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Walking technicolor is a mechanism for electroweak symmetry breaking without Higgs field. The
Higgs mechanism is provided by chiral symmetry breaking in the technicolor theory. An essen-
tial ingredient is the vicinity to an IR fixed point, which could reconcile technicolor with the
electroweak precision tests. SU(2) gauge theory with two Dirac adjoint fermions has been pro-
posed as a candidate for walking technicolor. Understanding whether this theory is confining or
IR-conformal is a challenging problem, which can be addressed by means of numerical simula-
tions. We have pointed out that a clean signal for the existence of an IR fixed point in this theory
can be obtained by comparing the mesonic and gluonic sectors. We review some technical details
of our calculations. Possible systematic errors are discussed.
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1. Introduction

Very little is still know about gauge theories in the conformal window. Like QCD, IR-
conformal gauge theories have a classical scale invariance which is anomalous at the quantum
level and their quantum effective action is symmetric under chiral transformations. In QCD chi-
ral symmetry is spontaneously broken and the trace anomaly defines the scale for the masses of
all particles except the pion. Conversely in the conformal window chiral symmetry is expected
to be intact and the trace anomaly is expected to decouple in the far infrared. Investigating the
detailed dynamics of IR-conformal gauge theories has an intrinsic theoretical value. In the last
few years several numerical studies of gauge theories with many fundamental fermions or with
fermions in higher representations have appeared in the literature (see [1] and references therein).
This renewed interest has been boosted by the proposal that theories inside or close to the con-
formal window could realize the technicolor mechanism for elecroweak symmetry breaking, while
complying with the electroweak precision measurements (see for examples the reviews [2, 3, 4, 5]).

Simulating an IR-conformal theory on the lattice is very challenging. Asymptotic scale in-
variance is explicitly broken by the finite volume, the nonzero mass for the fermions, the nonchiral
discretization of the Dirac operator, and possibly the finite lattice spacing (if the IR fixed point has
extra relevant directions). The twofold challenge is to develop analytical understanding in order to
interpret the data correctly, and to have control of the systematics in simulations.

In this proceeding we review some of the results regarding the SU(2) gauge theory with two
Wilson-Dirac fermions in the adjoint representation (also known in literature as Minimal Walking
Technicolor). We have already presented and discussed all these results in [6, 7, 8], which the reader
should refer for details to. We will focus here in particular on the gluonic observables (Polyakov
loop, glueballs, static potential, string tension), while we refer to the companion proceeding [9] for
a short review of the mesonic observables.

2. Numerical simulations and measured observables

We have simulated the SU(2) gauge theory with two Wilson-Dirac fermions in the adjoint
representation. We used the HiRep code [10] which we have developed from scratch and exten-
sively tested. All the data presented in this proceeding correspond to a single value of the coupling
constant β = 2.25. We consider here 16× 83, 24× 123 and 32× 163 lattices. The long direction
corresponds to Euclidean time with antiperiodic boundary conditions for fermions, while the short
ones correspond to spatial directions with periodic boundary conditions. We simulated a wide
range of masses corresponding to a PS triplet meson (the would-be pion in QCD) from about 0.2
to 3 in lattice units, or to a (string tension)1/2 from about 0.07 to 0.4. Of course PS masses above
the cutoff cannot be taken too seriously. Nevertheless they are useful to illustrate some interesting
features of this theory, like the spectrum hierarchy.

The simplest observable we measured is the distribution of the Polyakov loop for each direc-
tion. We point out that fermions in the adjoint representation do not break the Z2 center symmetry,
so the Polyakov loop is an order parameter for confinement.

Glueball masses have been measured with a variational technique (described in detail in [11,
12]), on a basis of operators obtained from small Wilson loops via a blocking-and-smearing pro-
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cedure and projected over the irreducible representations of the cube symmetry group. As we will
discuss, glueball masses are the most sensitive observables to finite-size errors. We managed to
extract the 0++ glueball mass with some control on finite-size errors in a range between 0.5 and
1.2 in lattice units. Although we quote also the 2++ glueball mass, we have poor control over its
finite-size errors.

