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DOUBLY-WEIGHTED PSEUDO-ALMOST PERIODIC FUNCTIONS

TOKA DIAGANA

Asstract. We introduce and study a new concept called doubly-weijhtseudo-almost
periodicity, which generalizes the notion of weighted mkealmost periodicity due to
Diagana. Properties of such a new concept such as the tstaddfilthe convolution,
translation-invariance, existence of a doubly-weighteshmfor almost periodic functions,
and a composition result will be studied.

1. INTRODUCTION

The impetus of this paper comes from one main source, thagigaper by Diaganal[7]
in which the concept of weighted pseudo almost periodiciagwntroduced and studied.
Because of the weights involved, the notion of weighted geeaimost periodicity is
more general and richer than the classical notion of pseliost periodicity, which
was introduced in the literature in the early nineties by th@2,[23,24] as a natural
generalization of the classical almost periodicity in taese of Bohr. Since its introduction
in the literature, the notion of weighted pseudo-almostqukeity has generated several
developments, see for instance [4], [8], [9].[10]./[11]4T1[16], [25], and [26] and the
references therein.

Inspired by the weighted Morrey spacesi[12], in this papeintreduce and study a new
class of functions called doubly-weighted pseudo-almesbglic functions (respectively,
doubly-weighted pseudo-almost automorphic functiondjictv generalizes in a natural
fashion weighted pseudo-almost periodic functions (retypaly, weighted pseudo-almost
automorphy). In addition to the above, we also introducedhss of doubly-weighted
pseudo-almost periodic functions of ordgrespectively, doubly-weighted pseudo-almost
automorphic functions of ordes), wherex € (0,1). Note that the notion of weighted
pseudo-almost automorphy was introduced by Bil. [2] and is a generalization of both
the notions of weighted pseudo-almost periodicity and thaseudo-almost automorphy
due to Lianget al. [20,[21]. For recent developments on the notion of weighteslido-
almost automorphy and related issues, we refer the reaf@y; {b], and [17].
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In order to do all these things, the main idea consists ofrginlg the weightee@rgodic
component utilized in Diagana’s definition of the weightesbpdo-almost periodicity,
with the help of two weighted measurdg(x) = u(X)dx anddv(x) = v(x)dx, where
u,v: R (0,0) arelocally integrablefunctions.

In this paper, we take a closer look into properties of themgbty-weighted pseudo-
almost periodic functions (respectively, doubly-weighteseudo-almost automorphic
functions) and study their relationship with the notionsveighted pseudo-almost period-
icity (respectively, weighted pseudo-almost automorplyhong other things, properties
of these new functions will be discussed including the $§tgtaf the convolution operator
(Propositioi 5.11), translation-invariance (Theofen 54 uniqueness of the decomposi-
tion involving these new functions as well as some compmsitieorems (Theoreln 5.8).

In Liang et al. [14], the original question which consists of the existeota weighted
mean for almost periodic functions was raised. In particuléang et al. have shown
through an example that there exist weights for which a weijmean for almost periodic
functions may not exist. In this paper we investigate thetles question, which consists
of the existence of a doubly-weighted mean for almost périithctions. Namely, we
give some sflicient conditions, which do guarantee the existence of a lgeubighted
mean for almost periodic functions. Moreover, under thamadiions, it will be shown
that the doubly-weighted mean and the classical (Bohr) naeamproportional (Theorem
4.2).

2. PRELIMINARIES

If X, Y are Banach space, we then BE(R, X) (respectivelyBC(R x Y, X)) denote the
collection of allX-valued bounded continuous functions (respectively, faes of jointly
bounded continuous functiofs: R X Y +— X).

The spaceBC(R, X) equipped with the sup norm is a Banach space. Furthermore,
C(R,Y) (respectivelyC(R x Y, X)) denotes the class of continuous functions fiRrmto
Y (respectively, the class of jointly continuous functidhsR x Y — X).

