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Abstract

This paper is an update and extension of a result the authors first
proved in 2003. The goal of this paper is to study factors which are known
to be L?-characteristic for certain nonconventional averages and prove
that these factors are pointwise characteristic for the multidimensional

return times averages.
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1 Introduction

A major result in ergodic theory in the late 1980’s was the proof of the return
times theorem by J. Bourgain [8] (which was later simplified by J. Bourgain,
H. Furstenberg, Y. Katnzelson, D. Ornstein in [9]). This theorem created a key

strengthening of the Birkhoff’s Pointwise Ergodic Theorem [7].

Theorem 1. Let (X, F,u,T) be an ergodic dynamical system of finite measure
and f € L*>®(pn). Then there exists a set Xy C X of full measure such that
for any other ergodic dynamical system (Y,G,v,S) with v(Y) < oo and any

g€ L>®):
1
N

] =

f(T"z)g(S™y)

n=1

converges v-a.e. for all x € X;.

In the BFKO proof [9] of the return times theorem, one of the keys to the
argument was to decompose the given function using the Kronecker factor in
order to prove the result independently for both the eigenfunctions and those
functions in the orthocomplement of the Kronecker factor.

Using factors in convergence proofs in ergodic theory has long been a very
useful tool. The notion of a characteristic factor is originally due to H. Fursten-

berg and is explicitly defined by H. Furstenberg and B. Weiss in [I1].

Definition 1. When the limiting behavior of a non-conventional ergodic average
for (X, F,u,T) can be reduced to that of a factor system (Y,G,v,T), we shall

say that the latter is a characteristic factor of the former.
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For each type of average under consideration, one will have to specify what
is meant by reduced in the given case. In the case of H. Furstenberg and B.

Weiss [11], they define the notion of characteristic factor for averages of the type

N
1 " 2
NZ(fOT )(goT )
n=1
Therefore their specific definition of characteristic factor is as follows.

Definition 2. If {p1(n),p2(n),...,px(n)} are k integer-valued sequences, and
(Y,G,v,T) is a factor of a system (X, F,u,T), we say that G is a characteris-

tic factor for the scheme {p1(n),p2(n),...,px(n)}, if for any f1, fo,..., frx €

L (u) we have
| XN
~ Z {f1 o TP M ... fi o TP _E(£11G) 0 TP .. E(fy,G) o TP
n=1

converges to 0 in L?(u).

In 1998, D. Rudolph [16] extended the return times theorem to averages
with more than two terms with his proof of the multidimensional return times
theorem. His proof answered one of the questions on the return times raised by

L Assan who proved the same result for weakly mixing systems in [I].

Theorem 2 (Multidimensional Return Times Theorem). Let k be any posi-
tive integer. For any dynamical system (X, F,T,u) and any f € L*°(u), there
exists a set of full measure Xy in X such that if x € Xy for any other dy-

namical system (Y1,G1,S51,11) and any g1 € L°(v1) there exists a set of full

IThese questions were brought up during D. Rudolph’s visit to UNC-CH in 1991 while he

was working on his joinings proof of Bourgain’s return times theorem [I4].
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measure Yy, in Yy such that if y1 € Yy, then ... for any other dynamical sys-
tem (Yi—1,Gk—1,Sk—1,Vk—1) and any gix—1 € L (vip—_1) there exists a set of full
measure Yy, , in Yi_1 such that if yr—1 € Yy, | for any other dynamical system
(Yx, Gk, Sk, i) the average:
1
& 2 F(T2)g1(S71)g2(S52) -+ 9r (S wn)
n=1

CONvVETgeEes Vi -a.e..

D. Rudolph’s proof of the multidimensional return times theorem utilized
the method of joinings and fully generic sequences. This led to an elegant proof
of the theorem which avoided the study of the factor of the o-algebra which was
characteristic for the averages. So the higher order version of the Kronecker
factor K which had been key to the BFKO [9] proof was not needed in D.
Rudolph’s argument. This paper seeks to determine what factors serve a role
similar to the Kronecker factor K in this higher dimensional setting.

For our purposes we define the notion of pointwise characteristic factors for

the multidimensional return times averages as follows.