The string tension has been extracted from the torelon masses, also computed with a varia-
tional technique. Once the torelon mass E(T ) (where T is the size of the compact dimension) is
computed, the string tension is extracted assuming a Nambu-Goto effective string (this choice is
motivated in our paper [7]). The temporal string tension is extracted from correlators of Polyakov
loops winding in the time direction and separated by a spatial distance, while the spatial string ten-
sion is extracted from correlators of Polyakov loops winding in a space direction and separated by
a temporal distance. In a regime in which finite-size errors are negligible the temporal and spatial
string tensions are expected to coincide.

We also measured the static potential and force from HYP-smeared, on- and off-axis Wilson
loops, using the Prony’s method for isolating the ground state. The static potentials always show a
clear linear asymptotic behavior, which signals confinement for every simulated nonzero fermionic
mass (Fig. 1). Although it is quite hard to extract a string tension directly from the static force
because of large statistical errors, the static force is always compatible with the string tension
extracted from the Polyakov loop correlators.

0 2 4 6 8 10 12 14
R/a

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

a 
V

(R
)

a m0 = -0.95

a m0 = -1

a m0 = -1.05

a m0 = -1.075

a m0 = -1.1

a m0 = -1.125

a m0 = -1.15

Figure 1: Static potentials computed from Wilson loops. Superimposed is the function V (R) = σR+ µ +

c/R, where σ is the string tension obtained from Polyakov loop correlators (the two curves correspond to
σ −∆σ and σ +∆σ ), while µ and c have been obtained with a fit in the region R≥ 3a.

3. Main features and hints for conformality

The plot in Fig. 2 shows the (string tension)1/2, the glueball masses and the PS triplet meson
mass (the PS/V splitting can not be resolved on the scale of the plot) as functions of the PCAC mass.
A striking feature is that the PS is heavier than the glueballs and the (string tension)1/2 for every
simulated fermionic mass. At a first glance this could be dismissed as just the large-mass phase of
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a (χS broken or not) gauge theory. In fact asymptotically at large fermionic masses, the PS and
V masses are expected to be almost degenerate and linear in the fermionic mass, and both these
expectations matches our data. However in the very-large-mass regime, the glueball masses and
the (string tension)1/2 would not depend on the fermionic mass. A moderately-large-mass regime
could exists in which the PS and V masses are still almost degenerate, but the gluonic observables
show a moderate dependence on the fermionic mass.
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Figure 2: The spectrum of the theory as a function of the PCAC mass am. The mass of the vector is not
shown, since on the scale of the figure this state appears to be degenerate with the PS.

The scenario emerging from our data is dramatically different. While the PS mass drops of a
factor 5, the (string tension)1/2 also drops of the same factor. Their ratio, shown in Fig. 3, stays
approximatively constant (if anything, it increases at low masses) and between 6 and 8 in the whole
simulated range. The large-mass regime is characterized by the MPS/

√
σ ratio linearly diverging

in the fermionic mass, and is clearly not reached yet at the masses we simulate. On the other hand,
in the chiral limit of a chirally broken theory the MPS/

√
σ ratio goes to zero, which also is very

different from what we observe. Our data are in fact compatible with the near-chiral behavior of an
IR-conformal theory. In this case the masses of all particles are expected to go to zero in the chiral
limit with the same power law in the PCAC mass [13, 14]. Which in particular implies that ratios
of masses go to a finite nonzero value in the chiral limit. We remind that we observed also such
a behavior in the ratio of the PS and V masses [6, 8]. We also fitted the string tension as a power
of the PCAC mass. The fit works quite well in a wide range of masses, and gives an estimate for
the anomalous dimension of the chiral condensate in the range between 0.16 and 0.28. In a log-log
plot (Fig. 4), the power-law behavior is quite evident.1

4. Some comments about finite-size effects

In our simulations, gluonic observables are the most affected by finite-size errors, especially at
1Also a more exotic scenario can generate a finite nonzero value for MPS/

√
σ in the chiral limit: a confining (the

string tension is different from zero) and chirally symmetric (the PS triplet meson stays massive) phase. However this is
incompatible with the power-law behavior of the string tension.
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Figure 3: The ratio MPS/σ1/2 as a function of MPS.
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Figure 4: aσ1/2 as a function of the PCAC mass am. A fit of the data to a power law is also shown. In
particular, the two lines represent the extremal values γ∗ = 0.16 and γ∗ = 0.28.

lower fermionic masses. As an empirical observation, the finite-size errors on gluonic observables
are related to the shape of the distribution of the Polyakov loop.

