
ar
X

iv
:1

01
2.

30
43

v1
  [

m
at

h.
F

A
]  

14
 D

ec
 2

01
0

DOUBLY-WEIGHTED PSEUDO-ALMOST PERIODIC FUNCTIONS

TOKA DIAGANA

Abstract. We introduce and study a new concept called doubly-weighted pseudo-almost
periodicity, which generalizes the notion of weighted pseudo-almost periodicity due to
Diagana. Properties of such a new concept such as the stability of the convolution,
translation-invariance, existence of a doubly-weighted mean for almost periodic functions,
and a composition result will be studied.

1. Introduction

The impetus of this paper comes from one main source, that is,the paper by Diagana [7]
in which the concept of weighted pseudo almost periodicity was introduced and studied.
Because of the weights involved, the notion of weighted pseudo-almost periodicity is
more general and richer than the classical notion of pseudo-almost periodicity, which
was introduced in the literature in the early nineties by Zhang [22, 23, 24] as a natural
generalization of the classical almost periodicity in the sense of Bohr. Since its introduction
in the literature, the notion of weighted pseudo-almost periodicity has generated several
developments, see for instance [4], [8], [9], [10], [11], [14], [16], [25], and [26] and the
references therein.

Inspired by the weighted Morrey spaces [12], in this paper weintroduce and study a new
class of functions called doubly-weighted pseudo-almost periodic functions (respectively,
doubly-weighted pseudo-almost automorphic functions), which generalizes in a natural
fashion weighted pseudo-almost periodic functions (respectively, weighted pseudo-almost
automorphy). In addition to the above, we also introduce theclass of doubly-weighted
pseudo-almost periodic functions of orderκ (respectively, doubly-weighted pseudo-almost
automorphic functions of orderκ), whereκ ∈ (0, 1). Note that the notion of weighted
pseudo-almost automorphy was introduced by Blotet al. [2] and is a generalization of both
the notions of weighted pseudo-almost periodicity and thatof pseudo-almost automorphy
due to Lianget al. [20, 21]. For recent developments on the notion of weighted pseudo-
almost automorphy and related issues, we refer the reader to[2], [5], and [17].
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In order to do all these things, the main idea consists of enlarging the weightedergodic
component utilized in Diagana’s definition of the weighted pseudo-almost periodicity,
with the help of two weighted measuresdµ(x) = µ(x)dx and dν(x) = ν(x)dx, where
µ, ν : R 7→ (0,∞) arelocally integrablefunctions.

In this paper, we take a closer look into properties of these doubly-weighted pseudo-
almost periodic functions (respectively, doubly-weighted pseudo-almost automorphic
functions) and study their relationship with the notions ofweighted pseudo-almost period-
icity (respectively, weighted pseudo-almost automorphy). Among other things, properties
of these new functions will be discussed including the stability of the convolution operator
(Proposition 5.1), translation-invariance (Theorem 5.4), the uniqueness of the decomposi-
tion involving these new functions as well as some composition theorems (Theorem 5.8).

In Lianget al. [14], the original question which consists of the existenceof a weighted
mean for almost periodic functions was raised. In particular, Liang et al. have shown
through an example that there exist weights for which a weighted mean for almost periodic
functions may not exist. In this paper we investigate the broader question, which consists
of the existence of a doubly-weighted mean for almost periodic functions. Namely, we
give some sufficient conditions, which do guarantee the existence of a doubly-weighted
mean for almost periodic functions. Moreover, under those conditions, it will be shown
that the doubly-weighted mean and the classical (Bohr) meanare proportional (Theorem
4.2).

2. Preliminaries

If X,Y are Banach space, we then letBC(R,X) (respectively,BC(R×Y,X)) denote the
collection of allX-valued bounded continuous functions (respectively, the space of jointly
bounded continuous functionsF : R × Y 7→ X).

The spaceBC(R,X) equipped with the sup norm is a Banach space. Furthermore,
C(R,Y) (respectively,C(R × Y,X)) denotes the class of continuous functions fromR into
Y (respectively, the class of jointly continuous functionsF : R × Y 7→ X).

2.1. Properties of Weights. Let U denote the collection of functions (weights)ρ : R 7→
(0,∞), which are locally integrable overR such thatρ > 0 almost everywhere.

In the rest of the paper, ifµ ∈ U and forT > 0, we then setQT := [−T,T] and

µ(QT) :=
∫

QT

µ(x)dx.

