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1. Introduction

An inter-quark potential is the fundamental interactionstrongly interacting quark-gluon
systems, which is governed by the complex dynamics of Quai@hromodynamics (QCD). It is
still difficult to analyze such low-energy phenomena of Q@Rmalytic ways, because the coupling
constant becomes large at low energies and therefore thgrlpestion theory is not applicable.
Experimentally, the linear behavior of inter-quark potaistis suggested by Regge slop [1], which
shows the relation] [1 M2 with the spinJ and the masM of hadrons. A naive estimation for the
relation betweei andJ isJ = M2/4a with the string tensioro, and the value ob is about 1.3
GeV/fm from the Regge slope. The Coulomb force of inter-guastentials is suggested by the
analogy between quarkonium and positronium. In fact, Qoblplus linear confinement behavior
of inter-quark potentials reproduces the quarkonium spetiwvell in quark models. However,
until now, there is no regolous proof of the emergence ofitieal confinement potential.

Lattice QCD simulation is the powerful tool for a numeriaaléstigation with strong coupling
regime of strong interaction. The inter-quark potentiabie of subjects which is most actively
studied on lattices. From the analyses of Wilson loops, titergial for an infinitely heavy quark
and an anti-quark@-Q potential) can be obtained. TkEQ potential from lattice QCD simulations
reveals the form o¥/ (r) = ar — A/r with 0 = 0.89GeV/fm andA = 0.26 [B], and one can take
into account corrections coming from finite quark massesrdog order with the use of the heavy
quark effective field theory such as potential nonrelaiiviQCD (pNRQCD) [R[B[K{I5]-

We study potentials between light quarks and anti-quagigpotentials) in pseudo-scalar and
vector channels from lattice QCD simulations. In order tplese theg-q potentials, we apply
the systematic method which utilize the equal-time NambthB-Salpeter (NBS) amplitudes to
extract hadronic potentiald][B, [4,[8.[9] {0}, L1, L2, 13] tdesys containing relatively light quarks
and anti-quarks. Due to the absence of the asymptotic fiéglsaoks, the reduction formula cannot
be applied directly. Therefore, we assume that the eqoed-NBS amplitudes for thg-q systems
satisfy the Bethe-Salpeter (BS) equation with constantlkgoeasses which could be considered as
the constituent quark masses. By using the derivation ofdlagivistic three-dimensional formal-
ism from the BS equation developed by Lévy, Klein and Macki€NLformalism) [14,[Ib], we
shall obtain they-g potentials without the expansion in terms of quark masses.

The paper is organized as follows. In Sec 2, we briefly presantmethod to extract the
g-q potentials, together with the lattice QCD setup. We themwsbor results in Sec 3. Thgq
potentials are discussed and summarized in Sec 4.

2. Method and lattice QCD setup

Following the basic formulation to extract the nuclear {8, 7], we briefly show how to
extract theg-q potentials on the lattice below. We start with the effecBahrodinger equation for
the equal-time Nambu-Bethe-Salpeter (NBS) wave funafif:

——(p +/d?’ U(F,r) =Eq(F), (2.1)

wherepu (= my/2) andE denote the reduced mass of tirg system and the non-relativistic energy,
respectively. For the two-nucleon case, it is proved thateffiective Schrodinger equation is de-
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rived by using the reduction formulf [7]. Due to the abserfdé® asymptotic fields for confined
guarks, we suppose that they systems satisfy the BS equation with their constant quarksem
In this study, constant quark masseg are determined by half of vector meson massesi.e.,
mq = My /2. Then, one finds Eq[ (2.1) by applying LKM method to the BSatigqu.

The non-local potentidl (T, F’) can be expanded in powers of the relative velogity O/ u of
g-g systems at low energies,

U(r,r') = V(r,W)a(r—r)
= (Vio(F) +ViLo(P) +--)8(F — 1), (2.2)
where theN"LO term is of ordetO(V"). At the leading order, one finds
1 DPe(r)
V() ~Vio(l) = —
(r) LO( ) 2“ (p(r)

In order to obtain the NBS wave functions of ttpe systems on the lattice, let us consider the
following equal-time NBS amplitudes

(2.3)

XA TR —10:07) = (O] X+ T, 0T Q%) 7 (10137 [0)

= 5 An (0| GR+T, (X t) |n) e Mt (2.4)

with the matrix elements
An=(n| 7 5(t0;37)10). (2.5)
Hererl represents the Dirag-matrices, and# ch(to;J’T) denotes a source term which creates the

a-q systems with spin-parity™ on the lattice. The NBS amplitudes in Eq. {2.4) is dominatgd b
the lowest mass state of mesons with the nMagat large time separation £ t):

XOE 6T = G5 XERTRE 63
— Ag(F; J™)e Molt—to), (2.6)

with V being the box volume. Thus, tleeg NBS wave function is defined by the spatial correlation
of the NBS amplitudes.

The NBS wave functions in S-wave states are obtained undeartijection onto zero angular
momentum P(1=9)),

1 _ _
OrI =5 3 P10 0(g I, (2.7)
ge

whereg € O represent 24 elements of the cubic rotational group, anduh@mation is taken for
all these elements. Using Ed. (2.3) and Hg.](2.7), we will fimeld-q potentials and NBS wave
functions from lattice QCD.

