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ABSTRACT. In this paper we study congruences for sums of terms related
to cubes of central binomial coefficients. Let p > 3 be a prime. We show
that

p—1 (2k)2 Qk)

Z ALEARLL L) (mod p?)

P 64k

for alld € {0,...,p— 1} withd = (p+ 1)/2 (mod 2). We also solve the
remaining open cases of Rodriguez-Villegas’ conjectured congruences on

p—1 (Qkk)Q(Skk) (Qk) (4k p—1 2k Sk)(Gk)
,CZ:‘;)W’ kzz‘;) 256~ Z 123k

modulo p2.

1. INTRODUCTION

Let p be an odd prime. It is known that (see, e.g., S. Ahlgren [A], L.
van Hammer [H], T. Ishikawa [I] and K. Ono [O])

(p_zlfp(—l)k <_}€/2) 3

k=0
_{4w2—2p(m0dp2) ifp=a2+9y? 4]|x—-1&2]y),
0 (mod p?) if p=3 (mod 4).
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Clearly,

<—2/2) _ ((_%gk for all k € N = {0,1,2,3,...},

and

|
<2k) = (2F)! =0 (modp) foranyk= 1%1, ,p—1.

After the work in [Sul], the author [Su2| raised many conjectures on

Zz;é (2115)3/777,’€ mod p? where m € {1,—8,16, —64, 256, —512,4096}; for
example, the author conjectured that

k 0 (mod p?) if (5) = -1, i.e.,, p=3,5,6 (mod 7),

(1.1)

where (—) denotes the Legendre symbol. (It is known that if (¥) = 1
then p = 2% + Ty? for some z,y € Z, see, e.g., [C].) Quite recently the
author’s twin brother Zhi-Hong Sun [S2] made important progress on those
conjectures; in particular, he proved (1.1) in the case (£) = —1 and confirm

IS (2"‘7)3 - { 42® = 2p (mod p*) if (}) =1&p=2"+Ty" (z,y € Z),
= b
7

k=0

) . -1 (2k\3
the author’s conjecture on > 1_ (57)"/(—8)% mod p*.
Let p = 2n+1 be an odd prime. It is easy to see that forany £ =0,... ,n
we have

(n;ﬂk):m_l( o H( B = i (el

(1.2)
Based on this observation Z. H. Sun [S2] studied the polynomial
Dk 26\,
ro =32 (") (5) =
k=0
and found the key identity
fa(z(z + 1)) = Dyp(2)? (1.3)

in his approach to (1.1), where

o= ("5 )G -2 ()
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,2,...) are the so-called

Note that those numbers Dy = Dy(1) (k ;
= (r — 1)/2) is the Legendre

central Delannoy numbers and P, (x)
polynomial of degree n.
Recall that Catalan numbers are those integers

com ()~ () () e

while Schroder numbers are given by

-2 (e (0 ) e

k=0

=0,1
Din(

We define the Schroder polynomial of degree n by

S, (x) = zn: (”;kk) Cha. (1.4)

k=0

For basic information on D,, and S, the reader may consult [CHV],
[S1], and p. 178 and p. 185 of [St].

Via Schréder polynomials and the Zeilberger algorithm (cf. [PWZ]), we
obtain the following results.

Theorem 1.1. Let p be an odd prime. We have
—1 2k
Sy O]

64"“ =0 (mod p?) (1.5)

k=0

foralld € {0,1,... ,p—1} withd= (p+1)/2 (mod 2). If p=3 (mod 4),
then
~1 2k
YGRS

64k =(2p+2-2071) <(p - 1>/2> (mod p?) (1.6)

2 (p+1)/4

Theorem 1.2. Let p=1 (mod 4) be a prime and write p = 22 + y* with
x odd and y even. Provided that

Sip—1)/2 = (—1)P=)/49 (23: — g) (mod p?), (1.7)
we have
« )62
k +1) _ 2 2
Z E 2p — 2z (mod p<) (1.8)
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and

Z 7( k()_(grkl) = —2p (mod p?). (1.9)

Remark 1.1. We conjecture that (1.7) holds for any prime p =1 (mod 4).
By (1.2),
(p—1)/2 (zk)Ck

— k
Sp-1)/2 = Z (—16)*
k=0
Via the Gosper algorithm (cf. [PWZ]), we find that

(2k)2 n (Zk)Ok B (2n+1)2 m 2 B )
—fG)k +kz_() (flG)k " (n+1)(—16)" (n) =0 (mod p7)

(mod p?). (1.10)

and

0 (mod p?),

o (2’“) _ (2n+1)% (2 2
kzzo(sk; +4k+1)< oF = " (-16)" (n)

where n = (p—1)/2.