Definition 3. Consider (X, F,u,T) a measure preserving system. The factor
A is pointwise characteristic for the k-th return times averages if for
each f € L*(u) we can find a set of full measure Xy such that for each x € Xy,
for any other dynamical system (Y1,G1,S1,v1) and any g1 € L*°(v1), there
exists a set of full measure Yy, such that for each y, in Yy then ... for any
other dynamical system (Yi—1,Gk—1,Sk—1,Vk—1) and any gx—1 € L*°(vx_1),

there exist a set of full measure Yy, | in Yi_1 such that if y_1 € Yy, _, for any
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other dynamical system (Yi, Gi, Sk, Vi) for vi-a.e. yi the average

N
% S AT ) = E(f|A)(T"2)] 91(STy1)92(S5ya) -+ gk (SEur)
n=1
converges to 0.

In looking for potential characteristic factors for the general multidimen-
sional return times averages we consider the factors first used by H. Furstenberg
to prove Szemeredi’s Theorem [10]. We denote these factors as A; using the
notation from [3] where these factors were shown to be L?-characteristic for the

averages

1 & .
NZHinTm'

n=11i=1

As noted in the introduction to [4], while the norm convergence of averages for
L?-characteristic factors can sometimes lead to pointwise characteristic proper-
ties, this is not always guaranteed to be the case. Thus it is of consequence to
look at pointwise convergence in addition to investigating factors with respect
to the norm convergence.

We will show that these Aj factors can be defined in an inductive way by
seminorms using Lemma 1.3 of [15] Using these seminorms we will prove our

first main result.

Theorem 3. The factors Ay, are pointwise characteristic for the multidimen-

sional return times averages

2This approach was used in two 2003 unpublished papers of the first author ([3] and what
was ultimately combined into the published paper [4]). The first author thanks C. Demeter
and N. Frantzikinakis for pointing out to him that the factors he defined with these seminorms

were in fact the ones introduced by H. Furstenberg in [10].



Pointwise Characteristic Factors 6

The study of the nonconventional Furstenberg averages has seen important
progress being made in the last seven years. In [12] and [I7] the Host-Kra-Ziegler
factors Zj, were created independently by B. Host, B. Kra and T. Ziegler and
were shown to be characteristic in L2 norm for the Furstenberg averages. Using

these factors we prove our second main result.

Theorem 4. Let (X,B,u,T) be an ergodic measure preserving system. The
Host-Kra-Ziegler factors Zj, are pointwise characteristic for the multidimen-

sional return times averages.

As the Z; factors are smaller than the factors Ay, and thus AkL - Zkl,
Theorem Bl is a consequence of Theorem @l But our Theorem [Bl with the use
of the seminorm defining the factors Ay gives a different set of information.
More precisely, using the factors Ay we obtain pointwise uniform bounds of
the multidimensional return times averages. With the Zj factors we do not
have such pointwise estimates. The uniform upper bounds are derived after

integration combined with a lim sup argument.

2 The A, factors are pointwise characteristic for

the multidimensional return times averages
Let (X, B, u,T) be an ergodic dynamical system on a probability measure space.

Definition 4. The factors Ay are defined in the following inductive way.

e The factor Ay is equal to the trivial o-algebra {X, 0}
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e For k > 0 the factor Ayy1 is characterized by the following. A function

f € Ay if and only if

Note that the factor Ay is the Kronecker factor of our ergodic operator T’

because

2
o Thd,u

H
Ni(f)* = lim — Z (f - f o T Ap)||; = lim —

H

The next lemma shows that these seminorms are well-defined and charac-

terize factors of T'. It combines some results in the unpublished preprint [3].

Lemma 1. Let (X, F,u,T) be an ergodic dynamical system on a probability
measure space, For k > 2 for each function f € L*(u) the quantities N (f) are
well defined. Furthermore, they characterize factors of T which are successive

mazimal isometric extensions.

Proof. Let us consider a general factor A of T' and E(-,.A) the projection onto
this factor. The relatively independent joining of T x T" over the factor A is the

measure u 4 defined for f, g bounded functions as

/f X gdpa = /E(f, A)E(g, A)dp.

By Birkhoft’s ergodic theorem applied to T' x T and the invariant measure p 4

we have

H

Z (f-foT™ A = hm—Z/f FoT")(@)(f - foT")(y)dua

= |E(f x f,IA)HLz(uA)'
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where Z 4 is the T'x T-p 4 invariant o-algebra. If we denote by N(f) the quantity

H
VY =t 3B o T A
then Lemma 1.3 in [I5] tells us that N(f) = 0 if and only if E(f, LA) = 0 where
ICA is the maximal isometric extension of A.