At infinite mass the fermions decouple and the theory is SU(2) Yang-Mills with β = 2.25,
which has a critical radius (i.e. inverse critical temperature) between 3 and 4, and a (string tension)1/2

equal to 0.4231(25). Even on the 16×83 lattice, the string tension have finite-size effects not larger
than few percents. In this situation the Polyakov loop distribution in every direction shows a clear
single peak centered in zero, signaling confinement. As the fermionic mass is decreased, the string
tension decreases as well. If the volume (in lattice units) is kept fixed, the Polyakov loop develops
a double-peak distribution below some critical mass. Since the spatial directions are the short ones,
this phenomenon happens in the distributions of spatial Polyakov loops first as the fermionic mass
is decreased. We remark that this is not the deconfinement transition, and it can not be a phase
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transition at all, since the would-be center breaking happens in three (and not one) compactified
directions. In our simulations we always see a single-peak distribution for the temporal Polyakov
loop, while the double peak in some spatial direction develops when (string tension)1/2 becomes
smaller than the empirical value 1.65/L. In particular this critical string tension decreases as the
volume is increased.

When the double peak is generated, few things happen. The 0++ glueball mass stops being
monotonous with the fermionic mass. Its finite-size errors seem to be not larger than the statistical
ones above the critical mass (by direct comparison of two different volumes). Below the critical
mass, the finite-size errors of glueball masses run immediately out of control. We discarded these
points for the glueball masses. Above the critical mass, the spatial and temporal string tensions
generally agree inside the statistical errors. Below the critical mass, the temporal string tension
keeps decreasing and shows little finite-size effects (by direct comparison of two different vol-
umes), while the spatial string tension flattens out. Again we kept only the points (some of them
below the critical mass) for which we are reasonably confident that the finite-size errors are not
larger than the statistical ones.

5. Conclusions

The presented investigation of the SU(2) gauge theory with two Dirac fermions in the adjoint
representation is based on the analysis of the spectrum, when the theory is deformed with a mass
term for fermions. In the simulated range of masses, the theory is surely not in the chiral region of
a chirally broken phase, since the PS triplet meson is not the lightest particle. The hierarchy of the
spectrum can suggest that we are simulating in the large-mass regime of a QCD-like theory, but the
stability of the MPS/

√
σ ratio together with the power-law behavior of the string tension would be

hardly explained in this case. A more natural interpretation is in fact that we are simulating in the
chiral region of an IR-conformal theory. As we discussed in [6] (see also [15, 16]), the particular
hierarchy of the spectrum (a light glueball and heavy mesons) has a natural explanation, being the
IR fixed point weakly coupled. In this case the coupling constant at the fixed point would be weak
enough to generate a light glueball, but probably not enough to justify perturbation theory. This
scenario is consistent with the smallness of the mass anomalous dimension.

The analysis presented above is based on the assumption that we are able to estimate the
infinite-volume limit of the measured masses. We tried to convince the reader that, although we
did not attempt any elaborate infinite-volume extrapolation, the finite-size errors are reasonably
under control.

Finally we point out the limitations of our computation. First of all the described scenario
could change going to lighter masses. Of course this objection always applies to numerical simula-
tions. However if chirally symmetry breaking shows up at some lighter masses, this theory would
become more (and not less) interesting. Showing chiral symmetry breaking at small fermionic
masses, and conformal-like behavior at intermediate masses, it could represent a realization of
walking. The main limitation of our computation remains the fact that we simulated at a single
value for the coupling constant. Understanding whether the observed features survive to the con-
tinuum limit is of paramount importance, and is one of our main future goals.
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