Motivated by his study related to K3 surfaces and Calabi-Yau mani-
folds, in 2003 Rodriguez-Villegas [RV] raised some conjectures on congru-
ences. In particular, he conjectured that for any prime p > 3 we have

P—l (Sk) p—l (4k)
108k =b(p) (mod p2), 256k =c(p) (mod pz),
kZO = (1.11)
and
ELCHEN O [ —alp) (mod p?) ifp=5 (mod 12),
Py 1%k T { a(p) (mod p?)  otherwise, (1.12)
where
Z = H (1 —¢"™)% = n(42)",
Db =q JT(1=a™)"(1 = g™ = n'62)n° 22),

D em)g" =q (1 —q")21 =1 - ¢*") (1 = ¢*")* = n*(82)n(42)n(22)n*(2),
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and the Dedekind n-function is given by

n(z) = g% H(l —¢") (Im(2) >0 and ¢ = *™%).
n=1

In 1892 F. Klein and R. Fricke proved that (see also [SB])

otp) = {

422 — 2p (mod p?) if p=1 (mod 4) and p = z? + 2 (21 2),
0 if p=3 (mod 4).

By [SB]| we also have
b(p) {4x2—2p if p=1 (mod 3) and p = 2% + 3y? with z,y € Z,
p) =

c(p) =

0 if p=2 (mod 3);

42 —2p if (_72) =1 and p = 2% + 2y? with 2,y € Z,
0 if (—72) = —1, i.e.,, p=5,7 (mod 8).

Via an advanced approach involving the p-adic Gamma function and Gauss
and Jacobi sums, E. Mortenson [M] managed to provid a partial solution

of (1.11)

and (1.12), with the following things open:

SO N
> = b(p) = 0 (mod p?) ifp=5 (mod 6),  (L.13)
k:

S0 G .
> =clp) (mod p?) if p=3 (mod 4), (1.14)
k=0
p—1 (2k\ (3k\ (6k
(k)l(fgl(%) = —a(p) (mod p?) ifp=5 (mod6). (1.15)
k=0

Concerning (1.13)-(1.15), Mortenson only showed that for each of them
the squares of both sides of the congruence are congruent modulo p2.

Our fo
proof of (
involving

llowing theorem confirms (1.13)-(1.15) and hence completes the
1.11) and (1.12). Now, all conjectures of Rodriguez-Villegas [RV]
at most three products of binomial coefficients have been proved!

Theorem 1.3. Let p > 3 be a prime. For each d =0,...,(p—1)/2, we

have

3
I

1 ( 2k \(2k\ (3k
(rr2a) Ge) () =0 (mod p?) ifp=5 (mod 6), (1.16)

(]

108k
k=0
e (22 (D) Gr) 2 e _
oG =0 (mod p*) ifp=5,7 (mod &), (1.17)
k=0
0 0 (mod p?) ifp=3 (mod ). (L1Y

>
Il
=
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Also, when p =3 (mod 8) and p = z2 + 2y? with x,y € Z, we have

p—l 4k
( )_433 —2p

256’“ (mod p?); (1.19)

k=0

when p="5 (mod 12) and p = 22 + y? with 24z and 2 | y, we have

p

1 2k 3k (6k
) (k)l(gw =2p —42? (mod p?). (1.20)

e
Il

We will prove Theorems 1.1-1.2 in the next section, and show Theorem
1.3 in Section 3.

2. PROOFS OF THEOREMS 1.1 AND 1.2

Lemma 2.1. For any positive integer n we have

Zn: (n;f) (2:) <k2-l]-€1) Tl )M =nm+1)S(2)?  (2.1)

k=1

and

— (k+1)
(2.2)
Proof. (i) Observe that

n —f—]{? n +l
Sp(x)? = Z (n2k )Ckxk (n )Cl:z: = Z am(n)z™,

k=0 =0

" n+k n+m-—k
am(n) =) ( 2% )O’“( om — 2k )O’”"‘“‘

k=0

Also, the coefficient of ™ in the left-hand side of (2.1) coincides with
m—+1
n—+k\ (2k 2k E+1
b, =
(n) ; < 2%k )(k)(k-i—l) <m+1—k)
_i n+k+1\ 2k +2\ (2k+2\ [k +2
N 2k 42 k+1 k m—k)
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Thus, for the validity of (2.1) it suffices to show that b, (n) = n(n+1)a.,(n)
for all m = 0,1,.... Obviously, ap(n) = 1 and by(n) = n(n + 1). Also,
ai(n) =n(n+1) and by (n) = n?(n+1)2. By the Zeilberger algorithm via
Mathematica 7 (version 7) we find that both u,, = a,,(n) and u,, = b, (n)
satisfy the following recursion:

(m +2)(m + 3)(m + 4)tm 2
=2(2mn? + 5n? + 2mn + 5n — m® — 6m? — 11m — 6) U1
— (m 4+ 1)(m — 2n)(m + 2n + 2)u,,.