2.1. Properties of Weights. Let U denote the collection of functions (weights) R +—
(0, ), which are locally integrable ov& such thap > 0 almost everywhere.
In the rest of the paper, jif € U and forT > 0, we then se@Qr :=[-T,T] and

Q) 1= fQT H()dx

As in the particular case wheifx) = 1 for eachx € R, in this setting, we are exclusively
interested in those weightg, for which,TIim u(Qr) = . Consequently, we define the

space of weight#J,, by

Uy = {,u eU: inﬂ];y(x) =up >0 and T|im/1(QT) = 00}.
Xe. —00
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In addition to the above, we define the set of weidhgshy

Ug := {,u € Uy @ supu(X) = g < oo}.
XeR

We also need the following set of weights, which makes theepaf weighted pseudo-
almost periodic functions translation-invariant,

- X+71) - 1(Qrer)
ULT,V:z{yer: I|mL<ooand lim=—=——= < o forall T e R}.
X—00 /J(X) Tooo ,Ll(QT)

It can be easily seen thatife U, then the corresponding space of weighted pseudo
almost periodic functionBAP(X, ) is translation-invariant. In particular, sintg c U,
it follows that for eachu € Ug, thenPAR(X, ) is translation-invariant.

LetUS denote the collection of all continuous functions (weiglpts R — (0, o) such
thatu > 0 almost everywhere. Define

U = {yeU; NUg : lim px+ 7)
x=e0 - pi(X)
The set of weight&3 is very rich and contains several types of weights includioige
polynomials. Moreover, the next lemma shows that elemdritg csatisfy the translation-
invariance conditions.

< 00 forallreR}.

Lemma 2.1. The inclusioriUS, c U holds.
Proof. Letu € US. To complete the proof, it lices to show that

. H“(Qr4r)
l [ Q)

For that, note that by definitiom(Qr..) — o0 andu(Qr) — c asT — o forall 7 € R.
Moreover,

}<oo forall T eR.

T—o0

d +r d
% = u(T +7) +u(-T - 7) and ”é(T?T) = u(T) + p(=T).
setting lIm*®* ™ _| forall € k. it follows that
x>0 p(X)
du(Qr-) (o au T
. dT o MU+ T) (- -7
M G@y T M M AT
aT
2l

— < 0.
1+1
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Therefore, using the L'Hdpital’s rule from calculus it kolvs that

©r) du(Qr++)
: H\T+r ; dT
m (58] = m gy
dT
e (T )+ u(=T - 1)
C T u(T) +p(=T)
2
BT
forall r € R, and hence: € UM, o

Definition 2.2. Letu,v € U,. One says that is equivalent tor and denote if: < v, if
l—l € UB.
14

Letu, v,y € Us. Itis clear thaju < u (reflexivity); if u < v, thenv < u (symmetry); and
if u < vandy < v, thenu < y (transitivity). Thereforex is a binary equivalence relation
onU.

The proofs of Proposition 2.3 and Proposition] 2.4 are notdifitcult and hence are
omitted.

Proposition 2.3. Letyu,v e UMV, If u < v, theno = u +v € UMV,

Proposition 2.4. Let u,v € US,. Then their product = uv € U3 . Moreover, ifu < v,
theno := u+v e US.

In the next theorem, we describe all the nonconstant polyaisrbelonging to the set
of weightsU.,.

Theorem 2.5. If u € U, is a nonconstant polynomial of degree N, then N is necegsaril
even (N= 2n’ for some nonnegative integef)n More preciselyu can be written in the
following form:

n
u09 =a] |0¢+ax+bg™

k=0
where a> 0Ois a constant, gand k are some real numbers satisfying-adby < 0, and m
are nonnegative integers forx 0, ..., n. Furthermore, the weight given above belongs
toUS,.
Proof. Let u € U, be a nonconstant polynomial of degrde Sinceti%fy(x) =g >0

€.

it follows that N > 2 and thatu has no real roots. Namely, all the roots ofare
complex numbers of the forizx and its conjugat&, whose imaginary parts are nonzero.
Consequently, factors @f, up to constants, are of the form:

(X = 2)(X—Z) = X* + aX + by
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wherea, = —2Re 7, by = |z/? > 0 with a2 — 4b, = 4(Re 7)* - 4)z/° < 0.
Let us also mention that & is a complex root of multiplicitym, so is its conjugata.
From the previous observations it follows that

n
u(x) = al_[(x2 + aeX + b)™
k=0

wherea > 0 is a constant, angh, are nonnegative integers far= 0, ..., n. In view of the
above it follows thatN > 2 is even. Namely,

k=0
Now
. X+
im A+ 1) _ ’
x=0 - pi(X)
and hence: € U3, O

3. DouBLy-WEIGHTED PsEuDO-ALMOST PERIODIC AND PSEUDO-ALMOST AUTOMORPHIC
Funcrions

Definition 3.1. A function f € C(R, X) is called (Bohr) almost periodic if for eagh> 0
there existd(g) > 0 such that every interval of lengtfe) contains a number with the
property that

If(t+7)— f(t)]| < & foreacht e R.