Using these observations one can characterize the successive maximal iso-
metric extensions. The trivial o-algebra is Ag. Then we define A; = KAy,

As = KA; and more generally Ax11 = KAi. The seminorms characterizing

these factors are well defined as Ny (f) where

T

Ni(f 22 (- foT™ A,

O

In order to simplify the inductive parts of our argument, we first clarify the
techniques that we will use in a series of small lemmas. This next lemma relies
on an application of the spectral theorem which allows us to alternate between

Wiener-Wintner and return times averages in our inductive argument.

Lemma 2. Let {a,} be a sequence of complex numbers. If

N

E 271'1716

lan|* < 00 and sup |—
€
1

=z~
-

then
XN
N Zang(S”y) -0
1

in L?(v) for all measure-preserving systems (Y, G, S, v).

Proof. This follows immediately from the proof of Theorem 3.1 in [2]. O
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Next, we will use the following lemma which is an easy consequence of the
Van der Corput Lemma [I3]. It will help us simplify the Wiener-Wintuner aver-

ages which will appear in the inductive argument.

Lemma 3. Let {a,} be a bounded sequence of complex numbers. Then

1 al 2mine 1 1 J

for some constant C and 1 < H < N.
We will prove our main result, Theorem Bl in the course of proving the

2

sup
€

N—h
1 Z _
N AnAp+h
n=1

following more detailed statement.

Theorem 5. Let k be any positive integer. For each f € L*(u) we can find
a set of full measure Xy such that for each x € Xy, for any other dynamical
system (Y1,G1,51,v1) and any g1 € L (v1) with ||g1]lcc < 1, there exists a set
of full measure Yy, such that for each y, in Yy, then ... for any other dynamical
system (Yi—1,Gr—1,Sk—1,Vk—1) and any gx—1 € L= (vg—1) with ||gk]|co < 1 there

exist a set of full measure Yy, | in Yi_1 such that if yr—1 € Yy, , for any other

dynamical system (Yy, Gk, Sk, vk) for vg-a.e. yi the average

N
% U ) = B(f AR (T™2)] 91 (STy1)g2 (S5 y2) - - - gk (Sgr)
n=1

converges to 0. Thus for f € A the average

N
5 D T (ST )02 (S3) - 0x (STw)

n=1

converges to 0 vi-a.e..
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Proof. The basis step for the induction was done in the BFKO [9] proof of Bour-
gain’s Return Times Theorem. Here it was shown that A4; = K was pointwise

characteristic for averages of the type

1 N
DRI
n=1

By using bases e; and ; of eigenfunctions for 7" and S; of modulus 1, respec-
tively, one can even evaluate the limit, assuming for the moment that S is

ergodic. The limit is equal to

> (/f'e_sdﬂ> es(z) (/91 -%dV) ¥s(y)

scEr.s

where Ep g is the subset of common eigenvalues for 7' and S. By using the

2) 1/2

Cauchy-Schwartz inequality one gets the upper bound

S|/ 1 e [ ov-mav
j=0

2 UZ(i

k=0

which is equal to
IECf A (|2 E(g[Ks, ) |2,

where Kg, is the Kronecker factor for S;. This last term is itself less than
IE(f|A1)]|2 because ||g]lc < 1. We can remove the ergodic assumption on S;

by using the ergodic decomposition. Thus we have reached the inequality

N 2

imup | S ST ax(8")| < B4 1)

which shows clearly that A; is pointwise characteristic for the return times
average.

Assume that for any f € L>®(u) and 1 < j < k we can find sets Xy ;

of full measure such that if x € Xy ;, then for any other dynamical system
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(Y1,G1,51,11) and any g1 € L™(vq) with ||g1]lec < 1, there exists a set of
full measure Yy, such that for each y; in Yy, then ... for any other dynamical
system (Yj_1,Gj—1,8j-1,7j-1) and any g;_1 € L>(vj_1) with [gj—1llec <1

there exist a set of full measure Yy, _,

in Y; 1 such that if y; 1 € Yy, , for any
other dynamical system (Y;,G;, S;,v;) and any g; € L>®(v;) with ||gj]le <1

for vj-a.e. y; we have

N
© S UT") ~ BUANT )] 01(STwn) - 05(S];)

n:l

converges to 0.