As in the particular case whenµ(x) = 1 for eachx ∈ R, in this setting, we are exclusively
interested in those weights,µ, for which, lim

T→∞
µ(QT ) = ∞. Consequently, we define the

space of weightsU∞ by

U∞ :=

{

µ ∈ U : inf
x∈R

µ(x) = µ0 > 0 and lim
T→∞

µ(QT) = ∞

}

.
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In addition to the above, we define the set of weightsUB by

UB :=

{

µ ∈ U∞ : sup
x∈R

µ(x) = µ1 < ∞

}

.

We also need the following set of weights, which makes the spaces of weighted pseudo-
almost periodic functions translation-invariant,

U
Inv
∞ :=

{

µ ∈ U∞ : lim
x→∞

µ(x+ τ)
µ(x)

< ∞ and lim
T→∞

µ(QT+τ)
µ(QT )

< ∞ for all τ ∈ R

}

.

It can be easily seen that ifµ ∈ UInv
∞ , then the corresponding space of weighted pseudo

almost periodic functionsPAP(X, µ) is translation-invariant. In particular, sinceUB ⊂ U
Inv
∞ ,

it follows that for eachµ ∈ UB, thenPAP(X, µ) is translation-invariant.
LetUc

∞ denote the collection of all continuous functions (weights) µ : R 7→ (0,∞) such
thatµ > 0 almost everywhere. Define

U
s
∞ :=

{

µ ∈ Uc
∞ ∩ U∞ : lim

x→∞

µ(x+ τ)
µ(x)

< ∞ for all τ ∈ R

}

.

The set of weightsUs
∞ is very rich and contains several types of weights includingsome

polynomials. Moreover, the next lemma shows that elements of Us
∞ satisfy the translation-

invariance conditions.

Lemma 2.1. The inclusionUs
∞ ⊂ U

Inv
∞ holds.

Proof. Let µ ∈ Us
∞. To complete the proof, it suffices to show that

lim
T→∞

[

µ(QT+τ)
µ(QT )

]

< ∞ for all τ ∈ R.

For that, note that by definitionµ(QT+τ) → ∞ andµ(QT) → ∞ asT → ∞ for all τ ∈ R.
Moreover,

dµ(QT+τ)
dT

= µ(T + τ) + µ(−T − τ) and
dµ(QT )

dT
= µ(T) + µ(−T).

Setting lim
x→∞

µ(x+ τ)
µ(x)

= l for all τ ∈ R, it follows that

lim
T→∞

dµ(QT+τ)
dT

dµ(QT )
dT

= lim
T→∞

µ(T + τ) + µ(−T − τ)
µ(T) + µ(−T)

=
2l

1+ l
< ∞.
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Therefore, using the L’Hôpital’s rule from calculus it follows that

lim
T→∞

[

µ(QT+τ)
µ(QT )

]

= lim
T→∞

dµ(QT+τ)
dT

dµ(QT )
dT

= lim
T→∞

µ(T + τ) + µ(−T − τ)
µ(T) + µ(−T)

=
2l

1+ l
< ∞

for all τ ∈ R, and henceµ ∈ UInv
∞ . �

Definition 2.2. Let µ, ν ∈ U∞. One says thatµ is equivalent toν and denote itµ ≺ ν, if
µ

ν
∈ UB.

Let µ, ν, γ ∈ U∞. It is clear thatµ ≺ µ (reflexivity); if µ ≺ ν, thenν ≺ µ (symmetry); and
if µ ≺ ν andν ≺ γ, thenµ ≺ γ (transitivity). Therefore,≺ is a binary equivalence relation
onU∞.

The proofs of Proposition 2.3 and Proposition 2.4 are not toodifficult and hence are
omitted.

Proposition 2.3. Let µ, ν ∈ UInv
∞ . If µ ≺ ν, thenσ = µ + ν ∈ UInv

∞ .

Proposition 2.4. Let µ, ν ∈ Us
∞. Then their productπ = µν ∈ Us

∞. Moreover, ifµ ≺ ν,
thenσ := µ + ν ∈ Us

∞.

In the next theorem, we describe all the nonconstant polynomials belonging to the set
of weightsU∞.

Theorem 2.5. If µ ∈ U∞ is a nonconstant polynomial of degree N, then N is necessarily
even (N= 2n′ for some nonnegative integer n′). More precisely,µ can be written in the
following form:

µ(x) = a
n

∏

k=0

(x2 + akx+ bk)
mk

where a> 0 is a constant, ak and bk are some real numbers satisfying a2
k−4bk < 0, and mk

are nonnegative integers for k= 0, ..., n. Furthermore, the weightµ given above belongs
toUs

∞.

