—m‘s/(5u)) du.

Finally make the u-substitution u + ru/k. This permutes the indices of summation
inside the integral. We have

—1)s [™®
S(ZL’) _ —(271’)2 Z TX_4(717’)( ) / e—wnrwu(Qe—wks/@u) . 26—7rks/(10u)
0

k
n,k,r,s>1

. 6—7rks/u + e—ﬂks/(Su)) duw.

Simplify the k£ and s sums, then use the involution for the Dedekind eta function
and the product expansion ¢(q) = e5/(ete?), to reduce the integral to

S(z) = —2r2 /0 N ( i TX_4(rn)e_”"x“) log (5%)@. (47)

n,r=1

Finally, the nested sum is easy to simplify. By [3, pg. 139, Example 3],

- rmo__ - TX—4(T)qT . 40 2
2;1 rx-a(rn)g ; T - W)
Substituting this last result into (47) completes the proof of (46). O

Now we can derive an elementary integral for F'(1,5). In order to accomplish the
reduction, we will need several additional modular equations.
Lemma 7. We have
1
1 —6t)log(1 + 4t
F1,5) =~ [ 1 =6l +41) ) (48)
20 Jo /t(1 —t)(1 + 4¢2)
Proof. By formulas (46) and (45), we find that
Uo1/2040 N 5/2,04( 5 2( 5
F(15) z/ ¢ (—q) — ¢ (=g )log(5<ﬁ2(q )) aa.
4 Jo q ¥*(q)
Now set m = ©*(q)/¢*(¢°). Then by [1, pg. 26, formula (1.6.4)], we obtain

~ L¥N(=¢®) _ 833 —m)

T T B—m)

1
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Therefore, the integral becomes

1 g 5 1/2,,4(
P = [ 2 g 1)L g,

Now set @ = 1 — ¢*(—q)/p*(q); then it is known that
¢ (=q) _ 1 da

¢ 24a(l—a) dg
1 d

N 8y/4a(l — a)(1 —4a(l — a)) dg
Finally, we have the following relation between o and m:
_ (m=1)(5-m)°
da(l —a) = G :

This relation between a and m follows from [3, pg. 288, Entry 14]. Notice that the
entry holds for |¢| < 1 by the principle of analytic continuation. Eliminating «, and
exercising caution about the square root, reduces the integral to

(4a(1 = a)).

3—m dm

F(1,5):%/0110g<5)m\/5 m)(m —1)(5—2m+m2)d—qd

21/1510g<5)m\/5 Pl 3__;7;(5_2m+m2)dm

The change of variables from ¢ to m is justified because m ranges monotonically
between m = 1 and m = 5 when ¢ € [0, 1]. Finally, the substitution m — 5/(1 + 4t)
completes the proof of (48). O

Below we use two methods to reduce (48) to Mahler measures. The first method
is to substitute doubly-periodic elliptic functions into the integral. The main draw-
back to this method is that we will first have to construct non-standard elliptic
functions. The second method is to prove the identity directly via hypergeometric
manipulations. In both approaches we will investigate an integral which generalizes
(48). Notice that

(2 — t) log(1 + yt
/ y+3yt)logd +yt) (49)
" 2r \/tl—t 4+ (4 — y)yt + y2t2)

reduces to the integral in (48) when y = 4.

4.1. The elliptic reduction. Throughout this subsection we assume that k& > 4/3.
Notice that when y = 2k/(k — 1), we have

()t ol i

(1 kt)?)
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The overarching goal of the following discussion is to obtain formula (57). To prove
that identity, it is necessary to use Fourier series expansions for elliptic functions
which parameterize the curve

By’ =4z((1 = k)* — z(1 — kz)?).

Since we (regrettably) could not find such formulas in the literature, we will first
prove Proposition 6 and Lemma 8.

Notice that Fj is a genus-one curve, with non-zero discriminant when k& > 4/3.
Therefore, F} can be parameterized by doubly-periodic functions. Suppose that
w(x) satisfies the differential equation:

(w’(x))2 = 4w(z)((1 —k)? —w(z)(1 - k:w(x))Q) (51)

In order to explicitly identify w(z) we can map Fj to Y? = 4X3 — g, X — g3. It
follows easily that

3(1 — k)?
= ——— 52
where p(x) := p(x, {92, g3}) is the Weierstrass function, and

4
gy = —§(6k3 — 12K° + 6k — 1),

4
g3 = 2—7(2 — 6k + 3k (1 — 6k + 12k* — 18k> + 9K*).
This identification is quite useful for computational purposes.