Simulation setup is as follows. We employ quenched QCD wiighdtandard plaqutte gauge
action. Lattice size is 32« 48 andB = 6/g? = 6.0, which corresponds to the physical volume
V = (3.2fm)2 and the lattice spacing = 0.10fm. We measure thg-q NBS wave functions for
four different quark masses with hopping parameiess 0.15200.14800.14200.1320: the cor-
responding pseudo-scalar (PS) meson massei the calculation are 0.94, 1.27, 1.77, 2.53GeV,
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Figure 1: Theg-q NBS wave functions in PS(a) and V(b) channels. The wave fonstare normalized at
origin. All the wave functions are localized in the box andigate the bound states.

and vector (V) meson massegy=1.04, 1.35, 1.81, 2.55GeV, respectively. The number ofigen
urations is 100 for each quark mass. For the source operbtoesons, we use wall source. We
fix the gauge, becauspandq operators are spatially separated at the time slice of eamnd sink,
and we adopt Coulomb gauge in the calculation.

3. Numerical results for the g-q potentials

First, we show the numerical results of the NBS wave fungtiorFig. 1. Figure 1(a) and 1(b)
are the NBS wave functions for each quark mass in PS and V elmmaspectively, at the time slice
t = 20. The NBS wave functions mostly vanishrat 1.5fm for all quark masses in both channels.
This indicates that the spatial volurive= (3.2fm)3 is enough for the present calculations. The
size of a wave function with a lighter quark mass becomeslsmiilan that with a heavier one.
Comparing the results in PS and V channels, little chanrgtcl@dence between PS and V channels
is found, although the quark-mass dependence of the waeédus is a bit larger for V channel.

In Fig. 2, we show the Laplacian parts @iy potentials in Eq. (2.3)[3%¢(r)/¢(r), for each
quark mass and channel. Figure 2(a) represeftgr)/@(r) = 2u(V(r) — E) in PS channel for
each quark mass at the time slice: 20. As shown in Fig. 2, one can see that the potential form
is similar to that obtained from Wilson loop, namely, the gdtal form looks like linear plus
Coulomb form, although the derivation of the potentialsasgély different between these two
methods. Figure 2(b) represeriid(r)/@(r) in V channel for each quark mass at the same time
slicet = 20. The basic properties are same as that in PS channel)gitlymark mass dependence
is a bit larger for V channel.

Figure 3(a) and 3(b) are the plots of the potentials withteaty energy shift€, i.e,V(r) —
E=02¢(r)/(2ug(r)) in PS and V channels, respectively, for each quark mass dtntleeslice
t = 20. Note that the quark massy(= 2u) is determined by the half of vector meson mass,
my = my/2, as mentioned in the previous section. We fit the analytiction to the data in
Fig. 3(a) and 3(b). In the present study, we choose the lingaoulomb (+ constant) form, i.e.,
V(r) = —A/r + or +C, as the analytic function. The fitting results are listed &bl€ 1. As shown
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Figure 2: Plots of 0%¢(r)/@(r) = 2u(V(r) — E) in PS channel (a) and V channel (b) for each quark mass.
The potential form shows Coulomb + linear behavior.
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Figure 3: Plots of the potential with arbitrary constatnt energy tstifr) — E = 02¢(r)/(2uq(r)) in PS
channel (a) and V channel (b) for each quark mass.

in Table 1, we find that the string tensianmoderately increases as quark mass increases in both
channels. Quark mass dependence of the string tension im&®el is larger than that in V
channel. The string tension at the heaviest quark nmags= 2.53GeV, is 950 (1011) MeV/fm in

PS (V) channel. These values are roughly consistent witkdhee in heavy quark limit predicted
from Wilson loop. On the other hand, Coulomb coefficient higsiicantly large quark-mass
dependence in both channels and is larger in PS channelitagimtvV channel.

4. Discussion and summary

We have studied the anti-quark—quadkq) potentials from theg-q Nambu-Bethe-Salpeter
(NBS) wave functions. For this purpose, we have utilizedrtieghod which has been recently
developed in the calculation of nuclear force from QED[]6, Wk have calculated the NBS wave
functions forg-q systems with four different quark masses in pseudo-scaldrvactor channels
and obtained thg-q potentials with finite quark masses through the effectiied@mger equation.
As a result, we find Coulomb + linear form of tleg potentials like the infinitely heavﬁ-Q
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Pseudo-scalar Vector
mps (GeV) | o (MeV/fm) | A(MeV-fm) | my (GeV) | g (MeV/fm) | A(MeV- fm)
2.53 950 155 2.55 1011 123
1.77 878 193 1.81 951 136
1.27 821 250 1.35 920 156
0.94 762 329 1.04 914 182

Table 1: The Fitting results of the potentials in Fig. 3. The data teditby the fit function/(r) = —A/r +
or+C.

potential obtained from Wilson loop. By fitting the resulige have obtained the string tension
and Coulomb coefficient, and found the quark mass dependshitese coefficients. We have
found that the string tension moderately depends on the&kgnass. On the other hand, Coulomb
coefficient decreases as quark mass increases. We havehalded the volume and the cutoff
dependence of the NBS wave functions anddtigpotentials. Then, we have found that the result
shown here does not change quantitatively, although we tishaov these checks here.

This is the first step to study theq potentials from the NBS wave functions, and the main
purpose of the present study to show that the method is ajpdido theg-q potentials. We find
that the obtained-q potential has basic property of that obtained from WilsaploT herefore, the
method can be used for the study of thg potentials with finite quark masses. Since the efficiency
of this method is confirmed, there are many extensions byukia method such as the dynamical
calculations of theg-q potentials, theg-q potentials at finite temperature, thg potential with
finite quark masses, color non-singtey potentials, and so on. The results of these extensions
inter-quark potentials will be reported elsewhere.
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