The numberr above is called ams-translationnumber off, and the collection of all
such functions will be denotefiP(X).

Definition 3.2. A function F € C(R x Y, X) is called (Bohr) almost periodic ih e R
uniformly iny € Y if for eache > 0 and any compadf c Y there existd(e) such that
every interval of lengtli(¢) contains a numbaer with the property that

IF(t+7,y) - F( Yyl <e foreachteR, ye K
The collection of those functions is denotedAR(Y, X).

Definition 3.3. A function f € C(R,X) is said to be almost automorphic if for every
sequence of real numbers, \nean, there exists a subsequensg)fay such that

g(t) = rI]im ft+s)
is well defined for eache R, and
lim g(t - ) = f(t)

for eacht € R.
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If the convergence above is uniformtire R, thenf is almost periodic in the classical
Bochner’s sense. Denote BYA(X) the collection of all almost automorphic functions
R — X. Note thatAA(X) equipped with the sup-norfn||., turns out to be a Banach space.

Among other things, almost automorphic functions satis&/following properties.

Theorem 3.4. [18,[19]If f, f;, f; € AAX), then

() fr+ f2 e AAX),
(i) Af € AAX) for any scalarA,
(i) f, € AAX) where § : R — Xis defined by f(:) = f(- + a),
(iv) the rangeR; = {f(t) : t € R} is relatively compact irX, thus f is bounded in
norm,
(v) if f, = f uniformly onR where eachfe AA(X), then fe AAX), too.

In addition to the above-mentioned properties, we havehtddllowing property due
to Bugajewski and Diaganal[6]:
(vi) If ge LY(R) and if f € AA(R), thenf = g € AA(R), wheref = g is the convolution
of f with gonR.

Definition 3.5. A jointly continuous functionF : R x Y — X is said to be almost
automorphicirt € R if t » F(t, X) is almost automorphic for ak € K (K c Y being any
bounded subset). Equivalently, for every sequence of neabers §,)nn, there exists a
subsequences()nay such that

G, X) = rI1im F(t+ s, X)
is well defined int € R and for eactx € K, and
rI1im G- s, X) = F(t, X

forallt e R andx € K.
The collection of such functions will be denoted AX(Y, X).

To introduce the notion of doubly-weighted pseudo-almeasigalicity (respectively,
doubly-weighted pseudo-almost automorphy), we need toeld¢fie “doubly-weighted
ergodic” spacePAPy(X, u,v). Doubly-weighted pseudo-almost periodic functions will
then appear as perturbations of almost periodic functigreddments oPAPy(X, u, v).

If i, v € Us, we then define

P . H 1 V —
PARY(X, i, v) 1= {feBC(R,X). Tnan—(QT)fQTuf(a)u (o) dor o}.

Similarly, if x € (0, 1), we define
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PAP(X, 1, v) 1= {f € BC(R,X) : Tliinm[ ((;)]K fQT 1 (o)l (o) dor = o}.
i

Clearly, whenu < v, one retrieves the so-called weighted ergodic space intrexdiby
Diaganal[7], that iSPAPy(X, i1, v) = PAPy(X, v, 1) = PAPy(X, ), where

PAP(X, u) = {f € BC(R,X) : I|m @f [1f () u(o) do = 0}

The previous fact suggests that the weighted ergodic sp&&s(X, u, v) are probably
more interesting when bojhandy are not necessarily equivalent.

Obviously, the spaceBAPy(X, u,v) are richer tharPARy (X, 1) and give rise to an
enlarged space of weighted pseudo-almost periodic fumgtio

In the same way, we defineAPy(Y,X, i, v) as the collection of jointly continuous
functionsF : R x Y — X such thaf(-, y) is bounded for each € Y and

Tnan@{ fQT uF(ay)nv(s)ds} =
uniformly iny € Y.