Proposition 6. Let 2K and 2K’ denote the real and purely imaginary periods
of w(z). Then w(z) has the following values:

x w(x) order of zero/pole | residue
0 0 2 —
K 1 — —
K’ 1 — —
K+ K 0 2 -
K'/3 1 (1=k)/(2k) - —
2K'/3 00 1 i/(2k)
4K'/3 00 1 —i/(2k)
5K'/3 (1—k)/(2k) - -
K+ K'/3 0 1 —i/(2k)
K+2K'/3| (1 —k)/(2k) - -
K+4K'/3| (1 —k)/(2k) - -
K +5K'/3 0 1 i/(2k)

Proof. 1t is well known that p(z) has a second-order pole at x = 0, so w(z) has a
second-order zero at that point. Since p(z) is even, w(2aK + 20K’ — z) = w(x)
for all (a,b) € Z?. Therefore we only need to evaluate w(z) for z € {K,K', K +
K',K'/3,2K'/3, K + AK'/3, K + 5K'/3}.
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We will require additional properties of the Weierstrass p-function. If 4X3 —
92X — g3 =4(x — 1) (x — r9)(x — r3), then the half-periods of p(z) are given by

dy.

/Tl 1 , /Tz 1
w = dy, w =
o Ay — 9oy — g3 o VY — gy — g3

Select r1 = (1 — k)? — 1 to be the real zero of 4X® — g, X — g3 = 0, and ry to
be the imaginary zero which lies in the upper half plane. Now set K := w, and
K’ = 2w — «'. While it is possible to show Re K’ = 0, we will not pursue that
calculation here. It follows that K + K’ is a period of w(z), so we have the following
identities:

w(K + K') = w(0) =
w(K )Zw(2K+K) w(K'),
w(K'/3) = w(K + 4K'/3),
w(2K'/3) = w(K + 5K'/3).

Since p(w) = = (1 —k)? — 1, we can use (52) to conclude that w(K) = 1. The
values of w(K'/3) and w(2K'/3) can be verified from a polynomial relation between
w(z) and w(3z), which follows from the Weierstrass addition formula. Now we
will calculate the values of the residues. Since w(2K’/3) = oo, it follows that

o(=22) = —1 thus (p’(MT_m))z = —4k*(1 — k)*. Extracting a square root we
obtain @ (4“ 2“) = —2ik(1 — k)% The choice of square root can be justified by

checkmg the formula numerically at £ = 2, and then appealing to the fact that w,

w', and @' ( 4 =29 are analytic functions of k for k > 4/3. Finally, by formula (52)
(1—k)? i
Resp—arrs3 w(z) = o (B=2) ~ o
The other residues can be verified in a similar fashion. O

Notice that we can integrate (51), and use w(K') = 1, to obtain a second formula
for K:
dt

VAt(1— k)2 —t(1 — kt)?)

We will need two Fourier series expansions to finish the elliptic reduction.

Lemma 8. Suppose that x > 0. Then

2 o (—1)nign . o TNT
w0 =R 2T (Sl O 9K (53)
and
2k - 1q"—q2" . o TNT
log (1 — ﬂw(fﬂ)) =8 nz 01 T q3n S1n oK s (54)

odd
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where ¢ = ™K' /K An qlternative formula for q is given by

q:exp< 2m 2F1(3737171 )) (55)
\/g 2F1(373717a) ’

where

~27p(1 +p)* =1+ /Bk-1)/(k-1)
“otaptrpr P 2 '

Proof. The proof of (53) is an exercise in the theory of elliptic functions. The poles
of w(x) inside the fundamental parallelogram are 2K’'/3, 4K'/3, K + K'/3, and
K +5K’/3. The function has residues i/(2k), —i/(2k), —i/(2k), and i/(2k) at each
of the poles. We also know that w(0) = w'(0) = 0. By [2, formula (27)], we have

3i > 1
wir) =5 m;_w x-a(m )(33:— (6mK +2nK)
(m,n)#(0,0)
1 3z
+ (6mK + 2nK') + (6mK + 2nK’)2)

37 > 1

ok m;_m x(n) (393 —((6m + 3)K + nk)
(m,n)#(0,0)

1 3x
T em+3)K + k) (6m+3)K + an)2) !

where x(n) is the Legendre symbol mod 6. It is a lengthy exercise to reduce this
last expression to (53). The fastest (if least rigorous) method for finishing the
calculation, is to differentiate the entire expression twice, and then substitute the
following Fourier series:

o0

1 1 2 2mint
Z ($+T+n)3+(_I+T+n i(2n) Zn cos(2mna),

n=—oo

which holds for Im(7) > 0. Thus one obtains a formula for w”(z), which can be
integrated to recover (53).
Proposition 6 shows that (1 — k)/(2k) = w(K'/3). It follows that

2k w(z)

1—— =1—-—.