Lemma 4. Let f be an element of f € L* and let g;, S; and y; be as defined

in the preceding paragraph. If

2
N
1 _
By = sup | & > [T )91 (STy1) - - ge-1(Sp_1yk—1)e>™"
€ n=1

then

limsup By < CNi(f)?
N
for some absolute constant C'.

Proof. By Lemma [3] there exists a constant C' such that for 1 < H < N

).

From our inductive hypothesis, we know that for each h there is a set of full

1 1 H 1Nh
By < (g X% X0 ToT

(g1 - 910 SM)(STy1) -+ (gh—1 - Gr—1 0 Sp_1)(SE_1Yk—1)
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measure X ———=r on which
f-foT

N—
Ly (- FoT)(T"a) — (B(f - FoTT, Ax)(T"a)|

n=1

==

(91910 SM)(STy1) - (gr—1 - gk—1 0 SP_)(Si_1yk—1)| — 0.

Therefore, the intersection of these sets X fforh Over h gives a set of full

measure X, on which

H
. . 1 1
hmj\éup By < hm]?uPC<ﬁ + Z

(g1 - 910 SM)(STy1) -+ (gh—1 - Gr—1 0 Sp_1)(SE_1yk—1)

)

N-—
l1mj\?upBN < l1msup0<;+ﬁz (N g’ (f - foTh, A_1)(T"x )’2

for all H. The Cauchy-Schwartz inequality gives us

- 2 - @ 2 %
: ‘(91 “g10 Sf)(s?yl)‘ ‘(Qk—l “gk—10 5;?,1)(5;?71%—1)‘ ) )

1 2 lgp—1l?
< limsup0< + lgills, - - llgr—1llZ
N H

|

H N— 9 B
> (% 3w 7 s ) )
h=1 =1
By Birkhoff’s Pointwise Ergodic Theorem we know that there is a set of full

measure X;_; on which for each h the average over n in the above inequality

converges to

/‘(E(f'mw‘lk—l)rdﬂ: HE(]['W,A}’C—I)Hz'
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Therefore on the set of full measure X; = )?\f N Xk—1

hm]\?upBN < ¢ OiHE(f’W,Akl)HQ

H ' H&

1 | A 3

< o g+ (w2 T
= C-Ni(f)*

As functions f in A{ are characterized by the property that Nj(f)* = 0,

Lemma [l implies that when f is an element of L>(u) (At we have

limsup By =0
N

on the set of full measure Xy = )?\f () Xk—1. Therefore

N
sup | Z F(T"2)g1(STy1) - g1 (SE_1yn—1)e”™
€ —

converges to 0 u-a.e.. Hence by an application of Lemma [2] we know that for

any other dynamical system (Y, Gk, Sk, V) and any g € L% (v)
| XN
~ 2 FT )1 (S7wm) - gr(Siwn) (2)
n=1

converges to 0 in L?(vy). As pointwise convergence of the average in Equation

@) follows from Theorem 2] we have

N
1
~ 2 FT )1 (i) - gr(Siwn)
n=1
converges to 0 vg-a.e., when f is in L>(u) () A;-. Therefore for all f € L% (u)

we have

N
Z E(f, Ak)(T"2)] 91(S7y1)g2(S5y2) - - - g (Syyn)

n:l
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converges to 0 vg-a.e.. Thus, we have shown that the factors Ay are pointwise

characteristic for the multiple term return times averages. O

3 The Z; factors are pointwise characteristic for

the multidimensional return times averages

As noted above, the factors Z; are smaller than the A; factors and thus their
orthogonal complements Zj- are bigger. Therefore Theorem E which we are
proving in this section, is an extension of Theorem Bl We will prove this fact
directly from the properties of the factors Zj;. As shown in [I2] the Host-Kra-

Ziegler factors, Zj, can be characterized by the following seminorms.
Definition 5. e The factors Ay and 2y are equal to the trivial o-algebra.

e The factors Ay and Zy are also identical. They can be characterized by

the seminorms ||| f||l2 or Na2(f) where

H

I1F112 = Tim - OThdu = N2(f)*.

h

e The difference starts with the factors Az and Z5. The factor 25 is the
Conze-Lesigne factor, CL. Functions in this factor are characterized by

the seminorm ||| - |||s such that

H
1
8 __1: hy14
115 =i g5 3117+ oI

A function f € CL* if and only ||| f]||3 = 0.
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e More generally B. Host and B. Kra showed in [12] that for each positive
integer k we have

2k+1

H
1 A
IS = tgp g7 D115 -7 o7
with the condition that f € Z,_1 if and only if |||f|||x = 0.