Proof. Let µ ∈ U∞ be a nonconstant polynomial of degreeN. Since inf
t∈R

µ(x) = µ0 > 0

it follows that N ≥ 2 and thatµ has no real roots. Namely, all the roots ofµ are
complex numbers of the formzk and its conjugatezk whose imaginary parts are nonzero.
Consequently, factors ofµ, up to constants, are of the form:

(x− zk)(x− zk) = x2 + akx+ bk
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whereak = −2ℜe zk, bk = |zk|
2 > 0 with a2

k − 4bk = 4(ℜe zk)2 − 4|zk|
2 < 0.

Let us also mention that ifzk is a complex root of multiplicitymk so is its conjugatezk.
From the previous observations it follows that

µ(x) = a
n

∏

k=0

(x2 + akx+ bk)mk

wherea > 0 is a constant, andmk are nonnegative integers fork = 0, ..., n. In view of the
above it follows thatN ≥ 2 is even. Namely,

N = 2
n

∑

k=0

mk.

Now

lim
x→∞

µ(x+ τ)
µ(x)

= 1,

and henceµ ∈ Us
∞. �

3. Doubly-Weighted Pseudo-Almost Periodic and Pseudo-Almost Automorphic
Functions

Definition 3.1. A function f ∈ C(R,X) is called (Bohr) almost periodic if for eachε > 0
there existsl(ε) > 0 such that every interval of lengthl(ε) contains a numberτ with the
property that

‖ f (t + τ) − f (t)‖ < ε for each t ∈ R.

The numberτ above is called anε-translationnumber of f , and the collection of all
such functions will be denotedAP(X).

Definition 3.2. A function F ∈ C(R × Y,X) is called (Bohr) almost periodic int ∈ R
uniformly in y ∈ Y if for eachε > 0 and any compactK ⊂ Y there existsl(ε) such that
every interval of lengthl(ε) contains a numberτ with the property that

‖F(t + τ, y) − F(t, y)‖ < ε for each t ∈ R, y ∈ K.

The collection of those functions is denoted byAP(Y,X).

Definition 3.3. A function f ∈ C(R,X) is said to be almost automorphic if for every
sequence of real numbers (s′n)n∈N, there exists a subsequence (sn)n∈N such that

g(t) := lim
n→∞

f (t + sn)

is well defined for eacht ∈ R, and

lim
n→∞

g(t − sn) = f (t)

for eacht ∈ R.
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If the convergence above is uniform int ∈ R, then f is almost periodic in the classical
Bochner’s sense. Denote byAA(X) the collection of all almost automorphic functions
R 7→ X. Note thatAA(X) equipped with the sup-norm‖ · ‖∞ turns out to be a Banach space.

Among other things, almost automorphic functions satisfy the following properties.

Theorem 3.4. [18, 19] If f , f1, f2 ∈ AA(X), then

(i) f1 + f2 ∈ AA(X),
(ii) λ f ∈ AA(X) for any scalarλ,
(iii) fα ∈ AA(X) where fα : R→ X is defined by fα(·) = f (· + α),
(iv) the rangeR f :=

{

f (t) : t ∈ R
}

is relatively compact inX, thus f is bounded in
norm,

(v) if fn → f uniformly onR where each fn ∈ AA(X), then f ∈ AA(X), too.

In addition to the above-mentioned properties, we have the the following property due
to Bugajewski and Diagana [6]:

(vi) If g ∈ L1(R) and if f ∈ AA(R), then f ∗ g ∈ AA(R), wheref ∗ g is the convolution
of f with g onR.

Definition 3.5. A jointly continuous functionF : R × Y 7→ X is said to be almost
automorphic int ∈ R if t 7→ F(t, x) is almost automorphic for allx ∈ K (K ⊂ Y being any
bounded subset). Equivalently, for every sequence of real numbers (s′n)n∈N, there exists a
subsequence (sn)n∈N such that

G(t, x) := lim
n→∞

F(t + sn, x)

is well defined int ∈ R and for eachx ∈ K, and

lim
n→∞

G(t − sn, x) = F(t, x)

for all t ∈ R andx ∈ K.
The collection of such functions will be denoted byAA(Y,X).

To introduce the notion of doubly-weighted pseudo-almost periodicity (respectively,
doubly-weighted pseudo-almost automorphy), we need to define the “doubly-weighted
ergodic” spacePAP0(X, µ, ν). Doubly-weighted pseudo-almost periodic functions will
then appear as perturbations of almost periodic functions by elements ofPAP0(X, µ, ν).

If µ, ν ∈ U∞, we then define

PAP0(X, µ, ν) :=

{

f ∈ BC(R,X) : lim
T→∞

1
µ(QT)

∫

QT

‖ f (σ)‖ ν(σ) dσ = 0

}

.