Therefore b,,,(n) = n(n + 1)a,,(n) by induction. This proves (2.1).
(ii) Note that

2n+1
Sn(2)(Dn-1(z) + Dny1(z)) = Z cm(n)z™

where

 (n+k 2m —2k\ ((n—1+m—k n+1+m—k
Cm(">_kz_0<2k )Ck<m—k><< om — 2k )+< om — 2k ))
_Qi n+k o n+m—k\ (2m—2k\ (m+n—k)?—n2m—2k—1)
B =\ 2k "\ 2m — 2k m—k (m+n—k)(n—m-+k+1)
By the Zeilberger algorithm we find that u,, = ¢;,(n)/2 satisfies the re-
cursion

(m+2)(m +3)2(m* +5m + 6 +4n(n + 1)) umiz + 2P(m, n)um 11

=(m+2)((2n + 1) —m?)(m? + Tm + 12 + 4n(n + 1))uy,
(2.3)

where P(m,n) denotes the polynomial

m® + 11m* + 45m3 + 83m? + 64m + 12 + 20n* — 40n> — 58n> — 38n

— 25mn + m?n + 2m3n — 33mn? + m2n? 4+ 2m3>n? — 16mn> — 8mn*.

Clearly the coefficient of 2™ on the left-hand side of (2.2) coincides with
TN (n kY 26\ (k41 2k+1
dm(n) = e
(n) kg(}( 2%k )(k) <m—k) (k+1)2

By the Zeilberger algorithm w,,, = d,,(n) also satisfies the recursion (2.3).
Thus we have d,,(n) = ¢, (n) by induction on m. So (2.2) also holds.
In view of the above we have completed the proof of Lemma 2.1. [
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Proof of Theorem 1.1. (i) We first determine Zz;é (2 ) (k+1)/64k mod
p? via Lemma 2.1, which actually led the author to the study of (1.5).
Recall the following combinatorial identity (cf. [Su2]):

i(n-ﬁ-k‘) Ch :{(—1>(n_1)/20(n_1)/2/2n ifQJ[TL,
ok ) (=2F ~ 0 it 2 | n.

k=0

If we denote by S(n) the sum of the left-hand side or the right-hand side of
the identity, then we have the recursion S(n +2) = —nS(n)/(n+3) (n =
1,2,3,...) by the Zeilberger algorithm.

Set n = (p —1)/2. Applying (2.1) with z = —1/2 we get

2 () G g = (5)

k
Thus, with the help of (1.2), we have

pl 2k:

P [ S

= _n(n+1)S, (_%)2 %5 (__)2
:{ 0 (mod p?) if p=1 (mod 4)
LGy p/272 (mod p?) if p=3 (mod 4).

\)

In the case p =3 (mod 4), clearly

2
(p—=1)/2y _2
C(Qn—l)/Z . <((p+1)/4) p—1>
22n+2 - 4 x op—1

1 ((p )/2)2
(1=2p)(1+pg(2) \(p+1)/4

2
p—1)/2
=(14+2p—pgp(2) ( )/ ) (mod p?)

where ¢,(2) = (27=! — 1)/p. Therefore (1.5) with d = 1 holds if p = 1
(mod 4), and (1.6) is valid when p = 3 (mod 4).
(ii) For d =0,1,... ,p — 1 set

_ _ 2
G 526

64k 64k~ '
k=0 k=d
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By the Zeilberger algorithm we find the recursion

2
2. 2 _ (2p — 1>2(d+ 1) 2p 2p =2
(2d 4 1)%ua = 2+ 3) uass = ==y prd+1/\p-1/"

Note that

p—1
Ifo<d<p—2, then

( 2p ) 2p <2p — 1) 0 (mod p)
p+d+1) prd+i\p+d P

(2d + 1)%ug = (2d + 3)*ugs2  (mod p?).

Ford € {0,...,p—3} withd = (p+1)/2 (mod 2), clearly p # 2d+1 < 2p
and hence

2p — 2
( P ) =pCp_1 =0 (mod p).

and hence

Ugio =0 (mod p?) = ug=0 (mod p?).