Similarly, if « € (0,1), we then define?AP{(Y, X, u,v) as the collection of jointly
continuous function§ : R x Y — X such that(-, y) is bounded for eache€ Y and

1
im ——{ [ IFs i s} -
7 [u@n)] foT
uniformly iny € Y.

We are now ready to define doubly-weighted pseudo-almogigierfunctions.

Definition 3.6. Lety, v € Uy. A function f € C(R, X) is called doubly-weighted pseudo-
almost periodic if it can be expressedfas g+¢, whereg € AP(X) andg € PARy(X, u, v).
The collection of such functions will be denoted BAR(X, u, v).

Definition 3.7. Letu,v € U,. A functionF € C(R x Y,X) is called doubly-weighted
pseudo-almost periodic if it can be expressedras G + ®, whereG € AP(Y, X) and
® e PAPy(Y, X, u,v). The collection of such functions will be denotedPpP(Y, X, u, v).

Definition 3.8. Letu,v € U, and letk € (0, 1). A function f € C(R, X) is called doubly-
weighted pseudo-almost periodic of ordeif it can be expressed a5 = g + ¢, where

g € AP(X) and¢ € PAPy(X,u,v). The collection of such functions will be denoted by
PAP(X, u,v).

Definition 3.9. Let u,v € U, and letk € (0,1). A functionF € C(R x Y, X) is called
doubly-weighted pseudo-almost periodic of ordef it can be expressed &5 = G + @,
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whereG € AP(Y,X) and® € PAR{(Y, X, i, v). The collection of such functions will be
denoted byPAP (Y, X, i, v).

We are also ready to define doubly-weighted pseudo-almtsirensphic functions.

Definition 3.10. Let 4 € U, andv € U,. A function f € C(R,X) is called doubly-
weighted pseudo-almost automorphic if it can be expresséd-ag + ¢, whereg € AA(X)
and¢ € PAPy(X, u, v). The collection of such functions will be denoted BRA(X, u, v).

Definition 3.11. Letu,v € U,. A function f € C(R x Y, X) is called doubly-weighted
pseudo-almost automorphic if it can be expresseld asG + ®, whereG € AA(Y, X) and
® € PARy(Y, X, u, v). The collection of such functions will be denotedPRA(Y, X, u, v).

Definition 3.12. Letu € U, andv € U, and letk € (0,1). A functionf € C(R,X)
is called doubly-weighted pseudo-almost automorphic déor if it can be expressed as
f = g+ ¢, whereg € AAXX) and¢ € PAP{(X, i, v). The collection of such functions will
be denoted byPAAX (X, u, v).

Definition 3.13. Let u,v € U, and letk € (0,1). A functionf € C(R x Y, X) is called
doubly-weighted pseudo-almost automorphic of okdéit can be expressed &= G+®,
whereG € AA(Y, X) and® € PAPR(Y, X, i, v). The collection of such functions will be
denoted byPAAX(Y, X, u, v).

4. ExisTeNCE oF A DouBLY-WEIGHTED MEAN FOR ALMOST PerIODIC FUNCTIONS

Letu,v € Us. If f : R —» X is a bounded continuous function, we definedtaibly-
weighted meayif the limit exists, by

1
M(fp) = Jim s fQT f(Ov(t)dt

Itis well-known that iff € AP(X), then its mean defined by

M() :=TIiLnW%LTf(t)dt

exists [3]. Consequently, for everye R, the following limit
N 1 —idt
a(f, ) := Tlmnw >T fQT f(t)e”"dt

exists and is called the Bohr transformfof
It is well-known thata(f, 1) is nonzero at most at countably many points [3]. The set
defined by

op(f) = {/l eR:a(f, 1) # 0}
is called the Bohr spectrum df[15].
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Theorem 4.1. (Approximation Theorem) [13, 19]et f € AP(X). Then for every > 0
there exists a trigonometric polynomial

P(t) = ) e
k=1

where & € X and i € op(f) such thaf|f(t) — P.(t)|| < efor allt € R.