5@ w(K'/3)

This function has simple zeros at K'/3, 5K'/3, K + 2K'/3 and K + 4K'/3, and

simple poles at 2K'/3, 4K'/3, K + K'/3 and K + 5K’/3. Since any two elliptic

functions with the same zeros and poles are constant multiples, it is easy to obtain
an infinite product. We have

2k () O(x, K'/3)0(x,5K'/3)0(x, K + 2K'/3)0(x, K +4K'/3)

1—k 0(x,2K'/3)0(x,4K'/3)0(x, K + K'/3)0(x, K + 5K'/3)’

(56)
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where
8(z, p) = (1 _ 627ri(m—p)/(2K)) ﬁ(l _ 627ri(m—p+2nK’)/(2K)) (1 _ 627ri(—ﬂc+p+2nK’)/(2K))'
n=1

The right-hand side of (56) is doubly periodic because 6(z, p) has period 2K, and
satisfies the quasi-periodicity relation

0(z + 2K, p) = > 0=0/CR0 (., p).

The right-hand side also has the correct zeros and poles, since 0(x, p) vanishes at p.
The constant C' can be determined by using the fact that w(0) = 0. Finally, (54)
follows from taking logarithms of (56), and then using the Taylor series for the
logarithm.

We will conclude the proof by simplifying the expression for ¢. Since w(K) =1,
we can use (54) to obtain

2n+1 An+2
—q

3k—1 -
log 7 82 2n F1 1+ o

n=0

1 — 51_ 3n21_ 12n\2

:410gH( ¢ )2( < )2( a Z
22 (L= (1 —¢")*(1 —¢%)

v*(q)
()
If we let 1+ 2p = ¢*(q)/¢*(¢%), then it follows easily that
—14++/@Bk-1)/(k—1)

5 :

Finally, formula (55) is a consequence of standard inversion formulas in the theory
of signature 3. 0

Theorem 3. Suppose that k > 4/3, and let p = L(—1+ /(3k —1)/(k — 1)). The
following formula is true:

() H(E) o)

Proof. First assume that & > 4/3. If we set ¢ = w(x), then (50) becomes

2k I 2k
J<k—1) ——/ (1 —3kw(x ))log<1—ﬁw( ))dx
Substituting (54) and (

53)
Oolqn_q2n
1 —
() (e ) § e

n odd

= 2log

p:

reduces the mtegral to
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Now substitute

2 o0
“(1-¢*)  q(l-gq) . .
3 = =D (=1 jx=s0)¢’
Ggp ~ e Vel
to obtain
2k 4K =1 q"— g™
) = 49 s
(i27) = (05 vt >)z
n odd
JXs gl qJ

J:1

Notice that we have used a Lambert series for a(—q), which follows from [5, pg. 100,
Theorem 2.12]. Now we claim that 2K = —ma(—q). If one substitutes the hyper-
geometric representation for a(—gq), then this statement is equivalent to Lemma 9
in the next subsection. It is also possible to prove the equality directly by setting
x = K in (53) and (54), and then performing g-series manipulations. The g-series
for J(2k/(k — 1)) reduces to

2k . 1+q3
- —_E —1)

=1

We can now substitute Stienstra’s g-series for g(k) [20]: applying formula (2-11)
in [12] completes the proof of (57) if k£ > 4/3. Finally, notice that both sides of (57)
are continuous at k = 4/3, hence the formula remains true for the boundary value
as well. O

4.2. The hypergeometric reduction. In this part, we show the coincidence of
the derivatives of J(y) and g(y) on the interval 2 < y < 8 and conclude with the
identity J(y) = g(y) for 2 <y < 8 by appealing to the equality at y = 8 deduced in
Theorem 3.