If p=3 (mod4) then p—1=(p+1)/2 (mod 2); if p=1 (mod 4) then
p—2=(p+1)/2 (mod 2) and p—2 > (p+1)/2. Thus, ifd e {p—1,p—2}
and d = (p+1)/2 (mod 2), then d > (p+1)/2 and hence ug =0 (mod p?).
It follows that ug = 0 (mod p?) (i.e., (1.5) holds) for all d € {0,... ,p—1}
with d = (p+1)/2 (mod 2).

By the above we have completed the proof of Theorem 1.1. [

Lemma 2.2. Let p =1 (mod 4) be a prime. Write p = 2% + y* with x
odd and y even. Then

Dp_1y/2 = (—1)P—)/4 (2:(: - 2%) (mod p?). (2.4)

Proof. In view of (1.2), (2.4) has the following equivalent form:
(p—1)/2 (2k)2

Z k

= (F16)"

= (—1)(P~1/4 <2x - %) (mod p?),
which was conjectured by the author [Su2] and confirmed by Z. H. Sun

[S1]. This proves (2.5). O

Remark 2.1. If p is a prime with p =3 (mod 4), then n = (p—1)/2 is odd
and hence

n 2K\ 2 n B 5
=3t i - ()

k=0 k=0
z;(—l)’f (’;) - é(—l)”-k (’;) _ 0 (mod p).

The following result was conjectured by the author [Su2] and confirmed
by Z. H. Sun [S2].
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Lemma 2.3. Let p be an odd prime. Then

SN _{4332—21? (mod p?) if4|p—1& p=a®+y* (21x),
8)F

— (- ~ 1 0 (mod p?) if p=3 (mod 4).

(2.5)

Remark 2.2. Since [S2] is not yet publicly available, we mention that (1.2)

and (1.3) yield
m R\ 26N )
2" = D
k_o( MG S

—1 2k 3

5 G
(—8)F

where n = (p — 1)/2. Hence (2.5) follows from Lemma 2.2 and Remark

2.1.

Proof of Theorem 1.2. Write p = 2n+ 1. By (2.1)

S8 () (2 - s

k=0

k=0

Thus, if (1.7) holds, then by (1.2) we have

p*-1

)

4(4x? — 4p) (mod p?)

and hence (1.8) holds.
Now we consider (1.9). Observe that

2% \ 2 2% +1 2%\ 2
— (1 =T for k=0,1.2....
(k+1) ( <k+1P)(k) k=012
and

(o0 -5 () (0) =

Thus

L) "
2~y 2
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By (1.2) and (2.2) with z =1,
Z”: 2k+ 1)) Z”: <n + k) (%)2 (2K 4 1)2¢
2(_Q\k 2
= (k+1)2(=8)F =\ 2k k (k+1)
Sh,

:I<Dn—1 + Dy41) (mod p2).

It is known (cf. [S]] and [St]) that
(n+1)Dyp11 =32n+1)D, —nD,—1 and D,y —3D, =2nS,.
Thus

n(Dp—1+ Dpy1) =3(2n+1)Dy, — Dypyy
=3(2n+1)D,, — (3D, + 2nS,) = 2n(3D,, — S,)

and hence

"2k+1)(H s,

(h T I2(-8)F = 5 (3Dn—5n) (modp?).

k=0

Now assume that (1.7) holds. Then, with the help of (2.4), we have

%(SDn _ S, = (2:(: . g) (3 (233 . %) _ <4a: - %)) (mod p?)

and hence

i C+1CD° _,

(k+1)2(—8)k = —p (mod p?).

k=0
Combining this with (2.5) and (2.6), we immediately obtain (1.9).
The proof of Theorem 1.2 is now complete. [
3. PROOF OF THEOREM 1.3

Lemma 3.1. Let p be an odd prime. Then, for any p-adic integer x #

0, =1 (mod p) we have
:(2k’f)2<;1:) (W)k (mod p).

> (1) (G = ()
(3.1)

>
Il
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Proof. Taking n = (p — 1)/2 in the MacMahon identity (see, e.g., [G,

(6.7))
3 () -5 () (15t

and noting (1.2) and the basic facts

(1) = ()= 5 oot

() = () = B

we immediately get (3.1). O
Proof of Theorem 1.3. (i) For d =0,1,...,(p—1)/2, we define
e (ea) () () e (e () )

fld) = 1088 ’
k=0

and

>
Il
=

and

o~ 52 LB
k=0

By the Zeilberger algorithm, we find the recursive relations:

(3d+1)(6d+1)f(d) — (3d+2)(6d+5)f(d+ 1)
_Bp—-1)(3p—2)(2d+1) 2p 2p—2\ (3p—3
: bea) G-0) G0)