Similarly, if κ ∈ (0, 1), we define
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PAPκ0(X, µ, ν) :=

{

f ∈ BC(R,X) : lim
T→∞

1
[

µ(QT)
]κ

∫

QT

‖ f (σ)‖ ν(σ) dσ = 0

}

.

Clearly, whenµ ≺ ν, one retrieves the so-called weighted ergodic space introduced by
Diagana [7], that is,PAP0(X, µ, ν) = PAP0(X, ν, µ) = PAP0(X, µ), where

PAP0(X, µ) :=

{

f ∈ BC(R,X) : lim
T→∞

1
µ(QT )

∫

QT

‖ f (σ)‖ µ(σ) dσ = 0

}

.

The previous fact suggests that the weighted ergodic spacesPAP0(X, µ, ν) are probably
more interesting when bothµ andν are not necessarily equivalent.

Obviously, the spacesPAP0(X, µ, ν) are richer thanPAP0(X, µ) and give rise to an
enlarged space of weighted pseudo-almost periodic functions.

In the same way, we definePAP0(Y,X, µ, ν) as the collection of jointly continuous
functionsF : R × Y 7→ X such thatF(·, y) is bounded for eachy ∈ Y and

lim
T→∞

1
µ(QT )

{
∫

QT

‖F(s, y)‖ ν(s) ds

}

= 0

uniformly in y ∈ Y.
Similarly, if κ ∈ (0, 1), we then definePAPκ0(Y,X, µ, ν) as the collection of jointly

continuous functionsF : R × Y 7→ X such thatF(·, y) is bounded for eachy ∈ Y and

lim
T→∞

1
[

µ(QT)
]κ

{
∫

QT

‖F(s, y)‖ ν(s) ds

}

= 0

uniformly in y ∈ Y.
We are now ready to define doubly-weighted pseudo-almost periodic functions.

Definition 3.6. Let µ, ν ∈ U∞. A function f ∈ C(R,X) is called doubly-weighted pseudo-
almost periodic if it can be expressed asf = g+φ,whereg ∈ AP(X) andφ ∈ PAP0(X, µ, ν).
The collection of such functions will be denoted byPAP(X, µ, ν).

Definition 3.7. Let µ, ν ∈ U∞. A function F ∈ C(R × Y,X) is called doubly-weighted
pseudo-almost periodic if it can be expressed asF = G + Φ, whereG ∈ AP(Y,X) and
Φ ∈ PAP0(Y,X, µ, ν). The collection of such functions will be denoted byPAP(Y,X, µ, ν).

Definition 3.8. Let µ, ν ∈ U∞ and letκ ∈ (0, 1). A function f ∈ C(R,X) is called doubly-
weighted pseudo-almost periodic of orderκ if it can be expressed asf = g + φ, where
g ∈ AP(X) andφ ∈ PAPκ0(X, µ, ν). The collection of such functions will be denoted by
PAPκ(X, µ, ν).

Definition 3.9. Let µ, ν ∈ U∞ and letκ ∈ (0, 1). A functionF ∈ C(R × Y,X) is called
doubly-weighted pseudo-almost periodic of orderκ if it can be expressed asF = G + Φ,
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whereG ∈ AP(Y,X) andΦ ∈ PAPκ0(Y,X, µ, ν). The collection of such functions will be
denoted byPAPκ(Y,X, µ, ν).

We are also ready to define doubly-weighted pseudo-almost automorphic functions.

Definition 3.10. Let µ ∈ U∞ andν ∈ U∞. A function f ∈ C(R,X) is called doubly-
weighted pseudo-almost automorphic if it can be expressed as f = g+φ,whereg ∈ AA(X)
andφ ∈ PAP0(X, µ, ν). The collection of such functions will be denoted byPAA(X, µ, ν).

Definition 3.11. Let µ, ν ∈ U∞. A function f ∈ C(R × Y,X) is called doubly-weighted
pseudo-almost automorphic if it can be expressed asF = G+ Φ, whereG ∈ AA(Y,X) and
Φ ∈ PAP0(Y,X, µ, ν). The collection of such functions will be denoted byPAA(Y,X, µ, ν).

Definition 3.12. Let µ ∈ U∞ andν ∈ U∞ and letκ ∈ (0, 1). A function f ∈ C(R,X)
is called doubly-weighted pseudo-almost automorphic of orderκ if it can be expressed as
f = g+ φ, whereg ∈ AA(X) andφ ∈ PAPκ0(X, µ, ν). The collection of such functions will
be denoted byPAAκ(X, µ, ν).

Definition 3.13. Let µ, ν ∈ U∞ and letκ ∈ (0, 1). A function f ∈ C(R × Y,X) is called
doubly-weighted pseudo-almost automorphic of orderκ if it can be expressed asF = G+Φ,
whereG ∈ AA(Y,X) andΦ ∈ PAPκ0(Y,X, µ, ν). The collection of such functions will be
denoted byPAAκ(Y,X, µ, ν).