Our induction argument comes from reducing the return times averages
by looking at an associated Wiener-Wintner type average using the following

lemma.

Lemma 5. Let (X,B,u,T) be an ergodic dynamical system and f € L>(u).

il frsera)

2

< ClIFII.

Then for all positive integers H we have

N

2
% Z f(TnI)SQﬂ-int

n=1

lim sup sup
N t

In particular we have for p-a.e. x

1 N
- Z f(TnI)e%rint
N n=1

Proof. This is Lemma 2 from the paper [4]. O

lim sup sup
N t

Using this result, we can deduce the following lemma concerning the integral

of the limsup of our averages.

Lemma 6. Given (X, B, u,T) an ergodic measure preserving system on a prob-
ability measure space and f € L> then we can find a set of full measure Xy such
that for every x € Xy for each measure preserving dynamical system (Y,G,v, S)

and each g € L*>(v) we have
2

N
Y f(Tra)g(smy)| dv < ClIflI3Ngl3:

n=1

/limsupFN(y)dl/ = /limsup
N

N
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Proof. By the BFKO [9] proof of the Return Times Theorem we have pointwise
convergence of the above averages, therefore the limsup on the left hand side

of the above expression becomes a limit. Therefore, we have

/limsupFN(y)du = lim/FN(y)dl/
N N
2
Z f(Tnx)eZTrint

_1' 1N
- W N &

where o, is the spectral measure associated to g with respect to the dynamical

dog(t)

system (Y, G, v, S). Thus
2
i > f(Tnx)e%rint
N

n=1

2

/lim sup F (y)dv < lim sup sup llgll5-
N t

N

By Lemma [l we derive the inequality

/ timsup Py (9)dv < C1)1f1 915

O

From Lemma [f] the iteration process follows. For instance, we can use this
lemma to prove the following Wiener-Wintner return times result which refines

the one obtained in [5].

Lemma 7. Let (X,B,u,T) be an ergodic measure preserving system on a prob-
ability measure space and f € L (). Then for u-a.e. © € X for every measure

preserving system (Y,G, v, S) and each g € L*(v) and v-a.e. y we have

/ lim sup sup

In particular, for f € CLY (or equivalently |||f|||s = 0) we have for v-a.e. y

Z f Tn qn ) 2mint

2

Zf (T"2)g(S"y)e™™ | dv < CIfIlZlgl%-  (3)

lim sup sup | = 0. (4)




Pointwise Characteristic Factors 17

Proof. By the Van Der Corput Lemma [I3] we have

2
dv

IN

/limsupsup
N t
1 1 & 1 &
. n n+h
C’(E—FE};/llm;up‘N;f(T x)f(T" "x)-
g(S"y)g(S"+hy)|dV>

N
C(l + % hz (/lim;up }% n;lf(T"x)f(Tn—khx).

=1

N
1 .
N Z f(Tnx)g(Sny)eQTrznt
n=1

IN

) 1/2
o(5™y)g(5™ )| du> ) (5)

By using Lemma [l the expression in () is

H
1
< C ST FoT g g0 8"
h=1
1 H
< O fo T algl

>
Il

1

on a set of full measure depending only on f. It is, in fact, the intersection of
the sets of full measure obtained by the BFKO [9] proof of the Return Times