Lemma 9. For 2 <y < 8, we have

I SEEPTESTIE -
VIO— 0@+ @G-yt +y22) y+47 U1 | (y+4)7)

Proof. We apply the transformation [5, p. 112, Theorem 5.6,

1 L 21 9792(1 2 1 11

S N T (1 +p) — S (202
L+p+p? L |41 +p+p?)3 VI+2p 1

with the choice p = (/T +y — 1)/2 (ranging in (v/3 —1)/2 < p < 1), so that
y =4p(1 + p) and the left-hand side in (59) assumes the form
2 2
L) (60)

27’1+ p)* :iﬁl 53
414 p+ p?)? y+4 L) (y+4)3

p°(2 +p)) (59)

1+ 2p

1 12
- r(33
T+p+p2?° 1( 1
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On the other hand, the substitution y = 4p(1 + p) and the change of variable

b 1—u
14 2pu— P2+ plu?

in the original integral results in

1/1 dt :i/l du

T Jo \/t(l—t)(4—|—(4—y)yt—|—y2t2) 27 Jo \/u(l—u)(1+2p—p3(2+p)u)
1 L2 +p)
v = Tl G

where on the last step we apply the Euler—-Pochhammer integral representation of
the hypergeometric series [18, equation (1.6.6)]. Combining (59)—(61) we arrive at
the desired claim (58). O

Note the range of the argument of the hypergeometric series in (58):

271>
(y +4)°

<1 for2<y<S8.

Vi)

Proof. Note that for real values of y in the interval 2 <y < 8 we have

1

- <

5 =
Lemma 10. For2 <y <8,

12
y:szl 373
dy y+4 1

'ﬂ(l—%(l—t))‘ <1 for0<t<l,
so that the real-valued function
v(t) =v(t;y) =2 arcsin(ﬁ(l — %(1 — t)))

is well defined on the interval 0 < ¢t < 1. Because

ov 2 —y+ 3yt

O _ , 62
Ot \t(1— )4+ (4= y)yt + y*?) (o)
we can write the integral (49) as
I v
J(y) = %/0 log(1 + yt)g dt. (63)

Denote u(t) = u(t;y) = log(1 + yt) and use, besides (62),

ou Y ou t ov 2\/t(1 —1t)
—=—, —=——, and — =-— .
ot 14yt Jdy 1+uyt y VAT (4 —y)yt + 22
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It follows from (63) that
d 1 (o[ ov Ou Qv 0%
g =— | L(uZ)at=— dt
AL 27r/0 ay (u 8t) (ay ot +u8y8t)

Lot 1 lud o
27r o Oy Ot o Ay

(integrating the second integral by parts)

L[y Lot L o,
T o Oy Ot 2 Oy|,_, 27 )y Oy Ot
:_/(@@_@@)dt
2w Jo \ Oy Ot Oy Ot
1! tH2+y+yt)
~2m g 1+yt WL — A+ (A — )yt + y22)
tdt
\/tl—t 4+ (4 — y)yt + y2t2)
I (1+y)tde

2m Jo (1 +yt)tl — (A + (4 — y)yt + y22)

(applying the change t — (1 —t)/(1 + yt) in the second integral)

tdt
\/tl—t 44 (4 —y)yt + y2t2)
(1—t)dt

\/tl—t 4+ (4 — y)yt + y2t2)

27r/ VA=) 4+(4 Yyt + y?t2)
It remains to apply Lemma 9 to the resulting integral. U

Theorem 4. For 2 <y <8, the equality

J(y) = g9(y) (64)
holds.

Proof. For 2 < y < 8, the hypergeometric evaluation (5) of g(y) can be stated in

the form ! y? 4 Yy
9(y) = §f<(y+4)3) * §Ref<<y— 2>3)

where the function
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satisfies the equation

dz 32 1
Therefore,
d 8 L2 272 8 1 12 27
5= aen (o) tae o e (1 o)
y o yy+4)° (y+4) 9y(y —2) (vy—2)
and application of the cubic transformation
12 27y Yy — 2 121 272
Re F (3 3] 27 J_72 "= p(33
o ( ! <y—2>3) y+a’ ( 1| g+ 2y
result in
dg 1 121 272
~_—_- k(33 ) 66
dy y+4° 1( Lo (y+4)3 (66)

Comparing this evaluation with the one from Lemma 10 we conclude that ¢(y) and
J(y) differ on the interval 2 < y < 8 by a constant; because both ¢g(y) and J(y) are
continuous at the end-points, the relation J(y) — g(y) = C, a real constant, is true
for 2 < y < 8. To determine the constant, take y = 8 and apply Theorem 3 with
the choice p = 1; it follows that

9(8) +C = J(8) =2g(8) — g(8),
hence C = 0. U

Remark. The derivative (66) can be alternatively obtained by differentiating Stien-
stra’s g-series for ¢g(y) [20, Example #6], [12, formula (2-11)].