Our result on the existence of a doubly-weighted mean fooatrperiodic functions
can be formulated as follows:

Theorem 4.2. Letu,v € U, and suppose thahm @ =0, Iff :R— Xisan

1(Qr)

almost periodic function such that

ély(t)dt| =
207 Jo €0
for all 0 # A € op(f), then the doubly-weighted mean of f,

(4.1)

T—)oo

M(f,u,v) = Ilm @L f(t)v(t)dt

exists. FurthermoreM(f, 1, v) = 6, M(f).

n
Proof. If f is a trigonometric polynomial, say(t) = Z a e wherea, € X - {0} and

k=0
Ak eRfork=1,2,..,n,thenoy(f) = {A: k=1,2,...,n}. Moreover,

_1 _ Q) 1 O
u(QT)fQTf“’V“’dt - a%(QT)*ﬂ(QT)f DILR L

@) 1o
%,Qr) Z adan fQT L

k=1

and hence

1 v(Qr) 4 1 it
- f — an—=2 E - K
: )f Ov(t)dt - ag ( )” < k:l||ak||' ( )f e v(t)dt|

which by Eq. [4.1) yields

5 ).
R f()v(t)dt — agb,,
H,U(QT) o (Ov(t) n
and thereforeM(f, 4, v) = aob,, = 6,,M(f).

—0asT - o
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If in the finite sequence ofy there existl, = 0 fork = 1,2, ...l with a,, € X — {0} for
allm=ng (k=1,2,...,1), it can be easily shown that

|
M(E, 1Y) = 6y > 80, = 6 M(f).
k=1

Now if f : R — X is an arbitrary almost periodic function, then for every 0 there
exists a trigonometric polynomial (Theoréml4P,)defined by

n
Pb(t) — Z akeixlkt
k=1

wherea, € X andAg € op(f) such that
(4.2) () - Pl <e

forallt e R.
Proceeding as in Bohr|[3] it follows that there exi$tssuch that for alll1, T, > Ty,

“u(én) fQTl Pe(t) (Ot~ /ﬁ fQT 2 POV = 6

In view of the above it follows that for alf1, T> > T,

=0<es.

M(Ps) - M(Ps)

s fQT lf(t)v(t)dt_ﬂ(%n) fQT iwoa] = e fQT IFO - PO

fQT 1 Pg(t)v(t)dt—#(éTz) fQT 2 Pg(t)v(t)dt”

f 1T (t) = P(D)lIv(D)dt < 3e.
Qr,

5
u(Qr,)

!
#(Qr,)
O
Example 4.3. Let u(t) = €' andv(t) = 1 + [t for all t € R, which yieldsé,, = 0. If

¢ : R — X s a (nonconstant) almost periodic function, then accgrdinthe previous
theorem, its doubly-weighted meai(¢, u, v) exists. Moreover,

f f(O(L +It)dt = 0. lim —f f(t)dt = 0.

lim
T—oo 2(eT



DOUBLY-WEIGHTED PSEUDO-ALMOST PERIODIC FUNCTIONS 11

5. PRoPERTIES OF DoUBLY-WEIGHTED Pseupo ALmMosT-PerRIODIC AND DOUBLY-WEIGHTED
Pseubo-ALmosT AuTOMORPHIC FUNCTIONS

This section is mainly devoted to properties of doubly-viaggl pseudo-almost periodic
functions (respectively, doubly-weighted pseudo-alnsgbmorphic functions). These
include, the convolution of a doubly-weighted pseudo-atmeriodic function with a
function which is integrable oveR, the translation-invariance of the weighted spaces, the
uniqueness of the decomposition of the weighted spaces alhdswtheir compositions.

Proposition 5.1. Letu € U,, and letv € UV such that

[V(QT)
u(Qr)

Let f € PAP(R, u,v) (respectivelyPAPS(R, u, v)) and letg € LY(R). Suppose

(5.1) sup
T>0

< 00,

(5.2) fim [‘% <oo forall 7eR.
(respectively,
(5.3) TIim [%] < oo forall TeR)

Then f = g, the convolution off andg on R, belongs toPAPy(R, i, v) (respectively,
PAPR(R, u,v)).