4. Existence of a Doubly-Weighted Mean for Almost Periodic Functions

Let µ, ν ∈ U∞. If f : R 7→ X is a bounded continuous function, we define itsdoubly-
weighted mean, if the limit exists, by

M( f , µ, ν) := lim
T→∞

1
µ(QT )

∫

QT

f (t)ν(t)dt.

It is well-known that if f ∈ AP(X), then its mean defined by

M( f ) := lim
T→∞

1
2T

∫

QT

f (t)dt

exists [3]. Consequently, for everyλ ∈ R, the following limit

a( f , λ) := lim
T→∞

1
2T

∫

QT

f (t)e−iλtdt

exists and is called the Bohr transform off .
It is well-known thata( f , λ) is nonzero at most at countably many points [3]. The set

defined by

σb( f ) :=
{

λ ∈ R : a( f , λ) , 0
}

is called the Bohr spectrum off [15].
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Theorem 4.1. (Approximation Theorem) [13, 15]Let f ∈ AP(X). Then for everyε > 0
there exists a trigonometric polynomial

Pε(t) =
n

∑

k=1

ake
iλkt

where ak ∈ X andλk ∈ σb( f ) such that‖ f (t) − Pε(t)‖ < ε for all t ∈ R.

Our result on the existence of a doubly-weighted mean for almost periodic functions
can be formulated as follows:

Theorem 4.2. Let µ, ν ∈ U∞ and suppose thatlim
T→∞

ν(QT)
µ(QT )

= θµν. If f : R 7→ X is an

almost periodic function such that

lim
T→∞

∣

∣

∣

∣

∣

∣

1
µ(QT )

∫

QT

eiλtν(t)dt

∣

∣

∣

∣

∣

∣

= 0(4.1)

for all 0 , λ ∈ σb( f ), then the doubly-weighted mean of f ,

M( f , µ, ν) = lim
T→∞

1
µ(QT)

∫

QT

f (t)ν(t)dt

exists. Furthermore,M( f , µ, ν) = θµνM( f ).

Proof. If f is a trigonometric polynomial, say,f (t) =
n

∑

k=0

ake
iλkt whereak ∈ X − {0} and

λk ∈ R for k = 1, 2, ..., n, thenσb( f ) = {λk : k = 1, 2, ..., n}. Moreover,

1
µ(QT )

∫

QT

f (t)ν(t)dt = a0
ν(QT)
µ(QT)

+
1

µ(QT )

∫

QT

[

n
∑

k=1

ake
iλkt

]

ν(t)dt

= a0
ν(QT)
µ(QT)

+

n
∑

k=1

ak

[ 1
µ(QT)

∫

QT

eiλktν(t)dt
]

and hence
∥

∥

∥

∥

∥

∥

1
µ(QT )

∫

QT

f (t)ν(t)dt− a0
ν(QT )
µ(QT )

∥

∥

∥

∥

∥

∥

≤

n
∑

k=1

‖ak‖
∣

∣

∣

∣

1
µ(QT )

∫

QT

eiλktν(t)dt
∣

∣

∣

∣

which by Eq. (4.1) yields
∥

∥

∥

∥

∥

∥

1
µ(QT )

∫

QT

f (t)ν(t)dt − a0θµν

∥

∥

∥

∥

∥

∥

→ 0 as T → ∞

and thereforeM( f , µ, ν) = a0θµν = θµνM( f ).
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If in the finite sequence ofλk there existλnk = 0 for k = 1, 2, ...l with am ∈ X − {0} for
all m, nk (k = 1, 2, ..., l), it can be easily shown that

M( f , µ, ν) = θµν
l

∑

k=1

ank = θµνM( f ).

Now if f : R 7→ X is an arbitrary almost periodic function, then for everyε > 0 there
exists a trigonometric polynomial (Theorem 4.1)Pε defined by

Pε(t) =
n

∑

k=1

ake
iλkt

whereak ∈ X andλk ∈ σb( f ) such that

‖ f (t) − Pε(t)‖ < ε(4.2)

for all t ∈ R.
Proceeding as in Bohr [3] it follows that there existsT0 such that for allT1,T2 > T0,

∥

∥

∥

∥

1
µ(QT1)

∫

QT1

Pε(t)ν(t)dt−
1

µ(QT2)

∫

QT2

Pε(t)ν(t)dt
∥

∥

∥

∥

= θµν

∥

∥

∥

∥

M(Pε) − M(Pε)
∥

∥

∥

∥

= 0 < ε.