Theorem for each function f - foT". As

H
1
lgnﬁhzﬂl\lf-foTthé = [I1£11I5

this proves ([B]) of Lemma [l Equation ({]) follows directly from the characteri-

zation of the CL factor. O

The induction assumption giving the result on the pointwise characteristic
factors for the Z; factors can now be made. To end it at the CL = Z5 level we

prove the next lemma.
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Lemma 8. Let (X, B, u,T) be an ergodic measure preserving system on a prob-
ability measure space and f € L> Then for p-a.e. x € X for every measure
preserving system (Y, G, v, S) and each g € L*°(v), for v-a.e. y, for every mea-

sure preserving system I'y = (Z,F,p,V) and each ¢ € L>=(p) we have

2

/sup lim sup
T,¢ N

dp(2)dv(y) < C|l| fll3]l9]1 %

N
=3 FT)g(S oV ")
n=1

Proof. By Theorem [l for averages with three terms we have

2

N
[ timsup %;ﬂm)g(snyw(vnz) dplz) =
1 & ’
lin / ‘Nz_:lf(T"w)g(S"y)ﬂﬁ(V"Z) dp(2). (6)

Using the spectral measure as before we have that the expression in (@) is equal

to
. 1 a n n 2mint :
hj{,n/ an_:lf(T z)g(S™y)e dog <
1 & |
limj\fupsgp N;f(T”aj)g(S"y)e%ﬁnt ||¢Hio S

2

lim sup sup
N t

N

1 .

N E f(TnfU)g(Sny)e%mt
n=1

as ||¢|lco] < 1. Therefore by Lemma [7] we have

/ sup/limsup
I'i,¢ N

2

N
5 2 SIS o(V"2)| dp(=) | dvly) < CISIRlgl%

n=1

O

We now have the tools necessary to prove our second main result, Theorem
[ that the Z; averages are pointwise characteristic for the multidimensional

return times averages.
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Proof. It remains to finish the induction argument which we have started in the
above lemmas. Assume that for each ¢ > 2, and for py-a.e. x, and each g with

llg]lcc <1 we have

N
sup /( sup /hmsup‘
/ (Fl,qbl Fi—17¢i—1 g

2

g(S"y)p1(Vi"21) - - - i1 (Vi1 2i-1)

(T
dp(z;—1) ) < CIfE
‘We would like to show that we have

N
1
sup / ( sup /limsup’— f(Imz)
/<F17¢1 i ¢i N N;

2
g(S"y)p1(Vi"21) -+ s (V" 2:)

dp(Zi)) a dp(Zl)) dv(y) < ClIflIi

As previously, we use the Van Der Corput Lemma [13] to estimate that
2

lim sup sup <

§jf‘T" S™y)p1(Vi"21) -+ i1 (Vi 2im1)e® ™™

< Z lim sup ‘— (f - foTh)(T"z)-

)

(9-908™")(S"y)(¢1- ¢oVI)(Vi21) - (o1 - dim1 0 VL) (Vi 2im1)

Integrating and using the induction assumption we get

1
/(sup /( sup /limsupsup —
1,61 Fic1,¢i-1 N t [N

2

9(S"Y)p1(Vi*z1) -+ i1 (Vi g zi1)e*™

o)) - doten) vty <

I 1/2
1 1 hin2
c ﬁ+<ﬁhz_jl||f-foT ||1-_1>

After taking the limit with respect to H we have

1 L 1/2
|+ <ﬁ};||f-foTh||fl> < CI I
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Finally by applying Theorem 2] and applying Lemma [8 we have

N
1
sup ---/(sup/limsup’— E f(Imz)
/<F1,¢1 T i N N~

2
g(S"y)p1(Vi"21) -~ i (Vi"2i)

dp(zz')) dp(zi—1)> . 'dp(21)>dV(y) =
sup lim / ’— Zl f(Tx)

FZ 7¢l

-/
dp 2 )dp Zil1) ) ---dp(zl)>dV(y) =
/(

( sup -
T1,¢1

g(S"y)p1(Vi"21) -~ i (Vi"2i)

sup sup hm/ ’— f(Imz)
(F17¢1 Fz7¢1 Zl
") R0 602 (Vi) Ve ) -dp(zn)du(y) <
/ < sup / < sup l1msupsup‘— Zf(T”a:)
Fl;d’l Fz;¢z N =1
2
S NGV 1) 6er (Vi)™ | Jdsin) ) o) )aoly) <
CIIFINZ 2
This proves the induction step and proves the theorem. o

4 Remarks

1. If one uses instead the maximal isometric extensions and the factors Ay
we get at the BFKO stage a pointwise upper bound for 7" and S ergodic.