Proof. It is clear that if f € PAPy(R,u,v) andg € L(R), then their convolution
f «+ g € BC(R,R). Now setting

. 1 i _
ATop) = s fQT f (- 9la(9() dsdt

it follows that

IA

J(T,u,v)

+oo 1
Iw |9(5)|(@LIf(t—S)Iv(t)dt)dS

[ 09I (9ds

oo

1
55 fQT I(F = OBt
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where
1
" = 5 fQT £t - 9Dt
,U(QTHQ) 1
= . f - 4 d
Q) ﬂ(QT+|s|)fQT| (t=9h(Ddt
,U(QTHQ) 1

. f()|v dt.
WQr) Qg o, OO

Using the fact that € U'" and Eq. [[5.R), one can easily see thats) — 0 asT ~ oo for
all se R. Next, sincepr is bounded, i.e.,

< o0

v(Qr)
[T() < I fllo - ?’E(F)),U(QT)

andg € LY(R), using the Lebesgue dominated convergence theorematfsiihat

im { [ it9por(9us} =0

and hencef x g € PAR(R,u,v). The proof for PAP(R, i, v) is similar to that of
PAPy(R, u, v) and hence omitted. O

It is well-known that ifh € AP(R) (respectivelyh € AARR)) andy € L1(R), then the
convolutionh =y € AP(R) (respectivelyh = ¢ € AA(R)). Using these facts, we obtain the
following:

Corollary 5.2. Fix « € (0,1). Letu € U, and lety € U such that Eq.[{5]1) holds. Let
f € PAP(R, u, v) (respectivelyPAP(R, 1, v)) and letg € LY(R). Suppose Eq[(5.2) holds
(respectively, Eq[(5]3)). Theh= g belongs taPAP(R, u, v) (respectivelyPAP(R, u, v)).

and

Corollary 5.3. Fix « € (0,1). Letu € U, and lety € U™ and suppose that Eq_(5.1)
holds. Letf € PAAR,u,v) (respectivelyPAX(X, u,v)) and letg € LY(R). Suppose
Eqg. (52) holds (respectively, Eq._(5.3)). Then g belongs toPAAR, i, v) (respectively,
PAA(R, u,v)).

Theorem 5.4. Fix « € (0,1). Letu € U, and lety € U'"V. Suppose Eq[{5.2) holds. Then
PARX, u,v) and PAAX, u, v) are translation-invariant.

Proof. Let f € PARy(X, u, v). We will show thatt — f(t + s) belongs taPAPy (X, u, v) for
eachse R.
Indeed,
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1 u(Qrs) 1

- f = . f

Qr) LT IT(t+ 9t w(Qr) IJ(QT+|S4) LT IT(t+ 9t
u(Q +\$) 1

. f _ :
Q) Q) Jo,, OISt

Using the fact that € U'"V and Eq [(5R), it follows that

im oy J. i 9voat=o

Therefore PAPy(R, u, v) is translation invariant. O
Similarly,

Theorem 5.5. Fix « € (0,1). Letu € U, and lety € U'"V. Suppose Eq[{5.3) holds. Then
PAP(X, u, v) and PAX(X, u, v) are translation-invariant.

In a recent paper by Liangf. al[14], it was shown that the uniqueness of the decompo-
sition of weighted pseudo-almost periodic functions (ezspely, weighted pseudo-almost
automorphic functions) depends upon the translationriamae of those spaces. Using
similar ideas as i [14, Proof of Proposition 3.2], one casilgghow the following theo-
rems:

Theorem 5.6. If u, v € Uy, such that the space PAEX, u, v) is translation-invariant and
if

e [ (Qr)
54 inf | —=
64 >0 [#(QT)

then the decomposition of doubly-weighted pseudo-alneoiidic functions (respectively,
doubly-weighted pseudo-almost automorphic functionghigue.

]2(50>0,

Similarly,

Theorem 5.7. If u,v € U, such that the space PAEX, u,v) (k € (0,1)) is translation-
invariant and if

v(Qr)
(5.5) inf [ } >0,
0| (u@n) 1"

then the decomposition of doubly-weighted pseudo-aln@#dic functions of ordek
(respectively, doubly-weighted pseudo-almost automofphctions of ordek) is unique.

The next composition theorem generalizes existing conipasiheorems of pseudo-
almost periodic functions involving Lipschitz conditioapecially those given in [1, 10].



14 TOKA DIAGANA

Theorem 5.8. Letyu, v € U, and let f e PAR(Y, X, u, v) (respectively, PARY, X, u, v))
satisfying the Lipschitz condition

If(t,u) — ft, V)| <L.lu-vjly forall u,veY,teR.
If h € PAR(Y, u,v) (respectively, PARY, u,v)) , then f(-,h(-)) € PARX, u,v) (respec-
tively, PAP(X, u,v)).