In view of the above it follows that for allT1,T2 > T0,

∥

∥

∥

∥

1
µ(QT1)

∫

QT1

f (t)ν(t)dt −
1

µ(QT2)

∫

QT2

f (t)ν(t)dt
∥

∥

∥

∥

≤
1

µ(QT1)

∫

QT1

‖ f (t) − Pε(t)‖ν(t)dt

+

∥

∥

∥

∥

1
µ(QT1)

∫

QT1

Pε(t)ν(t)dt−
1

µ(QT2)

∫

QT2

Pε(t)ν(t)dt
∥

∥

∥

∥

+
1

µ(QT2)

∫

QT2

‖ f (t) − Pε(t)‖ν(t)dt < 3ε.

�

Example 4.3. Let µ(t) = e|t| andν(t) = 1 + |t| for all t ∈ R, which yieldsθµν = 0. If
ϕ : R 7→ X is a (nonconstant) almost periodic function, then according to the previous
theorem, its doubly-weighted meanM(ϕ, µ, ν) exists. Moreover,

lim
T→∞

1
2(eT − 1)

∫

QT

f (t)(1+ |t|)dt = 0. lim
T→∞

1
2T

∫

QT

f (t)dt = 0.
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5. Properties of Doubly-Weighted Pseudo Almost-Periodic and Doubly-Weighted
Pseudo-Almost Automorphic Functions

This section is mainly devoted to properties of doubly-weighted pseudo-almost periodic
functions (respectively, doubly-weighted pseudo-almostautomorphic functions). These
include, the convolution of a doubly-weighted pseudo-almost periodic function with a
function which is integrable overR, the translation-invariance of the weighted spaces, the
uniqueness of the decomposition of the weighted spaces and well as their compositions.

Proposition 5.1. Let µ ∈ U∞ and letν ∈ UInv
∞ such that

sup
T>0

[

ν(QT)
µ(QT)

]

< ∞.(5.1)

Let f ∈ PAP0(R, µ, ν) (respectively,PAPκ0(R, µ, ν)) and letg ∈ L1(R). Suppose

lim
T→∞

[

µ(QT+|τ|)

µ(QT)

]

< ∞ for all τ ∈ R.(5.2)

(respectively,

lim
T→∞

[

(

µ(QT+|τ|)
)κ

µ(QT )

]

< ∞ for all τ ∈ R.)(5.3)

Then f ∗ g, the convolution off and g on R, belongs toPAP0(R, µ, ν) (respectively,
PAPκ0(R, µ, ν)).

Proof. It is clear that if f ∈ PAP0(R, µ, ν) and g ∈ L1(R), then their convolution
f ∗ g ∈ BC(R,R). Now setting

J(T, µ, ν) :=
1

µ(QT)

∫

QT

∫ +∞

−∞

| f (t − s)| |g(s)|ν(t) dsdt

it follows that

1
µ(QT)

∫

QT

|( f ∗ g)(t)|ν(t)dt ≤ J(T, µ, ν)

=

∫ +∞

−∞

|g(s)|

(

1
µ(QT )

∫

QT

| f (t − s)|ν(t)dt

)

ds

=

∫ +∞

−∞

|g(s)|φT(s)ds,
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where

φT(s) =
1

µ(QT )

∫

QT

| f (t − s)|ν(t)dt

=
µ(QT+|s|)

µ(QT)
.

1
µ(QT+|s|)

∫

QT

| f (t − s)|ν(t)dt

≤
µ(QT+|s|)

µ(QT)
.

1
µ(QT+|s|)

∫

QT+|s|

| f (t)|ν(t + s)dt.

Using the fact thatν ∈ UInv
∞ and Eq. (5.2), one can easily see thatφT(s) 7→ 0 asT 7→ ∞ for

all s ∈ R. Next, sinceφT is bounded, i.e.,

|φT(s)| ≤ ‖ f ‖∞ . sup
T>0

ν(QT)
µ(QT)

< ∞

andg ∈ L1(R), using the Lebesgue dominated convergence theorem it follows that

lim
T→∞

{∫ +∞

−∞

|g(s)|φT(s)ds

}

= 0,

and hencef ∗ g ∈ PAP0(R, µ, ν). The proof for PAPκ0(R, µ, ν) is similar to that of
PAP0(R, µ, ν) and hence omitted. �

It is well-known that ifh ∈ AP(R) (respectivelyh ∈ AA(R)) andψ ∈ L1(R), then the
convolutionh ∗ ψ ∈ AP(R) (respectively,h ∗ ψ ∈ AA(R)). Using these facts, we obtain the
following:

Corollary 5.2. Fix κ ∈ (0, 1). Letµ ∈ U∞ and letν ∈ UInv
∞ such that Eq. (5.1) holds. Let

f ∈ PAP(R, µ, ν) (respectively,PAPκ(R, µ, ν)) and letg ∈ L1(R). Suppose Eq. (5.2) holds
(respectively, Eq. (5.3)). Thenf ∗ g belongs toPAP(R, µ, ν) (respectively,PAPκ(R, µ, ν)).

and

Corollary 5.3. Fix κ ∈ (0, 1). Let µ ∈ U∞ and letν ∈ UInv
∞ and suppose that Eq. (5.1)

holds. Let f ∈ PAA(R, µ, ν) (respectively,PAAκ(X, µ, ν)) and letg ∈ L1(R). Suppose
Eq. (5.2) holds (respectively, Eq. (5.3)). Thenf ∗ g belongs toPAA(R, µ, ν) (respectively,
PAAκ(R, µ, ν)).

Theorem 5.4. Fix κ ∈ (0, 1). Letµ ∈ U∞ and letν ∈ UInv
∞ . Suppose Eq. (5.2) holds. Then

PAP(X, µ, ν) and PAA(X, µ, ν) are translation-invariant.

Proof. Let f ∈ PAP0(X, µ, ν). We will show thatt 7→ f (t + s) belongs toPAP0(X, µ, ν) for
eachs ∈ R.

Indeed,
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1
µ(QT)

∫

QT

‖ f (t + s)‖ν(t)dt =
µ(QT+|s|)

µ(QT)
.

1
µ(QT+|s|)

∫

QT

‖ f (t + s)‖ν(t)dt

≤
µ(QT+|s|)

µ(QT)
.

1
µ(QT+|s|)

∫

QT+|s|

‖ f (t)‖ν(t − s)dt.

Using the fact thatν ∈ UInv
∞ and Eq. (5.2), it follows that

lim
T→∞

1
µ(QT)

∫

QT

‖ f (t + s)‖ν(t)dt = 0.

Therefore,PAP0(R, µ, ν) is translation invariant. �

Similarly,

Theorem 5.5. Fix κ ∈ (0, 1). Letµ ∈ U∞ and letν ∈ UInv
∞ . Suppose Eq. (5.3) holds. Then

PAPκ(X, µ, ν) and PAAκ(X, µ, ν) are translation-invariant.

In a recent paper by Lianget. al[14], it was shown that the uniqueness of the decompo-
sition of weighted pseudo-almost periodic functions (respectively, weighted pseudo-almost
automorphic functions) depends upon the translation-invariance of those spaces. Using
similar ideas as in [14, Proof of Proposition 3.2], one can easily show the following theo-
rems:

Theorem 5.6. If µ, ν ∈ U∞ such that the space PAP0(X, µ, ν) is translation-invariant and
if

inf
T>0

[

ν(QT)
µ(QT)

]

= δ0 > 0,(5.4)

then the decomposition of doubly-weighted pseudo-almost periodic functions (respectively,
doubly-weighted pseudo-almost automorphic functions) isunique.

Similarly,

Theorem 5.7. If µ, ν ∈ U∞ such that the space PAPκ0(X, µ, ν) (κ ∈ (0, 1)) is translation-
invariant and if

inf
T>0

[

ν(QT)
(

µ(QT)
)κ

]

= γ0 > 0,(5.5)

then the decomposition of doubly-weighted pseudo-almost periodic functions of orderκ
(respectively, doubly-weighted pseudo-almost automorphic functions of orderκ) is unique.

The next composition theorem generalizes existing composition theorems of pseudo-
almost periodic functions involving Lipschitz condition especially those given in [1, 10].
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Theorem 5.8. Let µ, ν ∈ U∞ and let f ∈ PAP(Y,X, µ, ν) (respectively, PAPκ(Y,X, µ, ν))
satisfying the Lipschitz condition

‖ f (t, u) − f (t, v)‖ ≤ L . ‖u− v‖Y for all u, v ∈ Y, t ∈ R.

If h ∈ PAP(Y, µ, ν) (respectively, PAPκ(Y, µ, ν)) , then f(·, h(·)) ∈ PAP(X, µ, ν) (respec-
tively, PAPκ(X, µ, ν)).

Proof. The proof will follow along the same lines as that of the composition result given
in Diagana [10]. Letf = g+ φ whereg ∈ AP(Y,X) andφ ∈ PAP0(Y,X, µ, ν). Similarly,
let h = h1 + h2, whereh1 ∈ AP(Y) andh2 ∈ PAP0(Y, µ, ν). Clearly, f (·, h(·)) ∈ C(R,X).
Next, decomposef as follows

f (·, h(·)) = g(·, h1(·)) + f (·, h(·)) − f (·, h1(·)) + φ(·, h1(·)).