22p=127p—1p +2d+1/\p—1

(8d + 1)(8d + 3)g(d) — (8d + 5)(8d + T)g(d + 1)

_(Ap-1)(4p-3)(2d+1) 2p 2p— 2\ (4p — 4
B 28(p—1)p p+2d+1)\p—1/)\2p—-2)’

and

(12d + 1)(12d + 5)h(d) — (12d + 7)(12d + 11)h(d + 1)

_ (6p—1)(6p—5)(2d + 1) 2p 3p—3\ (6p—6
N 26(p—1)27r—1p p+2d+1)\p—1)\3p—-3)°
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Recall that (2p_—12) = pCp_1 =0 (mod p). Also,

p

(3p—2) (3;?__13) =p (3pp_ 2) =0 (mod p),
(1p—3) (;li 3 ;‘) = (47”2; 2) =0 (mod p),
6539 5) ~"lop = or = 3 ) = (4

If d < (p—1)/2, then

2p 2p
— = d
<p+2d+1) (p—1—2d> 0 (mod p)

and hence by the above we have

(3d +1)(6d + 1) f(d) =(3d + 2)(6d + 5) f(d + 1) (mod p?),

(3.2)
(8d +1)(8d + 3)g(d) =(8d + 5)(8d + 7)g(d + 1) (mod p?),
(3.3)
(12d + 1)(12d + 5)h(d) =(12d + 7)(12d + 11)h(d + 1) (mod p?).
(3.4)

Fix 0 <d< (p—1)/2. If p =5 (mod 6), then 3d + 1,6d + 1 # 0
(mod p) and hence by (3.2) we have

fd+1)=0 (modp*) = f(d)=0 (modp?).

If p=5,7 (mod 8), then 8d + 1,8d + 3 # 0 (mod p) (since 8d + 3 < 4p
and 8d + 1,8d + 3 & {p, 2p, 3p}) and hence by (3.3) we have

g(d+1)=0 (modp?) = ¢(d)=0 (mod p?).

If p=3 (mod 4), then 12d + 1,12d + 5 # 0 (mod p) (since 12d +5 < Tp
and 12d + 1,12d + 3 € {p, 3p, 5p}) and hence (3.4) yields

h(d+1)=0 (modp®) = h(d)=0 (mod p?).

Note that
r(15) - = it
{(252) -G o
(5 -CRE =0 ot
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So, by the above we have (1.16)-(1.18) for all d € {0,1,...,(p — 1)/2}.

(ii) Assume that p =3 (mod 8) and p = 2% + 2y? with z,y € Z. Since
422 # 0 (mod p) and Mortenson [M] already proved that the squares of
both sides of (1.19) are congruent mod p?, (1.19) is reduced to its mod p
form. Applying (3.1) with x = 1 we get

p—1 (2k)3 p—l (4k)
(—%4) ()Z opgr (modp).

k=0 k=0

By [A, Theorem 5(3)], we have
DIEE L) min

where n = (p —1)/2. For k =0,... ,n clearly

O ()
(%)

<_2/2)3 = 60" (mod p),

therefore

[y

bS]

(2’

(—64)%

(]

= (ZH) -2 (moap)

k=0 p

and hence (1.19) follows.

(iii) Finally we suppose p = 5 (mod 12) and write p = 22 + y? with z
odd and y even. Once again it suffices to show the mod p form of (1.20)
in view of Mortenson’s work [M]. As the author’s twin brother Z. H. Sun
observed,

(p=5)/6+k) (k) _ (k=5/6) (20) _ ()G (oo
2k k) 2k k (—432)Fk
for all k =0,1,2,.... If p/6 < k < p/3 then p | (g’;), if p/3 < k < p/2
then p | (3kk); if p/2 < k < p then p | (2:) Thus

£ "R (0= (2 (1)

k=0 k=0

Dy, (——)2 (mod p) (by (1.3)),
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where n = (p — 5)/12. Note that

by [G, (3.133) and (3.135)], and

<8§: 13@ - 12(‘432>”<2: ) (mod p)

by P. Morton [Mo]. Therefore

o (4) =i () = G = () (50 e

Thus, by applying Gauss’ congruence (gj%i) = 2z (mod p) (cf. [BEW,

(9.0.1)] or [HW]) we immediately get the mod p form of (1.20) from the
above.
The proof of Theorem 1.3 is now complete. [

Remark 3.1. We mention that the author [Su3] made a conjecture on
Zz;é (gz) (?’kk) /864% mod p? for any prime p > 3, and its mod p version
was recently confirmed by Z. H. Sun.
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