Proof. The proof will follow along the same lines as that of the cosipion result given
in Diaganal[10]. Letf = g+ ¢ whereg € AP(Y,X) and¢ € PAPy(Y, X, u, v). Similarly,
leth = hy + hy, whereh; € AP(Y) andh, € PAPy(Y, u, v). Clearly, f(-, h(-)) € C(R, X).
Next, decomposé as follows

f(.h()) = g(, ha()) + £(. h()) = £(. ha()) + 6(, ha().
Using the theorem of composition of almost periodic furasipone can easily see that
g(,hi(?)) € APX). Now, setF(-) = f(-,h(-)) — (-, hi(-)). Clearly, F € PARy(X, u, v).
Indeed, forT > 0,

1
55 fQT IF(9Iv(9)ds

1
Q) fQT If(sh(8) ~ f(s hu()iv(s)ds

IA

L
w(Qr) fQT Ih(s) - ha(s)liv(s)ds

L
D) fQT Iha(9v(9ds

IA

and hence

5 f IF(9(9ds = 0.

To complete the proof we have to show that

. 1
tim 55 | 1S u(@)isas= o

As h; € AP(Y), hy(R) is relatively compact. Thus for eagh> 0 there exists a finite
number of open ball8 = B(x, &), centered akx € hy(R) with radius for instanc%s—l_

m
with hy(R) c U Byx. Therefore, for 1< k < m, the setUy = {t € R : hy(t) c By} is open

k=1
k-1

andR = U Uk. Now, setVy = Uy — U Ui andVy = U;. clearly,Vi OV = 0 for all i # j.
Slnce¢ e PAPRy(Y, X, ,u v) there eX|stsT0 > 0 such

(5.6) fQT llp(s, xW)Iv(s)ds < % for T>To

| -
08 1(Qr)
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andke {1,2,...,m}.
Moreover, sinceg (g € AP(Y, X)) is uniformly continuous iR x h;(R), one has

(5.7) llo(t, %) — a(t, X)|| < ;fg for xe By, k=1,2,..,m.

Using above and the following the decompositions
¢(, ha()) = f(. ha()) — 9(, ()
and

B(t, ) = T(t, %) — 9(t, Xi)
it follows that

_1
u(Qr)

1 m
- = h .
“(Qr) kZ::I:_kamQT llo(s, hy(9))lIv(s)ds
oD Zm: f llg(s, hu(s)) — d(s XlIv(s)ds
#Q) = Mner
1 m
o) ;I/mQT lig(s, xq)lv(s)ds
s Zm:f I1f(s ha(9) - F(s x)lIv(s)ds
#(Qr) k=1 YN Qr
1 m
o) ;kam lig(s, xq)lv(s)ds
o Zm:f lla(s, ha(9) — (s xQlIv(s)ds
#(Qr) k=1 YN Qr
1 m
- ho(g)
o) ;ﬁkm% LIIha(s) — Xllyv(9)ds
" ii f llg(s hu(9) - g(s x)Iv(g)ds
H(Qr) k=1 YN Qr

o1
' kZ:;,U(QT) VN

f (s ha(9)lIv(9)ds
Qr

IA

IA

llo(s, x)llv(s)ds
Qr
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For eachs € Vx N Qr, hi(s) € By in the sense thdthi(s) — Xlly < 3—i forl<k<m
Clearly, from Eqs.[(5I6):(Bl7) it easily follows that

/ﬁ fQT llp(s ha(s))lv(s)ds< &

for T > To, and hence

. 1
im o fQT 16(s ha(9)Iv(S)ds= 0.

Tooo M

The proof is similar in the case when the ordes involved. O

Similarly, we have the following composition result for doyweighted pseudo-almost
automorphic functions.

Theorem 5.9. Letyu,v € U, and let f € PAAY, X, u, v) (respectively, PAXY, X, u, v))
satisfying the Lipschitz condition

If(t,u) — ft, V)| <L.lu-vjly forall u,veY,teR.

If h e PAAY,u,v) (respectively, PAXY, u,v)), then f(-,h(:)) € PAAXX, u,v) (respec-
tively, PAA(X, u, v)).
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