Using the theorem of composition of almost periodic functions, one can easily see that
g(·, h1(·)) ∈ AP(X). Now, setF(·) = f (·, h(·)) − f (·, h1(·)). Clearly, F ∈ PAP0(X, µ, ν).
Indeed, forT > 0,

1
µ(QT )

∫

QT

‖F(s)‖ν(s)ds =
1

µ(QT)

∫

QT

‖ f (s, h(s)) − f (s, h1(s))‖ν(s)ds

≤
L

µ(QT)

∫

QT

‖h(s) − h1(s)‖ν(s)ds

≤
L

µ(QT)

∫

QT

‖h2(s)‖ν(s)ds,

and hence

lim
T→∞

1
µ(QT )

∫

QT

‖F(s)‖ν(s)ds= 0.

To complete the proof we have to show that

lim
T→∞

1
µ(QT)

∫

QT

‖φ(s, h1(s))‖ν(s)ds= 0.

As h1 ∈ AP(Y), h1(R) is relatively compact. Thus for eachε > 0 there exists a finite

number of open ballsBk = B(xk,
ε

3L
), centered atxk ∈ h1(R) with radius for instance

ε

3L

with h1(R) ⊂
m
⋃

k=1

Bk. Therefore, for 1≤ k ≤ m, the setUk = {t ∈ R : h1(t) ⊂ Bk} is open

andR =
m
⋃

k=1

Uk. Now, setVk = Uk −

k−1
⋃

i=1

Ui andV1 = U1. clearly,Vi
⋂

V j = ∅ for all i , j.

Sinceφ ∈ PAP0(Y,X, µ, ν) there existsT0 > 0 such

lim
T→∞

1
µ(QT )

∫

QT

‖φ(s, xk)‖ν(s)ds<
ε

3m
for T ≥ T0(5.6)



DOUBLY-WEIGHTED PSEUDO-ALMOST PERIODIC FUNCTIONS 15

andk ∈ {1, 2, ...,m}.
Moreover, sinceg (g ∈ AP(Y,X)) is uniformly continuous inR × h1(R), one has

‖g(t, xk) − g(t, x)‖ <
ε

3
for x ∈ Bk, k = 1, 2, ..,m.(5.7)

Using above and the following the decompositions

φ(·, h1(·)) = f (·, h1(·)) − g(·, h1(·))

and

φ(t, xk) = f (t, xk) − g(t, xk)

it follows that

1
µ(QT)

∫

QT

‖φ(s, h1(s))‖ν(s)ds

=
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖φ(s, h1(s))‖ν(s)ds

≤
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖φ(s, h1(s)) − φ(s, xk)‖ν(s)ds

+
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖φ(s, xk)‖ν(s)ds

≤
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖ f (s, h1(s)) − f (s, xk)‖ν(s)ds

+
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖φ(s, xk)‖ν(s)ds

+
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖g(s, h1(s)) − g(s, xk)‖ν(s)ds

+
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

L‖h1(s) − xk‖Yν(s)ds

+
1

µ(QT)

m
∑

k=1

∫

Vk
⋂

QT

‖g(s, h1(s)) − g(s, xk)‖ν(s)ds

+

m
∑

k=1

1
µ(QT )

∫

Vk
⋂

QT

‖φ(s, xk)‖ν(s)ds.
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For eachs ∈ Vk ∩ QT , h1(s) ∈ Bk in the sense that‖h1(s) − xk‖Y <
ε

3L
for 1 ≤ k ≤ m.

Clearly, from Eqs. (5.6)-(5.7) it easily follows that

1
µ(QT )

∫

QT

‖φ(s, h1(s))‖ν(s)ds≤ ε

for T ≥ T0, and hence

lim
T→∞

1
µ(QT)

∫

QT

‖φ(s, h1(s))‖ν(s)ds= 0.

The proof is similar in the case when the orderκ is involved. �

Similarly, we have the following composition result for doubly-weighted pseudo-almost
automorphic functions.

Theorem 5.9. Let µ, ν ∈ U∞ and let f ∈ PAA(Y,X, µ, ν) (respectively, PAAκ(Y,X, µ, ν))
satisfying the Lipschitz condition

‖ f (t, u) − f (t, v)‖ ≤ L . ‖u− v‖Y for all u, v ∈ Y, t ∈ R.

If h ∈ PAA(Y, µ, ν) (respectively, PAAκ(Y, µ, ν)), then f(·, h(·)) ∈ PAA(X, µ, ν) (respec-
tively, PAAκ(X, µ, ν)).
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