Namely we saw in Equation () (for ||g||c < 1)

N 2
i sup D0 F(Te(s™y)| < Ol

n=1
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From this by applying Lemma [3] as in Lemma Ml we can prove that the

average of two terms is estimated by
2

lim sup
N

1 1 & V2
sClgt (E;W(f-foThlAl)II%)

1 N
~ 2 [T x)g(S™y)

By taking the limit with H we get the better estimate
2

lim sup < CNo(f)2
N

1 N
~ 2 F(T"2)g(S™y)

This argument can be generalized to the average of multiple terms result-

ing in the inequality

2

< CNis+1(f)*

N
hm;up N E J(T"x)g1(STy1) - - - gk (SEyk)
n=1

2. It is not clear to us if for £ > 2, one can replace in these inequalities the

Ny, seminorms with those defining the Zj, factors.

3. If one uses instead the maximal isometric extensions and the factors Ay
we get at the BFKO stage a pointwise upper bound for 7" and S ergodic

. Namely we have

N
tiwsup |3 F(T"0)g(5"9)| < CIE(IC) 2] B9l
n=1

It is not clear if one can have a similar upper bound for the seminorms

112

4. The authors of this paper are writing a survey of the Return Times The-
orem [6] which will include more details of the historical developments of

Theorem [I] and 2] and related questions such as the ones noted above.



Pointwise Characteristic Factors 22

References

1]

I. Assani. “Multiterm return time theorem for weakly mixing systems”

Annales de L’Institut Henri Poincare,vol 36,2,153-165,(2000).

I. Assani. Wiener Wintner Ergodic Theorems. World Scientific Publishing

Co., New Jersey, London, Singapore, Hong Kong, 2003.

I. Assani. “Characteristic factors for some non conventional ergodic aver-

ages.” Preprint, 2003.

I. Assani. “Pointwise Convergence of Ergodic Averages along Cubes.” J.

Analyse Math. 110 (2010), 241-269.

I. Assani, E. Lesigne and D. Rudolph. “Wiener Wintner return-times er-

godic theorem.” Isr. J. Math. 92 (1995) 375-395.

I. Assani and K. Presser. “Survey of the Return Times Theorem.” In

Progress, 2010.

G. D. Birkhoff. “Proof of the ergodic theorem.” Proc. Nat. Acad. Sci. 17

(1931), 656-660.

J. Bourgain. “Return time sequences of dynamical systems.” Unpublished

Preprint, 1988.

J. Bourgain, H. Furstenberg, Y. Katznelson, and D. Ornstein. Appendix to
J. Bourgain: “Pointwise ergodic theorems for arithmetic sets.” Inst. Hautes

Etudes Sci. Publ. Math. 69 (1989), 5-45.



Pointwise Characteristic Factors 23

[10]

[13]

[15]

[16]

[17]

H. Furstenberg. “Ergodic behavior of diagonal measures and a theorem of
Szemerédi on arithmetic progressions.” J. Analyse Math. 31 (1977), 204 -

256.

H. Furstenberg and B. Weiss. “A mean ergodic theorem for
2 Zf:[:l f(T™x)g(T?"x).” Convergence in Ergodic Theory and Probability

5 (1996), 193-227.

B. Host and B. Kra. “Nonconventional ergodic averages and nilmanifolds.”

Ann. of Math. (2) 161 (2005), 397-488.

L. Kuipers and H. Niederreiter. Uniform distribution of sequences. Wiley-

Interscience, John Wiley & Sons, New York, 1974.

D. Rudolph. “A joinings proof of Bourgain’s return time theorem.” Ergodic

Theory Dynam. Systemsl4 no. 1 (1994), 197 - 203.

D. Rudolph. “Eigenfunctions of 7" x .S and the Conze-Lesigne algebra.”
Ergodic theory and its connections with harmonic analysis. London Math.

Soc. Lecture Note Ser. 205 (1995), 369-432.

D. Rudolph. “Fully generic sequences and a multiple-term return times

theorem.” Invent. Math. 131 no. 1 (1998), 199-228.

T. Ziegler. “Universal characteristic factors and Furstenberg averages.” J.

Amer. Math. Soc., 20, (2007), 53-97.



	1 Introduction
	2 The Ak factors are pointwise characteristic for the multidimensional return times averages
	3 The Zk factors are pointwise characteristic for the multidimensional return times averages
	4 Remarks