4.3. Culmination. We conclude this section by listing the major consequences of
Theorems 3 and 4.

Theorem 5. The following formulas are true:

EF(1 5) = 2g(4 + 2V/5) — g(8 + 4V/5) (67)
— ¢(4) (68)
= “n(V32). (69)

Proof. Equation (67) follows from setting & = 2 in (57) and then comparing it to
(48), while (68) follows from taking y = 4 in (64).
Using the hypergeometric evaluations (5) and (6) in the form

9k) = f((kf@)* o) 0=1(x)
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whenever the arguments lie between 0 and 1/27, with the hypergeometric function
f(z) defined in (65), we have

29(4 +2v5) — g(8 + 4V/5)
=) @) (&) -5 ()
7
).

— gn( V/32) + §n<7 \[) - —n(

Finally, Bertin’s “exotic” relation [10, Theorem 6]

T+5 ) (7 -5 ) 3
16n( —2— ) —8n| —~— ) = 19n(V/32 70
(Z2 2 (V32) (70
reduces the latter sum to 2n(v/32). O
Corollary. The following Boyd’s conjectural evaluations are true:
2 1
n(3/2) = 6—5F(1 5),  g(—2) = 5F(1 5).

Proof. These readily follow from [12, formula (2-26)],
39(—2) = n(2'%) +4n(2°%),  3g(4) = 4n(2"?) + n(2>7),
and Theorem 5. O

Theorem 6. For (/3 — 1)/2 < p < 1, the Mahler measure g(-) satisfies the
functional equation

g(4p(1+p)) + g(%) = 2g (M)

p

Proof. The result follows by comparing the two different evaluations obtained in
Theorems 3 and 4. U

Remark. In view of the proof of Theorem 5, our Theorem 6 may be thought of as a
generalization of Bertin’s “exotic” relation (70).

Theorem 7. We have
2r?log2 | I(3) 1Ll 1\ D32 22 9] 1
F(l,l):— + 3F2 3.3 — + 3F2 373) —— ).
27 3.21/3 3741 g) T ous &5 | 8
Proof. Rodriguez-Villegas [15] showed that
272

?9(2)-

F(1,1) =

Making the change t3 = u in the integral

2 tlog(1+ 2t
P = 2y - T [ e 20
9 3 0 V1—1t3
and writing the interior logarithm as hypergeometric series, we arrive at the claim.

Note that both Maple and Mathematica produce the evaluation without human
assistance. O

dt
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5. CONCLUDING REMARKS

We will conclude by mentioning the fact that this paper settles the conjectures
of Bloch and Grayson for elliptic curves of conductor 20 [6]. Since there is a very
simple method to translate Mahler measures into elliptic dilogarithms [10], the main
results in this paper are equivalent to relations between L(FE,2) and values of the
elliptic dilogarithm. For instance, given the conductor 20 elliptic curve E : y? =
423 — 4322 + 1188, and the torsion point P = (—6,54), by formula (24) in [10] we
have 5 80

2 — T 983y = 22
D*(2P) = 5 n(2°7) = 277rL(E’2)'
The equality to L(E, 2) follows immediately from (69). Although Bloch and Grayson
did not examine any conductor 24 curves, we can prove similar relations for those
cases, by combining Theorem 5 with formulas (30) and (31) in [10].

Finally, there are many additional problems which need to be addressed. The
most obvious direction is to try to prove more of Boyd’s conjectures. There are
still hundreds of outstanding conjectures in Boyd’s tables [7]. It would also be
interesting to understand what overlap (if any) exists between our techniques, and
those of Brunault [8] and Mellit [14]. They proved Boyd’s conjectures for elliptic
curves of conductors 11 and 14 by using Beilinson’s theorem. Rodriguez-Villegas
was the first to advocate this K-theoretic approach [15]; he originally suggested that
the conductor 24 cases could be proved with Beilinson’s theorem.

It would also be interesting to reduce more values of F'(b,c) to hypergeometric
functions. An easy corollary to the F'(1,5) formula of Theorem 5, is a formula for
F(5,9). By [17, formula (3.26)], we have

18

S F(5,9) = o(—4) — 29(4). (71)
Notice that Lemma 1 and Proposition 2 reduce F(3,7), F(6,7), and F(3/2,7) to
complicated elementary integrals. We expect these lattice sums to also equal values

of hypergeometric functions, although we currently see no way to prove it.
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